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Abstract

This paper is intended to study the oscillatory behaviour of solutions of the
higher order nonlinear neutral type functional dynamic equation with oscillating
coefficients of the following form:

[()+p( t A +ZQZ fz z ))_ (t)

where n > 2. We obtain sufficient conditions for oscillatory behaviour of its solu-
tions. Our results complement the oscillation results for neutral dynamic equations
and improve some oscillation results for neutral differential/difference equations.
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1 Introduction

In this paper we consider the higher order nonlinear dynamic equation of the form

[y(t) + p(t)y ( +Zq1 )fi (y (6:(1))) = (1) (1.1)

where n > 2, p(t), ¢i(t) € Ciq [to, 00)p fori =1,2,...,m; p(t) and s(t) are oscillating
functions (p(t) : T — R), ¢;(t) are positive real valued for i = 1,2,...,m; ¢;(t) €
Cra [to, 00) g, @2 (t) > 0, the variable delays 7, ¢; : [to, 00)y — T with 7(t), ¢i(t) <
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t forall t € [tg,00), ¢i(t) — oo ast — oo fori = 1,2,...,m; 7(t) — oo as
t — oo; f; (u) € C(R,R) are nondecreasing functions, uf; (u) > 0 for u # 0 and
1=1,2,...,m.

A dynamic equation is said to be a delay dynamic equation if 7(¢) < ¢. Equation
(1.1) is called neutral dynamic equation if the highest order differential operator is ap-
plied both to the unknown function and to its composition with a delay function. A
solution y(¢) to equation (1.1) is said to be oscillatory if it is neither eventually positive
nor eventually negative. Otherwise, it is called nonoscillatory. Equation (1.1) is called
oscillatory if all its solutions are oscillatory.

In the literature, there are a few papers devoted to the study of delay difference/
differential equations with an oscillating coefficients in the neutral part of the equation.
The problem of obtaining sufficient conditions for oscillatory behaviour of the solutions
has been studied by a number of authors, see [8, 10] and references given there. The
readers are referred to [2] for the oscillation theory of higher order neutral difference
equations and to [1] for the fundamental studies on the oscillation theory.

Our work is inspired by [6] and [7], where the authors study the oscillatory behaviour
of solutions of higher order nonlinear neutral type differential and difference equations
with oscillating coefficients, respectively. We note that equation (1.1) involves some
different types of differential and difference equations depending on the choice of the
time scale T. This paper is intended to study the oscillatory behaviour of solutions of
equation (1.1).

For the sake of convenience, the function z(t) is defined by

2(t) = y(t) +p()y (7(1)) — r(?), (1.2)

where r(t) € Cyq [to, 00)y is n times A-differentiable. The function 7(¢) is an oscillating
function with the property 1" (t) = s(t).

2 Basic Definitions and Some Auxiliary Lemmas

A time scale T is an arbitrary nonempty closed subset of the real numbers R. For¢ € T
we define the forward jump operator o : T — T by

o(t):=inf{se€T:s>t}
while the backward jump operator p : T — T is defined by
p(t) :==sup{seT:s<t}.

If o(t) > t, we say that t is right-scattered, while if p(t) < t, we say that ¢ is left-
scattered. Also, if o(t) = t, then t is called right-dense, and if p(t) = t, then ¢ is called
left-dense. The graininess function p : T — [0, c0) is defined by

pu(t) ==o(t) —t.
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We introduce the set T which is derived from the time scale T as follows. If T has
left-scattered maximum m, then T" = T — {m}, otherwise T" = T.

Definition 2.1 (See [3]). The function f : T — R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense
points in T.

Theorem 2.2 (See [3]). Assume that v : T — R is strictly increasing and T := v (T) is
a time scale. Let w : T — R. If v™(t) and w*™ (v(t)) exist for t € T, then

(wov)® = (w5 o 1/> VA,

where we denote the derivative on T by A.

Definition 2.3 (See [3]). Let f : T — R be a function. If there exists a function
F : T — R such that F~(t) = f(t) for all t € T*, then F is said to be an antiderivative
of f. We define the Cauchy integral by

/f(T)AT = F(b) — F(a) fora,beT.

Theorem 2.4 (See [4]). Let u and v be continuous functions on |a,b] that are A-
differentiable on |a,b). If u® and v® are integrable from a to b, then

b b

/uA(t)v(t)At + /u”(t)vA(t)At = u(b)v(b) — u(a)v(a).

a a

Let T = TU {sup T} U {inf T}. If oo € T, we call oo left-dense, and —oo is called
right-dense provided —oco € T. For any left-dense ¢, € T and any € > 0, the set

LE(to):{tETZO<tU—t<€}

1 -

is nonempty, and so is L. (c0) = {te']I‘:t> —}ifooeT.
£

Lemma 2.5 (See [5]). Let n € N and f be n-times differentiable on T. Assume oo € T.
Suppose there exists € > 0 such that

f(t) > 0,sgn (f2"(t)) =s € {~1,+1} forallt € L.(c0),

and f~"(t) # 0 on Ls (c0) for any § > 0. Then there exists v € [0,n] N Ny such that
n + v is even for s = 1 and odd for s = —1 with

| (=) A (#) > 0forall t € L.(c0),j € [v,n — 1] NNy
fA(t) > Oforall t € Ls, (00) (with §; € (0,¢)),j € [1,v — 1] N Ny.
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Lemma 2.6 (See [5]). Let f be n-times differentiable on T*", t € T, and o € T*".
Then with the functions hy, defined as h,, (t,s) = (—1)" g, (s, 1),

ho (r,s) =1 and hyyq (r,8) = /hk (1,8) As for k € Ny,
we have
i Pl ()
=Y h(ta) P @+ [ b (o) 5 () A7
k=0 s

Lemma 2.7 (See [5]). Let f be n-times differentiable on T*" and m € N with m < n.
Then we have for all o« € T*"~ T andt € T

1 pnf'mfl(t)

b))+ [ b (o () £ () A

«

n

A= 3

k=0

Lemma 2.8 (See [5]). Suppose [ is n-times differentiable and g;.,0 < k < n — 1, are
differentiable att € T*" with

g2 (8) = g (0(1)) forall0 < k < n —2.
Then we have

n—1 A
[ (_1)kak9k] = foo + (=D)" g0

k=0

3 Main Results

We will need the following lemma in order to prove our results.

Lemma 3.1. Let f be n-times differentiable on T*". If f® > 0, then for every ),
0 < A <1, we have

F@E) = M=1)" " gy (a(T7), 1) F2" (1), 3.1)

Proof. Letv, 0 < v < n—1, be the integer assigned to the function f as in Lemma 2.5.
Because of f2 > 0, we always have v > 0. Furthermore, let 7* > T be assigned to f
by Lemma 2.5. Then, using the Taylor formula (Lemma 2.6) on time scales, for every
p"~(t) > T* we obtain

()
f(t) > / (—1)" gus (0 (), 1) f2" () Ar. 3.2)

T*
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By Theorem 2.4 and (3.2) we have

()

F(t) = (1) g (a(8).8) £ (1) = / (=1)"7" gaa (o(r).t) f2"7 (1) AT,

T*

Since f is n-times differentiable on T and m € N with m < n, we have, by
Lemma 2.7 with n and f substituted by n — m and f2", respectively:

P ()

O / (1) o (0(r). £) f2 (7) Ar.

T*
Also for every p"~!(t), s with p"~(t) > T* and T* < s < t we have
FE () 2 (1" g (0(T),0) F27(1).

This is obvious for m = n — 1 and, when m < n — 1, it can be derived by applying the
Taylor formula. Thus for all ¢ > T™ we get

FO) = (1" gaa (0(T7),6) F2"7 (1)
and therefore the proof can be immediately completed. 0

Lemma 3.1 is an extension of results presented in [1, 1.8.14] and [9, Lemma 2].
Indeed, for T = Z, we have p(t) =t — 1, 0(t) =t + 1 and

t—T1* 1)
(n—1)!

9n—1 (U(T*)’ t) =

Hence, we get the inequality in [1]

u(t) >

In the case T = R, we have p(t) = o(t) =t and

(t— %)Y

9n—1 (U<T*)7t) = (n — 1)|

Hence, we get the inequality in [9]

u(t) > L (),

(n—1)

Furthermore there might be other time scales that we cannot appreciate at this time due
to our current lack of “real-world” examples.
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Theorem 3.2. Assume that n is odd and

(Cl) tlimp(t) = 0and limr(t) = 0;
—00

t—o0

(C2) /s"‘l ZQi (s) As = .
0 i=1

Then, every bounded solution to equation (1.1) is either oscillatory or tends to zero as
t — o0.

Proof. Assume that equation (1.1) has a bounded nonoscillatory solution y(t). Without
loss of generality, assume that y(t) is eventually positive (the proof is similar when y/(t)
is eventually negative). That is, y(¢) > 0,y (7(¢t)) > 0 and y (¢;(t)) > O fort >t >t
and ¢ = 1,2,...,m. Assume further that y(¢) does not tend to zero as t — co. By
(1.1)—(1.2) we have

A(t) = - Z%‘ (t) fi(y (¢4(t))) <O (3.3)

for t > t,. It follows that 22’ (t), j € [0,n — 1] Ny is strictly monotone and eventually
of constant sign. Since p(t) and r(t) are oscillating functions, there exists a t, > ¢; such
that if ¢ > ¢, then z(¢) > 0 eventually. Since y(t) is bounded, by virtue of (C1) and
(1.2), there is a t3 > t5, such that z(t) is also bounded for ¢ > 5. Because n is odd
and z(t) is bounded, by Lemma 2.5, when v = 0 (otherwise z(t) is not bounded) there
exists t4 > t3 such that for t > t, we have (—1)” 22’ (t) > 0, j € [0,n — 1] N Np.

In particular, since 2 (t) < 0 for t > t4, 2(t) is decreasing. Since z(t) is bounded,
we write tlggloz(t) = L, (—o0 < L < 00). Assume that 0 < L < oo. Let L > 0. Then
there exists a constant ¢ > 0 and a 5 > t, such that z(¢) > ¢ > 0 for ¢ > ¢5. Since y(t)
is bounded, tlggo p(t)y (7(t)) = 0 by (C1). Therefore, there exists a constant ¢; > 0 and
ats > ts such that y(t) = 2(t) — p(t)y (7(¢t)) +r(t) > ¢4 > 0fort > ts. So that we
can find a t; with t; > tg such that y (¢;(t)) > ¢; > 0 for ¢ > t;. From (3.3) we have

m

ANt = — Z (1) fi (c1) <0 (3.4)

for t > t;. By multiplying (3.4) by "' and integrating it from ¢; to ¢, we obtain

F(t)—F(t;) < —f (1) / Zq (s) s" ' As, (3.5)

where

F(t) =3 (=1 (1) A (0(1))

i=1
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and
o'(t)=0c(c"'(1)).

Since (—1)*22"(¢) > 0for k = 0,1,2,...,n — Land ¢ > t,, we have F(t) > 0 for
t > t;. From (3.5) we have

t

—F(t;) < —f (cﬂ/Zqi (5) s" tAs.

t7

By (C2), we obtain

—F(t;) < —f (cl)/Zqi (5) 8" tAs = —o0

as t — oo. This is a contradiction. Hence, L > 0 is impossible. Therefore, L = 0 is the
only possible case. That is lim z(¢) = 0. Since y(t) is bounded, by (C1), we obtain

t—o00

limy(t) = tlggloz(t) - tlirélop(t)y(t) + tlim r(t) = 0.

t—o00 —00

Now let us consider the case y(t) < 0 for ¢ > t;. By (1.1)-(1.2), we have
A == at)fi (y(@:(t) >0
=1

for t > ¢;. Thatis, 22" > 0. It follows that 22’ (t), (j € [0,n — 1] N Ny) is strictly
monotone and eventually of constant sign. Since p(t) and r(t) are oscillating functions,
there exists a to > 1 such thatif ¢ > t,, then z(¢) < 0 eventually. Since y(¢) is bounded,
by (C1) and (1.2) there is t3 > to such that z(¢) is also bounded for ¢ > 3. Assume
that 2(t) = —z(t). Then 2" (t) = —2*"(t). Therefore, z(t) > 0 and z°" () < 0 for
t > t3. Hence, we observe that x(t) is bounded. Since n is odd, by Lemma 2.5, there
exists t, > t3 and v = 0 (otherwise z(t) is not bounded) such that (—1)” 22’ (t) > 0,
j€[0,n—1]NNyand¢ > t4. Thatis, (=1)’ 22 (t) < 0,j € [0,n — 1]NNyand ¢t > 4.
In particular, for ¢ > t4 we have zA(t) > 0. Therefore, z(t) is increasing. So, we can
assume that tlggloz(t) = L, (—oo < L <0). As in the proof of y(¢) > 0, we may obtain

that L = 0. As for the rest, it is similar to the case of y(¢) > 0. That is, tlim y(t) = 0.
—00
This contradicts our assumption. Hence, the proof is completed. [

Theorem 3.3. Assume that n is even and (C1) holds. Moreover, the following conditions
are satisfied:
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(C3) there is a function ¢(t) such that p(t) € Cyq [to, 0)y,

tlg(r)lo sup/ Z qi (s) As =

to

and

im su [SOA (S)]Q 5 < 0
i ?/w<mnx<¢<»@<»A =

foro(t)andi=1,2,...,m
Then, every bounded solution to equation (1.1) is oscillatory.

Proof. Suppose that equation (1.1) has a bounded nonoscillatory solution y(t). Without
loss of generality we can assume that y(t) is eventually positive (the proof is similar
when y(t) is eventually negative). That is, y(t) > 0, y (7(¢)) > 0 and y (¢;(t)) > 0 for
t >t > to. By (1.1)=(1.2), we have (3.3) for ¢ > t,. Then 22" (t) < 0. It follows that

22 (1), j € [0,n — 1] N Ny is strictly monotone and eventually of constant sign. Since
p(t) and r(t) are oscillating functions, there exists to > ¢; such that for t > ¢, we have
z(t) > 0. Since y(t) is bounded, by (C1) and (1.2), there is t3 > to, such that z(¢) is
also bounded for ¢t > ¢3. Because n is even, by Lemma 2.5 when v = 1 (otherwise z(t)
is not bounded), there exists £, > t3 such that for ¢ > t, we have

(=1)" " 22(t) > 0,7 € [0,n — 1] N N,. (3.6)

In particular, since z*(t) > 0 for t > ty, z(t) is increasing. Since y(t) is bounded,
ltlirn p(t)y (7(t)) = 0 by (Cl). Then there exists t; > ¢, and a positive integer J such
— 00

that, by (1.2),
(t) = 2(t) ~ Pty (r(1)) +7(0) > <=(1) > 0

fort > t5. We may find a tg > t5 such that fort > tgandi =1,2,... m.

y(6:(1) > 32 (6:(0) >, G

From (3.3), (3.7) and the properties of f we have

A < —}j% 5 (5 00))
_ —§j LSO, ) 38
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for t > tg. Since z(t) > 0 is bounded and increasing, limz(t) = L, (0 < L < +00).

t—o00
By the continuity of f, we have

C fi(G2(ea) L (%)
tllglo z2(ps(t)) L =0

Then there is t; > tg such that fort > ¢7,7 =1,2,..., m, we have

fi 52 (0:1) _ fi (%)

= (6D) 5L a > 0. 3.9
By (3.8)-(3.9),
At < —a Y a(t)z (¢i(t)), fort > tr. (3.10)
=1
" wit) = (B 3.11)

We know from (3.6) that there is ts > t7 such that, for sufficiently large t > tg, w(t) > 0.
Therefore, A-differentiating (3.11) we obtain

22 (1) (o (1)) 22 (071 (1) 0712 (t)
2(6710i (1) Z( "1 (1) 2 (071 (ot )))
A1)z (07 0i (0 (1) = 22" (a(1)) 2% (071 (1) 607 (1)
2(0719i(t)) 2 (671 ¢i (0 (1))
2 (1) 2 (871 (0 (1)) — 22" (a(t) 22 (670 (1) 502 (1)
2(671¢; (1))
A (02 (6 gi(0 (1) 22 (o (1) 2 (07 i (1) 6o (1)
[Z( 1oy (1)) [= (0729 (1))
A 1A ()2 (5 (1)) 62 (1)
( i (1) 0 [ (6=1: (1))
) 1 22 (071 (1) o7 (1)
em 0 o o o
By (3.6) there is t > tg, such that z(¢) > 0 and 22" ' (¢) > 0 for an even n. Since

z(t) > 0 is increasing, z (6 "'¢; (o(t))) > z (6 '¢;(t)) fori = 1,2,...,m. Therefore,
by Lemma 3.1, we get

2(0710:()) > A(=1)"" gu (0 (05(1)), 0:(1)) 22" (i(t)) - (3.13)
Then, A—differentiating (3.13), using Lemma 2.8 and

Gy (0(8),1) = g _o(0 (), 1),

w? (t) =

)

IN

w (t)
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we get

[= (67" 6u(1))]"

(AVARAY,

By Lemma 2.4, we have

22 (5710u(0) 071 (1) = A (1) gy (0(0u(1)), 0i(1) 22 (i(1)) -

Since ¢;(t) < t, we obtain

OA(=1)"" g s (0(0u(1)), (D) 22" (1)

22 (070 u(t)) 2 50 (3.14)
Hence, by (3.10), (3.13) and (3.14), we conclude
. —aiqxwz(@(t))
S R O)
LA D g (r(00), i) 2 62
5 OR(t) 2 (07 1u(t))
< —anxt) — A (=)l (g7, (o(i(t)), ¢i(t))
and then
anz-(t) < —wB(t) = A(=1)"w? (t) g5y (o(i(t)), di(1)) (3.15)

for t > t19. Multiplying (3.15) by ¢(t) and integrating it from ¢1o to ¢ we obtain, by
Theorem 2.4,

t

/ Zq, As < —/gp(s)wA(s)As

tio
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t

- [w(t)w(t) o (tuo) w (to) — / o (s)w” (£)As

tio

IN

t

- / A(=1)"2 o (s)w (5) g7 (0(64(5)), 6 (5)) As

tio
t

@ (t10) w (t10) + /gpA (s) w7 (t)As

t1o

IN

t

) / o (5)w? (5) g5 (0(64(5)). 1 (5)) As

t1o
t

¢ (t10) w (tio) — A/SO(S) In—2 (0(9i(s)), ¢i (s))

t10

IA

X lw(s)— SOA() 2 S
{” e () 972 (0@ o (3] °

(02 (5)] .
+/ Do (3 92 03 61 (5)

[0* ()]
< ¢ (tw) w (tio) + / A o (5) g5 _o (0 (i(5)), di (3))AS.

tio

Therefore, by (C3), we conclude

t
o0 = alimsup/gp(s)Zqi (s) As
o i=1

t—o0

t

(2 w + 11m sup
= 10 10 AN ) (8) gg
t1o

As

[0 ()]
_o (0(9i(s)), ¢i (5))

< 0oQ.

This is a contradiction. Now let us consider the case y(¢) < 0 fort > ¢;. By (1.1)—(1.2),

we have
Zqz )i (y (#i(1))) >

for t > t,. Thatis, 22" > 0. It follows that 22 (), (j € [0,n — 1] N Ny) is strictly
monotone and eventually of constant sign. Since p(t) is an oscillatory function, there
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exists to > t; such that z(t) < 0 for ¢t > 5. Since y(t) is bounded, by (C1) and (1.2),
there is t3 > t, such that z(¢) is also bounded for ¢ > ¢3. Assume that z(¢) = —z(t).
Then 22" (t) = —22"(t). Therefore, 2(t) > 0 and 2" (t) < 0 for t > t3. Hence, we
observe that z(t) is bounded. Since n is odd, by Lemma 2.5, there exists ¢4, > t3 and
v = 1 (otherwise z(t) is not bounded) such that (—1) 22" (t) >, k € [0,n — 1] N N,
and ¢t > t,. Thatis, (—1)" 22" (t) <0,k € [0,n — 1] NNy and ¢ > ¢,. In particular, for
t > t, we have 2°(t) > 0. Therefore, z(t) is increasing. For the rest of the proof, we
can proceed similarly to the case of y(¢) > 0. Hence, the proof is completed. [l
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