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Abstract

In the study of asymptotic properties of solutions of difference equations, so
called generalized solutions are often considered, that is, sequences for which a
given equation is satisfied from some starting point. In this paper we establish
conditions which allow us to control the starting point. Moreover, we establish
conditions which allow us to change some finite terms of generalized solutions so
that a full solution is obtained.

AMS Subject Classifications: 39A10.
Keywords: Difference equation, full solution, prescribed asymptotic behavior.

1 Introduction

Let N, Z, R denote the set of positive integers, the set of all integers and the set of real
numbers, respectively. For p, k € Z let

N(p)={p,p+1,...}, N(p, k) ={p,p+1,...,k}.
Let m € N(1). In this paper we consider difference equations of the form
Amxn = anf(n7 mo(n)) + bn + Cns (E)

Amxn = angp(xo'(n)) + bn + Cp, (AE)

where

Up,bp,cn €R, fNXR—->R, ¢:R—>R, o0:N—=7Z limo(n)=cc.
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We assume f and ¢ are continuous, s € (—o0, 0] and

o0 o0
an_1_8|an| < 00, an_1_5|cn| < 0. (1.1)
n=1 n=1

Moreover, we introduce an index ng by
no =min{n € N:o(n) > 1}.

Let p € N(ng). We say that a sequence = : N — R is a p-solution of equation (E) if
equality (E) is satisfied for any n > p. We say that x is a solution if it is a p-solution for
certain p > ng. By a full solution we mean an ny-solution.

Note that, by (1.1), the sequences a and c are “small”. On the other hand b is an
arbitrary sequence of real numbers. In this paper we are interested in solutions of (E) and
(AE) which are asymptotically equivalent to a given solution y of the equation A"y = b.
More precisely, in Theorems 3.1 and 4.1, using Schauder’s fixed point theorem, we
establish conditions under which for a given index p there exists a p-solution = such
that x = y + o(n®). For b = 0 we obtain asymptotically polynomial solutions. On the
other hand, taking p = ng, we obtain full solutions. Unfortunately, in many cases, the
assumptions of Theorem 3.1 or Theorem 4.1 are satisfied only for large p. In Section
5 we establish conditions which allow us to change some finite terms of generalized
solution so that a full solution is obtained. Note that an autonomous equation (AE) is a
special case of (E) but Theorem 3.1 is not a special case of Theorem 4.1.

This paper is a continuation of the papers [2, 3] and [4]. The results obtained in
Section 5 are inspired by [1, Remark 2]. In Section 2, we introduce the space of m-
times summable sequences S(m) and the iterated remainder operator r : S(m) — S(0).
In Lemma 2.1, we establish some fundamental properties of the operator . For more
details see [3]. The operator "™ is used in the proofs of Theorems 3.1 and 4.1, which
are the main results of this paper.

2 Notation and Terminology

The space of all sequences z : N — R we denote by SQ. Assume X is a metric space.
For a subset A of X and ¢ > 0 we define an e-framed interior of A by

Int(A,e) = {x € X : B(z,e) C A},

where B(z, ) denotes an open ball of radius ¢ about x. We say that a subset U of X
is an uniform neighborhood of a subset Z of X if there exists a positive number € such
that Z C Int(U, ¢).

A function g : X — R is called locally bounded if for any z € X there exists a
neighborhood U of x such that ¢g|U is bounded. Note that if X is a closed subset of
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R, then a function g : X — R is locally bounded if and only if it is bounded on every
bounded subset of X.
If g: X - Rand M € R, then by |g < M| we denote the set

g < M| ={zeX:|g(x)] < M}
Let
S0)={zxeSQ:xz=0(1)}, S()= {x € SQ : the series an is convergent} :
n=1

For = € S(1), we define the sequence 7(z) by the formula

r(z)(n) = Z ;.

Then r(x) € S(0) and we obtain the remainder operator  : S(1) — S(0). If m € N(1)
then, by induction, we define the space S(m + 1) and the operator " : S(m + 1) —
S(0) by

S(m+1)={x € S(m) :r"(z) € S(1)}, " (z) = r(r™(z)).

The value ™ (z)(n) we denote also by 7" (x) or simply r""x. Note that

oo o0 [e.e]

m _
rote = E E e E T, -
11="n 12=11 im=%m—1

Lemma 2.1. Assume x,y € SQ, m € N(1), p € N(0) and s € (—o0,0]. Then

(a) if |z| € S(m), then x € S(m) and |r™x| < r"™|x

>

(b) |x| € S(m) if and only lfz n" | < oo,

n=1

(c) if |x| € S(m), then r}'|x| < an’l\xn\for any k € N(1),

n=k
(d) ifx € S(m), then A"r"™z = (—1)"z,

(e) ifx,y € S(m) and x,, < y,, forn > p, then 'z < 'y forn > p,

(f) lfz n™ 1782, | < oo, then x € S(m) and r™x = o(n®).

n=1
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Proof. The assertion (a) is proved in [3, Lemma 1]. (b) is proved in [3, Lemma 3]. (c¢)
follows from [3, Lemma 2] and from the proof of [3, Lemma 3]. (d) is proved in [3,
Lemma 5]. (e) is obvious for m = 1. For m > 1 it can be easily proved by induction.

Assume Z n™17%|x,| < co. By (a) wehave x € S(m). Letu,, = n"*. By [4, Lemma

n=1
2.3] there exists a sequence w = o(n’) such that A"w = z. By [4, Lemma 2.2] we
have ™z = (—1)™w. Hence ™z = o(n’). O

3 Autonomous Case

In this section we obtain conditions under which for a given index p there exists a p-
solution z of autonomous equation

A"xy = a4 9(To@m)) + by + Cp (AE)

which is asymptotic to a given solution y of A™y = b with “order” of approximation
o(n?). In the main condition (3.1) we use a framed interior of the set

o < M| = {t € R: [o(t)] < M},
where M is a given positive constant.
Theorem 3.1. Assume p € N(ng),

M>0, yeSQ, A"y=b
and let R be a sequence defined by R = Mr™|a|+ r"|c|. If
(yoo)(N(p)) C Int([e < M|, Ry), 3.1
then there exists a p-solution x of (AE) such that
r=y+o(n®).

Proof. For x € SQ let 2" be defined by z, = p(24(,) for n > ng and z;, = 0 for
n < ng. Let p, = R, forn > p and p,, = 0 for n < p. Moreover, let

T={xeSQ:|r—y| <R}, S={xeSQ:|xr—y| <p}
Obviously S C T. Letx € S. If n > p, then |Z5(n) — Yo(n)| < R,. Hence
Lo(n) € B(ycr(n)7Rp> - |90 < M’

Therefore for = € S we have |2*| < M and, by (1.1), az™ + ¢ € S(m). Let

A:S—8Q,  Al)(n) = { Yn _— for n<p (35

Yo + (=)™ (ax™ +¢) for n > p.
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If z € Sandn > p, then
|A(2)(n) — yn| = |ry' (az™ + )| < rplfaz”™ + ] < Mrpt|a] + 1) |c] = Ry, = pn.

Hence A(S) C S. As in the proof of [3, Theorem 1] one can show that A is continuous
and there exists a sequence x € S such that Az = x. Now using Lemma 2.1 we obtain
the result. 0

Corollary 3.2. Assume y € SQ, A™y = b and ¢ is bounded on certain uniform
neighborhood of the set (y o 0)(N). Then there exists a solution x of (AE) such that
x =1y + o(n).

Proof. There exist a positive M and € > 0 such that (y o 0)(N) C Int(je < M],e).
Let R be defined by (3.1). Then R = o(1) and R, < ¢ for certain p. Now the assertion
follows from Theorem 3.1. O]

Corollary 3.3. Assume o is bounded. Then for every full solution y of the equation
Ay = b there exists a full solution x of (AE) such that x = y + o(n®).

Proof. Choose M such that |p(t)| < M for any t € R. Then |p < M| = R. Hence
Int(|p < M]|,e) = R for any positive € and we may take p = ng in Theorem 3.1. [

4 Nonautonomous Case

In this section we assume g : [0, 00) — [0,00), w € SQ, w is positive and bounded and
|f(n,t)] < g(|tlw,), (n,t) e NxR. 4.1)

In Theorem 4.1, which is analogous to Theorem 3.1, we establish conditions under
which for a given index p there exists a p-solution x of nonautonomous equation

A"z, = anf(n, Tom)) + bn + ¢4 (E)

which is asymptotic to a given solution y of A™y = b with “order” of approximation
o(n®). We replace a metric condition (3.1) by an analytic condition (4.2).

Theorem 4.1. Assume p € N(nyg),
L,M >0, g([0,L]) C[0,M], ye€SQ, A™y=b,
and let R be a sequence defined by R = Mr™|a|+ r"|c|. If
Yo )| < Lw; ' — R, for n>p, 4.2)
then there exists a p-solution x of (E) such that

r=y+o(n®).
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Proof. For z € SQ let 2" be defined by z), = f(n,Z(»)) for n > ng and =), = 0 for
n < ng. Define p, T" and S as in the proof of Theorem 3.1. Obviously S C T'. Let
x € S.Ifn > p, then

|To(m)Wn| = |Zom)Wn = Yon)Wn + Yom)Wn| < |Tom) = Yom)|Wn + |Yom)Wn|
< (|x0(n) - ya(n)| + |yv(n)|)wn < (Rp + ’ya(n)l)wn < L.
Hence by (4.1) we have
|z, | = |f(n7$a(n))| < g(|$a(n)wn|) < M.

Therefore for x € S we have |2*| < M and az™ + ¢ € S(m). Define A : S — SQ by
(3.2). If x € S and n > p, then

[A(x)(n) = yn| = | (ax” + )| < rpflax” + of < MrpMla] +rf|e] = Ry = pn

and A(S) C S. The rest of the proof is analogous to the last part of the proof of Theorem
3.1. ]

Theorem 4.1 generalizes [4, Theorem 3.1].

Corollary 4.2. Assume g is locally bounded, y € SQ, A™y = band yo o = O(w,").
Then there exists a solution x of (E) such that v = y + o(n?®).

Proof. Choose positive constants L and /3 such that |y,(,)| < Lw, L' — B forn > ny.
Choose a constant M such that ¢([0, L]) C [0, M]. Let R be defined by (4.2). Then
R =o(1) and R, < f for certain p > n,. Now, we can apply Theorem 4.1. [

Corollary 4.3. Assume g is bounded, y € SQ, A™y = band y oo = O(w,'). Then
there exists a full solution x of (E) such that v = y + o(n?®).

Proof. Choose M such that |g(¢)| < M for any ¢. Define R as in Theorem 4.1. Choose
a positive L such that |y,(,)| < Lw,, ' — R, for n > ny and apply Theorem 4.1. O
5 Completing Solutions

In this section we establish conditions which allow us to change some finite terms of
generalized solution so that a full solution is obtained. First we define the sets

which we use in Lemmas 5.2 and 5.3. These lemmas and Corollaries 5.4 and 5.5 are
the main results of this section. Combining these results with Theorems 3.1 and 4.1 we
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obtain a way to prove the existence of full solutions of equations (AE) and (E) which
are asymptotic to a given solution y of the equation A™ = b. Let

I(o) = {n € N:o(n) =n}.
Fora € Randn € Nlet
To(p):R—R,  To(fin):R—>R
be defined by
La(p)(t) =t —ap(t),  Ta(f,n)(t) =t—af(n,t).
Moreover, let
P(p) ={aeR:Ta(p)(R) =R},  I'(fin)={a eR:Tua(f,n)(R) =R}

Note that a real number « belongs to I'(f, n) if and only if the equation t = af(n,t) +s
has a solution ¢ for every real s.

Example 5.1. Leta,b € R, a # 0.
(a) If ¢ is continuous and bounded, then I'(p) = R.
(b) If ¢ is continuous and t¢(t) > 0 for t # 0, then (—o0,0] C I'(¢).
(¢) If ¢ is continuous and t¢(t) < 0 for t # 0, then [0, 00) C I'(¢p).
(d) T(at +b) = (—o00,a ") U (a™ ", 00).
(e) If o is a polynomial of odd degree m > 3, then I'(¢) = R.
(f) If  is a polynomial of even degree m > 2, then I'(p) = {0}.
(9) T(") = (—00,0], T(It)) = (—1,1), T(sgnt) = [0, 0).
Lemma 5.2. Assume p > ng, P = N(ng,p — 1), o(n) > nforn € P and
(—=1)™a, € U(f,n)  for ne€ Pnli(o).
Then in every p-solution x of the equation (E) we can change the terms
Tp_1, Tp—2, - -+, Tng

so that a full solution is obtained.
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Proof. For any sequence = and any index n we have
= m
A"z, = Z(—l)mM ( k)xn%‘
k=0

Hence, if x is a p-solution of (E), then

Tp = (=1)"anf(n, Towm)) + (=1)"(by + cn) — Z(—l)k <7Z) Ttk (5.1)

k=1

forn > p. If o(p—1) > p— 1, then, of course, we can change the value x,_; so that the
equality (5.1) is fulfilled for n = p— 1. In the case o(p—1) = p— 1 a similar possibility
follows from the assumption (—1)"a,—1 € I'(f,p — 1). We obtain a (p — 1)-solution,
etc. After finite amount of steps a full solution is obtained. [

Lemma 5.3. Assume p > ng, P = N(ng,p — 1), o(n) < n forn € P, the map o|P is
injective and for n € P we have

an#0  and  f({n} xR) =R,

Then in every p-solution x of the equation (E) we can change the terms of the finite
sequence o|P so that a full solution is obtained.

Proof. Let x be a p-solution of (E). If a,, # 0, then we can rewrite equality (E) in the
form
f(n, 2om)) = a;l(Amxn — by, — ).

By assumption, we can change the value z,(,_1) so that the equality
f(p -1, xo(p—l)) = a;;ll(Amxpfl - bpfl - Cpfl)

is fulfilled. Then the equality (E) is fulfilled for any n > p — 1. Analogously, if
p — 1 > ny, then we can change the value z,(,_2) so that the equality

flp—2, ffa(p—2)) = a;_lg(Am$p—2 — by — Cp_2)
is fulfilled, etc. Using injectivity of the sequence
o(ng),o(ng+1),...,0(p—2),0(p—1)
we can change successively the terms of finite sequence
Lo(p-1)) Lo(p=2)s - - - s La(no)

and we obtain a full solution. O]
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The following two corollaries are immediate consequences of Lemma 5.2 and
Lemma 5.3 respectively.

Corollary 5.4. Let one of the following conditions holds:
(@) (=1)™a, € I'(f,n) forn € I(c) and o(n) > n for n > ny,
(b) f(INXxR)=R, o(n) <nanda, # 0 forn > n,.

Then from any solution x of (E) we can obtain a full solution by changing a finite
number of terms.

Corollary 5.5. Let one of the following conditions holds:
(a) (=1)"a, € I'(p) forn € I(c) and o(n) > n for n > ny,
(b) o(R) =R, o(n) < nand a, # 0 forn > ny.

Then from any solution x of (AE) we can obtain a full solution by changing a finite
number of terms.

Now, we give some examples. In the first one we present an equation for which
every constant A € R is the limit of certain full solution. But if [\| > 1, then the
condition (3.1) is not satisfied and Theorem 3.1 cannot be directly used.

Example 5.6. Let (t) = ¢, b = 0 and ¢ = 0. Consider the equation
A"z, = a,x’

n—1-

Assume a,, # 0 for any n and r,'a = 1 for certain p. Note that any constant sequence is
a solution of the equation A™y = b. Moreover, by Corollary 3.2 and Corollary 5.5, for
any real \ there exists a full solution x such that x = A + o(n®). That is, any real \ is
the limit of certain full solution. Note that if |[A\| > 1 and

X € | < M| = [—V/M, /M),
then M > 1. Moreover, ?, = M and we have
Int(|p < M, R,) = Int(lp < M|, M) = 0.
Hence the condition (3.1) is not satisfied and Theorem 3.1 is not applicable.

In the next example we present an equation for which every constant A € R is the
limit of certain solution but if A is the limit of a full solution, then )\ is nonnegative.
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o0
Example 5.7. Assume a is nonnegative, the series E a, 1s convergent and there exists

n=1
an index p > 1 such that a, = 0, a,, = 1. Consider the equation

Az, = ap|T,_1].

By Corollary 3.2, every number A € R is the limit of certain solution. Assume z is a
full convergent solution. Then z is nondecreasing and

Tpi1 — Tp = aplry 1| =0, Tpro = Tpyr + apa|Ty| = Tpir + |Tppa| > 0.
Hence lim z,, > 0.

In the next example we present an equation for which every constant A € R is the
limit of certain solution but if A is the limit of a full solution, then A < 2.

oo
Example 5.8. Assume a is positive, the series E na, is convergent and a, = 1 for
n=1

certain p. Consider the equation

2

ne

A%z, = a,x

By Corollary 3.2, every number A € R is the limit of certain solution. Assume z is a
full convergent solution. Let lim z,, = A > 2. Forn € Nlet z, = Az,. Then z, = o(1)
and

Az, = Nz, = anxi > 0.

Hence the sequence (z,) is nondecreasing and nonpositive. If z, = 0 for certain ¢ then
2, = 0 forn > q. Thus a,z? = Az, = Az, = 0 for large n and limz,, = A > 2.
It is impossible. Hence z, < 0 for all n. This means that (z,) is decreasing. Hence
x, > A > 2 for any n. Since a, = 1, we have

2

A2 o 2
Tpro — 2Tp1 + 1, = A%z, = a,x, = 1,

Since t* — t > t for t > 2 we obtain
2 2
Tpto = 2Tpp1 — Tp + T, > T, — Tp > T

This contradicts the fact that (x,,) is decreasing. Hence lim x,, < 2 for any full conver-
gent solution .

In the last example we can see the importance of the set I'(¢) in the case I(o) # ().
We present a family of equations for which, under assumption a,, € I'(¢) for all n, any
real \ is the limit of certain full solution. On the other hand, if a, ¢ I'() for certain p,
then for every p-solution = we have x,, = —1 for any n > p.
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Example 5.9. Let ¢(¢) = t+ 1. Then I'(¢) = (—o0, 1)U(1, o). Consider the equation

Az, = app(z,).

If the series Z a,, 1s absolutely convergent, then by Corollary 3.2, every A € R is the

n=1
limit of certain solution. Moreover, if a,, # —1 for all n € N, then by Corollary 5.5 for
every A € R there exists a full solution convergent to A\. Assume a,, = —1 for certain p.

Then writing the equation in the form z,, 1y = (1 + a,,)z, + a,, we obtain

Tpr1 = (L+ (=1))x, + (=1) = —1,
Tpro = (14 ap1)(—1) +appr = —1

and so on. Hence x,, = —1 for any n > p.

References

[1] A.Drozdowicz and J. Popenda, Asymptotic behavior of the solutions of the second
order difference equations, Proc. Amer. Math. Soc., 99 (1987), no. 1, 135-140.

[2] M. Migda and J. Migda, On the asymptotic behavior of solutions of higher order
nonlinear difference equations, Nonlinear Anal., 47 (2001), no. 7, 4687-4695.

[3] J. Migda, Asymptotic Properties of Solutions of Nonautonomous Difference Equa-
tions, Arch. Math. (Brno), 46 (2010), 1-11.

[4] J. Migda, Asymptotically polynomial solutions of difference equations, Adv. Dif-
ference Equ., 92 (2013), 1-16.



