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Abstract

In this paper, we investigate the boundedness character of solutions of a second-
order rational difference equation, in which the two arguments of the rational ex-
pression of the equation, x,, and x,,_1, are raised to a positive real power k. This
equation contains 49 special cases each with positive parameters. We establish the
boundedness characterizations of 44 out of the 49 special cases of the equation.
More precisely, we establish that in 24 special cases of the equation every solution
is bounded and in 20 special cases there exist unbounded solutions in some range
of the parameters and for some initial conditions. For the remaining five special
cases we establish that every solution is bounded when k& € (0,4) and we con-
jecture that there exist unbounded solutions for each k € [4,00). Furthermore,
when k € (0,4), we present the boundedness characterizations of each one of the
49 special cases of the equation. Actually, we establish that in 30 special cases of
the equation every solution is bounded and in the remaining 19 special cases there
exist unbounded solutions in some range of the parameters and for some initial

1
conditions. Finally, we conjecture that, when k € | 0, 2], every solution of the

equation is bounded. In fact, we establish this conjecture in 48 out of the 49 special
cases of the equation.

AMS Subject Classifications: 39A10.
Keywords: Boundedness, boundedness characterization, rational difference equation.

1 Introduction
In this paper, we investigate the boundedness character of solutions of the second-order
rational difference equation,

avshast,
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with nonnegative parameters, arbitrary nonnegative initial conditions such that the de-
nominator is always positive, and & € (0, 00). The boundedness character of solutions
of a difference equation is one of the main ingredients in understanding the global be-
havior of the equation including its global stability.

The boundedness character of solutions of (1.1) when & = 1, that is the rational
equation,
a+ Brg + T,

A+ Bz, +Cxp_y’ "
has been extensively studied in [14] and in the references cited therein. See also [5] and
the references cited therein.

If we allow one or more of the parameters of (1.1) to be zero, it contains 49 special
cases of equations each with positive parameters. For the complete list of each one
of these special cases, see the Appendix at the end of this paper. Each one of these 49
special cases may have exactly one of the following four boundedness characterizations:

B, B*, U, or U~

—0,1,..., (1.2)

Tn+1

A special case of (1.1) has the boundedness characterization (B) means: For all positive
values of the parameters and for each pair of initial conditions of this special case the
corresponding solution {z,,}>° _, is bounded.

A special case of (1.1) has the boundedness characterization (U) means: There ex-
ists at least one set of positive values of the parameters and at least one pair of initial
conditions of this special case, for which the corresponding solution {x, }>° , is un-
bounded.

A special case of (1.1) has the symbol (B*) next to it means: We conjecture that the
boundedness characterization of this special case is B, but for the time being, we are not
able to establish it.

A special case of (1.1) has the symbol (U*) next to it means: We conjecture that the
boundedness characterization of this special case is U, but for the time being, we are not
able to establish it.

Remark 1.1. It is important to mention that it takes only one positive value of £ for a
special case of (1.1) to be characterized as U. On the other hand, a special case of (1.1)
is characterized as B if and only if it is characterized as B for all k& € (0, c0).

Remark 1.2. We should point out to the reader that when we investigate a special case,
for simplicity and convenience we may write the equation in normalized form, by using
an appropriate change of variables of the form:

Ty = A\Yn.

By doing so, some of the parameters of the equation may be chosen equal to one. For
example, a normalized form of the special case 14 of (1.1),

By,
Tpy1 = A+C£L’k )

n—1

14 : n=0,1,...,
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may be obtained by choosing A = C' = 1. In fact, one may easily verify this, by using
1

A\ F
the change of variables, z,, = (5) Yn.-

In this paper, we establish that the boundedness characterization of each one of the
following 24 special cases of (1.1):

I, 5 9 10, 11, 13, 15, 17,
18, 22, 26, 28, 30, 32, 33, 36, (1.3)
37, 38, 39, 43, 44, 45, 48, 49,

is B and that the boundedness characterization of each one of the following 20 special
cases of (1.1):

2, 3, 4, 6, 7, 8, 12, 14, 16, 19,

20, 21, 23, 24, 25, 31, 34, 40, 41, 46, (14
is U.
For each one of the remaining five special cases of (1.1):
27, 29, 35, 42, 47, (1.5)

we conjecture:

Conjecture 1.3. Show that the boundedness characterization of each one of the five
special cases of (1.1), which are listed in (1.5), is U. More precisely, prove that when

ke [4,00),

for each one of these five special cases there exist unbounded solutions in a certain
parameter range and for some initial conditions.

The results of this paper are presented as follows:
In Section 2, we establish that the boundedness characterization of each one of the
24 special cases of (1.1) listed in (1.3) is B.
In Section 3, we establish that every solution of each one of the following six special
cases of (1.1):
14, 27, 29, 35, 42, 47,

1s bounded when

k€ (0,4).
The special case 14, which in normalized form can be written as:
B,
1= ——, n=0,1,..., 1.6
Tn+1 1+ak n (1.6)

has been investigated in [4]. When k = 2, see also [8]. The next theorem has been
established in [4].
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Theorem 1.4 (See [4]). Every positive solution of (1.6) is bounded when
0< k<4

When,
k>4

then (1.6) has an increasing unbounded solution. Furthermore, every solution of (1.6)
is bounded from above and from below by positive constants when

k=1 and §>1

or when
0<k<1and p>0.

In Section 4, we establish that the boundedness characterization of each one of the
following 14 special cases of (1.1):

4, 7, 8 16, 19, 20, 21,
23, 24, 31, 34, 40, 41, 46,

is U.Foreach k € [1, 00), we present a range of parameters and a set of initial conditions
for which there exist unbounded solutions. In addition, when k£ € (0, 1), we prove that
every solution is bounded, except for the two special cases:

8 and 23.

The boundedness character of solutions of these two special cases is examined sepa-
rately when & € (0, 1).

In Sections 5.1, 5.2, and 5.3, we establish that the boundedness characterization, of
each one of the following four special cases of (1.1):

2, 3, 6, 12,

is U. For each k € (1, 00) we prove that, each one of these four special cases possesses
unbounded solutions, for some range of the parameters and for some initial conditions.
In addition, when k£ € (0, 1], we prove that every solution of each one of these four
special cases is bounded.

In Section 5.4, we establish the U boundedness characterization of the special case
25. Actually, we present the existence of unbounded solutions of the special case 25,
only when £ = 2.

In Section 6, we pose some interesting open problems on the global character of
solutions of (1.1).

Finally, at the end of this paper we present an Appendix that summarizes the results
of this paper.

By combining the results of this paper the following theorem is also established.
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Theorem 1.5. Assume that k € (0,4). Then the following statements are true:

1. When
v+ BB+ A>0 and C >0, (1.7)

or

v=C=0, 8+A>0, and (=0 or B> 0), (1.8)

(1.1) contains only the following 30 special cases:

1, 5 9 10, 11, 13, 14, 15 17, 18,
22, 26, 27, 28 29, 30, 32, 33, 35 36, (1.9)
37, 38 39, 42, 43, 44, 45 47, 48 49,

Each one of them has the boundedness characterization B.

2. When
C=0 and v >0, (1.10)
or
v=pBB=A=0, (1.11)
or
y=B=C=0, and 3> 0, (1.12)

(1.1) contains only the following 19 special cases:

2, 3 4 6 7 8 12, 16, 19, 20,

21, 23, 24, 25 31, 34, 40, 41, 46 (1.13)

Each one of them has the boundedness characterization U.

Question: Is there a subset of values of %, for which every solution of (1.1) is
bounded?.
The answer to this question will be positive if the following conjecture is established.

1
Conjecture 1.6. Assume that k € (0, 5] . Show that every solution of (1.1) is bounded.

We should point out to the reader that in this paper we establish Conjecture 1.6 in
all special cases of (1.1), except for the special case 25. Thus, Conjecture 1.6 will be
established if the following conjecture for the special case 25 is established.

Conjecture 1.7. Assume that k& € (0, 1]. Prove that every solution of the special case:

oz+xfl
k

n—1

25 Ty = ,n=0,1,...,

1s bounded.
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When k = 1, the special case 25 becomes,

o = ST 0 (1.14)

n—1

which is the so called Lyness equation and has been investigated by many authors.
See [1-3,10,11,13,14,17,19]. The special case of (1.14), when o« = 1, was noted by
Lyness. See [15, 16].

Finally, at the end of this introduction we present three theorems, which will be
useful in the sequel.

Theorem 1.8 (See [5] and [6]). Let I be a set of real numbers and let
F:IxI—>1

be a function F(u,v), which decreases in u and increases in v. Then for every solution
{z,}72 | of the equation

Tpr1 = F(xy,2p-1), n=0,1,...,

the subsequences {Tay, ooy and {Tan11}oo_, of even and odd terms of the solution do
exactly one of the following:

(i) They are both monotonically increasing.
(ii) They are both monotonically decreasing.

(iii) Eventually, one of them is monotonically increasing and the other is monotoni-
cally decreasing.

Theorem 1.9 (See [12] and [14]). Let I be an open interval of real numbers, let F' €
C(I**' 1), and let & € I be an equilibrium point of the equation

Tpi1 = Fxy, 1), n=0,1,.... (1.15)
Assume that F satisfies the following two conditions:
1. F is increasing in each of its arguments.
2. F satisfies the negative feedback property:
(u—2)[F(u,u,...,u) —ul <0, for all uel—{z}.
Then the equilibrium point % is a global attractor of all solutions of (1.15).

Theorem 1.10 (See [9]). Assume that B > 0 and that k € (0, 1). Then every positive
solution {y, }o° _, of the equation

B 1
y”+1:_k+k_’ nzovla"'7 (116)
Yn Yn—1

is bounded.
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2 The Special Cases of (1.1) with Bounded Solutions for
all k£ € (0,00) — The B Cases

In this section, we establish that each one of the following 24 special cases of (1.1):

1, 5, 9, 10, 11, 13, 15, 17, 18, 22, 26, 28,

30, 32, 33, 36, 37, 38, 39, 43, 44, 45, 48, 49,
has the boundedness characterization B. When k& = 1, the global character of solutions
of each one of these 24 special cases has been extensively studied in [14] and in the

references cited therein. See also [5] and the references cited therein.
The next theorem establishes that each one of the following 19 special cases of (1.1):

I, 5 9 10, 11, 13, 15, 17, 18,

28, 32, 36, 37, 38, 39, 43, 44, 45, 49, @D
has the boundedness characterization B.
Theorem 2.1. Assume that k € (0, c0) and that
(=0 o0r A>0), (=0 o0or B>0), and (y=0 or C >0). (2.2)

Then every solution of (1.1) is bounded. Furthermore, (1.1) contains only the 19 special
cases listed in (2.1) and each one of them has the boundedness characterization B.

Proof. Let {x,}>2 ;| be an arbitrary solution of (1.1). In view of (2.2), there exists a
positive real number M such that:

a< AM, B< BM, and v < CM.
Then, for each n > 0,
a+ Bak +yak - AM + BMazF + CMzt |
Tn+1 = >
T A+ Bak + Cak A+ Bak + Cak

n—1 n—1

=M.

The proof is complete.
]

Remark 2.2. One may easily verify that, every solution of each one of the following 12
special cases of (1.1):
I, 5 9 10, 11, 28,
32, 36, 37, 43, 44, 49,

is bounded from above and from below by positive constants.

(2.3)

The next theorem establishes that, each one of the following three special cases of

(1.1):
22, 26, 48, (2.4)

has the boundedness characterization B.
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Theorem 2.3. Assume that k € (0, 00) and that

A=0, a,6+v>0, (B=B=0 or fB>0), and (y=C=0 or vC > 0).
(2.5)
Then every solution of (1.1) is bounded from above and from below by positive con-
stants. Furthermore, (1.1) contains only the three special cases listed in (2.4) and each
one of them has the boundedness characterization B.

Proof. Let {z,}>°_, be an arbitrary solution of (1.1). In view of (2.5), there exist two
positive real numbers m and M such that:

Bm << BM and Cm <~y < CM.
Then, for each n > 0,

a+ fak +yak . Bak 2k Bmak + Cmak

Tpyl = > =m.
i Bk 4+ Cak_, Bk 4+ Cak_, Bzk + Cak_,
Also, for each n > 2,
Lot Baf +yah o By + vy
" U Bak 4 Cxk_ |, Bak +CxF_, | Bak + Ok
Q@ BMaF + CMaF e
mF(B + C) Bazk + Cxi_, mk(B + C)
The proof is complete. [

Next, we investigate the boundedness character of solutions of the special case 30
of (1.1), which in normalized form can be written as:

o+ zk

l’n+1:m, ,nzO,l,... (26)

with positive parameters «, C, and nonnegative initial conditions x_; and x such that
the denominator is positive.

In the theorem below, we prove that every solution of the special case 30 of (1.1) is
bounded, for all k£ € (0, 00).

Theorem 2.4. Assume that k € (0,00). Every solution of (2.6) is bounded from above
and from below by positive constants.

Proof. Let {x,},;> _, be an arbitrary solution of (2.6). Assume for the sake of contra-
diction that there exists an infinite sequence of indices {n;}:°; such that:

Im &, 41 = 00.
1—00
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We claim that
Tyl — 00 = Ty, Tppy—1 — 0.

Indeed,
a+tay, ! g
Tnitl = ok +Cxk | 2k 4+ Cak + ak + Cak -
implies
a:fll + fo”_l —0
and so,
lim z,,, = lim z,,_; = 0.
11— 00 1—00
In addition,
o at xﬁfl _ o xfzifl 0
e Ty +Cap xfzi—l + fozi—Z " xfbi—l + CZL‘%—Q -
implies
a:fh__l + C$ﬁi_2 — 00,

and so, in view of the fact that z,,,_; — 0, we get

lim z,, o = o0.
71— 00
Similarly, as in (2.7),
Tp,—2 = 00 = T, —3, Tp,—a — 0.

Howeyver,
k mfmi—2
x I TS a + s -0
n;—1 — L k - .k k k
I‘ni72 + ani*:s mefz + an¢73 ‘TZZ'72 _|_ C
n;—3

implies

Tp;—2

TS 0.

Tn;—3

By combining this with the fact that x,,,_ — 00, it follows that

Tp;—3 — OO.

143

2.7)

This is a contradiction. Therefore, the solution {x,, }°° ; of (2.6) is bounded. In addi-

tion, it is easy to see that
«

limsupa, = 5 € (0,00) and [ =liminfe, > 7"z > 0.

The proof is complete.
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Next, we investigate the boundedness character of solutions of the special case 33
of (1.1), which in normalized form can be written as:
k
a+x,
l’n+1—m, n—O,l,..., (28)
with positive parameters «, B, and nonnegative initial conditions x_; and x such that
the denominator is positive.
In the theorem below, we prove that every solution of the special case 30 of (1.1) is

bounded, for all k£ € (0, 00).

Theorem 2.5. Assume that k € (0, 00). Every solution of (2.8) is bounded from above
and from below by positive constants.

Proof. Let {x,}>2 , be an arbitrary solution of (2.8). Assume for the sake of contra-
diction that there exists an infinite sequence of indices {n;};°; such that:

lim z,,41 = 0.
71— 00

We claim that
T4l — 00 = Ty, Tyy,—1 — 0.

Indeed,
a+ xlfzi—l « I quzi—l -
Tp,4+1 = == (0.¢}
g k k k k k k
ani +xni—1 BajnI +$ni—1 anZ +xni—1
implies
k k
Bxy, +x, 4 —0
and so,
lim z,, = lim z,,,_; = 0.
1—00 1—00
In addition, from
A xﬁi—z
a+x 9 (6] zk 1
Tpy = 72— = —— — +——5— =0
ani—l + xn.;—? B'xni—l + xni—Q B + x:i72
n;—1

it follows that
Ini -2

«%’Zi—1 + Ca:fli_Q — oo and — 0,

xnifl
which is a contradiction and establishes that the solution {z,} of (2.8) is bounded. In
addition, it is easy to see that
a

h?—igpx" =5€(0,00) and I = liggiogfxn > m > 0.

The proof is complete.
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3 The Six Special Cases where Boundedness
is Preserved when & € (0,4) — The U* Cases

In this section we establish that each one of the following six special cases of (1.1):
14, 27, 29, 35, 42, 47, 3.1

has the boundedness characterization B, when k£ € (0,4). We should point out to the
reader that we conjecture that each one of the six special cases of (1.1), which are listed
in (3.1), has the boundedness characterization U. See Conjecture 1.3. This conjecture
has been established only for the special case 14. See [4]. The global character of
solutions of the special case 14, when k € (0,4), has been investigated in [4] and [8].
When k£ = 1, each one of the six special cases listed in (3.1) has been extensively studied
in [14] and in the references cited therein. See also [5] and the references cited therein.

The proof that every solution of each of the six special cases is bounded, when
k € (0,4), will be a direct application of the next theorem.

Theorem 3.1. Assume that a € [0,00). Let f € C((a,o0) X (a,0), (a,00)). Assume
that there exist nonnegative real numbers A, By, Bs, such that

A+ BBy > 0,

and a positive real power k € (0,4) such that:

B k
f(z,y) < min{B 2", 2—5} + A, forall z,y € (a,0). (3.2)
Y
Then every solution {x, }.°_, of the difference equation
Tn+1 :f(xn7xn71)7 n:O717"'7 (33)

is bounded.

Proof. Assume without loss of generality that By, By > 0. Let {z,,}">_, be an arbitrary
solution of (3.3). The proof will be by contradiction. Assume that there exists an infinite
sequence of indices {n;}:;°, such that

Im Ty, 41 = 00.
1—00 )

We claim that

Tn;—s

Tpy41 — 00 = Tp,—s, — 00, for s=0,1,... .

n;—s—1

Indeed, (3.2) implies

. Bgl’k.
Tpa1 = [(Tn; Tn—1) < mln{leﬁi, — 4+ A,

n;—1
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from which it follows .

7

Tpyy —— — 0Q,
n;—1

and so, our claim follows by induction. Now we divide the proof into the following two
cases:

Case 1:
0< k<1.
Then
Ty, Loy s Loy B 1
n; :f( ngs n; 1)S 1_k2k + A—)O,
Tp;—1 Tp;—1 $ni_1l‘ni_2 Lp;—1

yields a contradiction and completes the proof in this case.
Case 2:
1<k<4

Set
ap = 1

and
asi1(k—as) =k, s=1,2,....

We claim that there exists a positive integer s, such that
asp10 < 0<a; <...<ay<k<as, when s € {1,...,s0} (3.4)

or
O<a; <...<a,<k=ag.1, when s € {l,..., s} (3.5)

Otherwise, for all s > 1,
O<as <k

and in view of our assumption, that k € (0,4),

0<a/s :as+1<k,

<—
k — ag
(o]

from which it follows that the sequence {as } -, converges to a positive number L. Thus,
the equation

z(k —x) =k,

has a positive solution L, which under our assumption, that k£ € (0, 4), is a contradiction
and proves our claim. Next, for all s € {0, ..., sq}, it holds

Tn;—s _ f(xnﬂxni_l)’ for all 7 Z 1.
s

As+1 xas+1
n;—s—1 n;—s—1
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When (3.4) holds, in view of (3.2) we have that, for all 7 > 1,

k—(l5+1
n;—s n;—s— 1
Tn ng-(xz 1) b A foralls € {0,...,50}. (3.6)

As+1 As4+2 As41
xni—s—l mni—s—2 ni—s—1

When (3.5) holds, in view of (3.2) we have that, for all 7 > 1,

k—asi1
n;—Ss n;,—s— 1
s gBQ-(xZ 1) A, foralls € {0,...,50— 1} (3.7)

as as as
xnitls—l $nit25_2 nitls—l
and ) .
T Ty
QZ;HSO — km 50 < B, - - + - - A. (3.8)
n;—so—1 xni—so—l xm—sg—? xni—so—l
From (3.4), (3.5), (3.6), (3.7), and the fact that,
— = — o0 and z,, s — oo, forall s € {0,...,s0},
Lp—i—1 Lp—i—1
we find .
—m—— — 00, forall se{0,...,s0}.
n;—s—1

When s = sg, (3.6) yields,

Asg+1 Asn+2 Asp+1
n;—so—1 n;—so—2 n;—so—1

k'_aso+1
Tn;—s9—1
“Gagrz — OQ.
xni—so—2

Tn;—s0—1y LTn;—s9—2 — 00

k_aso+1
. 50— 1
Lni—so < B,- (M) + ————-A, forall i > 1,

from which it follows

This together, with

and
Aso+2, k — Aso+1 <0

yields a contradiction. When s = sy — 1, (3.7) becomes,

k—as
—nasoso < By- <—QZ)+1SO > + —a - A, foralli > 1,

gjnifS() n;—so—1 gjni*s()

from which it follows

f”i_so L NNIN
50+1 T
n;—so—1 n;—so—1

This, in view of (3.8), yields a contradiction. The proof is complete.
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Theorem 3.1 may be extended to the following theorem. The proof is along the same
lines and is omitted.

Theorem 3.2. Assume that a € [0,00). Let f € C((a,o0) x (a,00), (a,00)). Assume
that there exist nonnegative real numbers A, By, B, such that

A+ BBy >0,
and two positive real powers ki and ko, with
0 < ki < 4k,

Byxh
Q,i Y+ A, forall x,y € (a,00).
Y

f(@,y) < min{Ba™,

[e.9]

oo _, of the difference equation

Then every solution {z,}

Tnt1 = f(xf’uxn—l)’ n = 07 17 s
is bounded.
The proof of the next theorem is a direct application of Theorem 3.1.

Theorem 3.3. Assume that k € (0,4). Then every solution of each one of the six special
cases:

14, 27, 29, 35, 42, 47, (3.9)

is bounded from above by a positive constant. In addition, for each one of the following
four special cases:
27, 29, 42, 47,

every solution is bounded from below by a positive constant.

Proof. Consider a function f of two positive real variables x and y, with positive real

values,
a+ fak +yyf
A4 yP

flz,y) =

)

with
f>0and [A>0 or (A=0 and v > 0)].

Clearly, when {x,, }o° _, is an arbitrary solution of one of the six special cases listed in
(3.9) which is chosen arbitrarily,

Tpr1 = f(xp,xp1), n=0,1,.... (3.10)

We establish that every solution {x,,}>° ; of (3.10) is bounded. Actually, we do this by
proving that the function f satisfies the conditions of Theorem 3.1. We divide the proof
into the following two cases:
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Case 1: When
BA >0,

that is for each one of the four special cases:
14, 29, 35, 47,
f € C((0,00) x (0,00), (0,00)) and also

zF B

flz,y) < min{ﬂﬁ, Z:vk} + % + 7, forall z,y € (0,00).

Case 2: When
By >0 and A =0,

that is for each one of the two special cases:

27, and 42,

f € C((v,00) x (7,00), (7,00)) and

k

149

flz,y) < min{ﬂx—k,max{ﬁ, %}xk} + max{a, %} +7, forall, =,y € (v,00).
Y Y 8

This completes the proof that every solution of each one of the six special cases listed

in (3.9) is bounded from above by a positive constant.
In addition, for the two special cases:

27 and 42,

clearly,
Tpt1 > 7, for m > 0.

Also, for the two special cases:
29 and 47,

it is easy to see that

S =limsupz, € (0,00) and [ =liminfz, > 0.

—_— >

The proof is complete.
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4 Existence of Unbounded Solutions when % € [1, o) -
14 U Cases

In this section we establish the U characterization of each one of the following 14 special

cases of (1.1):
4, 7, 8, 16, 19, 20, 21,
23, 24, 31, 34, 40, 41, 46.

In particular, when k& € [1,00), we establish that each one of these 14 special cases
of (1.1) possesses unbounded solutions in a certain range of parameters and for some
initial conditions. We also present a detailed examination of the boundedness character
of solutions when & € (0,1). When k = 1, the global character of solutions of each one
of these 14 special cases has been extensively studied in [14] and in the references cited
therein. See also [5] and the references cited therein.

4.1 Six Straightforward Special Cases

In this section, we establish the existence of unbounded solutions in each one of the
following six special cases of (1.1):

4, 7, 19, 20, 21, 40, 4.1)

in a certain range of the parameters and for some initial conditions when k € [1,00). In
addition, when £ € (0, 1), we prove that the boundedness characterization of each one
of these six special cases is B.

These six special cases comprise the equation

Tnp1 = @+ P+, n=01,... 4.2)

with
&7677207 /B+ﬁ>/>07

and nonnegative initial conditions z_; and x.
The next theorem establishes the U characterization of each one of the six special
cases listed in (4.1). The proof is straightforward and is omitted.

Theorem 4.1. Assume that k € [1, 00) and that
a>0and (f>1 or v>1).
Then every solution {x,}>°_| of (4.2) with
r_1>1 and xog>1

is unbounded.
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The theorem below, establishes that the boundedness characterization of each one
of the six special cases listed in (4.1) is B, when k € (0, 1).

Theorem 4.2. Assume that k € (0, 1) and that
a,B,v>0 and B+ v > 0.

Then every solution {x,}>°_| of (4.2) converges to a finite limit.

Proof. The proof is a direct application of Theorem 1.9. [

4.2 The Eight Special Cases 8, 16, 23, 24, 31, 34, 41, 46

In this section, we establish the existence of unbounded solutions in each one of the
eight special cases in the title, when k € [1,00). Also, when k& € (0, 1), we prove that
the boundedness characterization of each one of the following six special cases of (1.1):

16, 24, 31, 34, 41, 46, 4.3)
is B. For the two remaining special cases:
8 and 23,

we present a detailed analysis of the boundedness character of their solutions when
ke (0,1).
The eight special cases in the title comprise an equation, which in normalized form

can be written as:

o+ Bak + 2k
a1 = Lon=0,1,..., (4.4)

with nonnegative parameters «, (3, A, and nonnegative initial conditions x_; and z
such that the denominator is positive.

The next theorem establishes the U characterization of each one of the eight special
cases in the title.

Theorem 4.3. Assume that
kell,o0), 0< A+ <1, and o+ % — A > 0. (4.5)
Let € be an arbitrarily small positive real number but fixed such that
0<e<(l—A)r—B. (4.6)

Assume that {x,}>°__ | is a positive solution of (4.4), with initial conditions x_, and x
such that:
at+(B+ef—(B+eA

€

1} 4.7)

2% | > max{
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and
b <xy<f+e

Then

lim z9, = and lim x5,,1 = cc.
n—oo n—oo

Proof. In view of (4.5), (4.6), (4.7), and (4.8)

a+ Bak + 2k, z*, - 1
A+t T A4z A+ (B+e)

In view of (4.7), (4.8), and (4.9)

Ir1 =

a+ Bt 4+ xf — (B +€)(A+ af)
A+ 2k

xo — (B+€) =

kE__ ok
<a+(6+e) (B+e)A €y _ o)
A+ 2}

Finally, in view of (4.6), (4.7), and (4.8)

a+ Bk + zk — B(A + 2}) - a+ Bk —BA -
A+ ¥ A+l —

33'2—6: 07

that 1s
1

T > ——— x| >T_q, [+e>x9> P,

and
a+(B+e)[(B+ef " - A

2 > 2% > max{
€

1)

Inductively, we see that for all n > 0,

1 n+1
B < xop < fP+e€ and xo,y1 > (m) ST_q.

Clearly,

lim x9,,1 = oc0.
n—oo

By taking limits on both sides of

k k
a+ By, + x5,
k
A+ Tont1

Tony2 = , n=0,1,...
as n — 0o, we find that

lim x5, = f.
n—oo

The proof is complete.

L1 > T_1.

(4.8)

4.9)
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The next theorem establishes that the boundedness characterization of each one of
the six special cases of (1.1):

16, 24, 31, 34, 41, 46,
is B when k € (0,1).
Theorem 4.4. Assume that
ke (0,1) and B+ A> 0. (4.10)
Then every positive {x, }>°__| solution of (4.4) is bounded.

Proof. Let {x,}.° | be an arbitrary positive solution of (4.4). The proof will be by

o0

contradiction. Assume that there exists an infinite sequence of indices {n;}:°, such that
Tp,41 — 00 and @y, 4 > x;, forall j <n;+1, andforall 7> 1. “4.11)

In view of (4.10), one may easily verify that there exist positive constants m and M
such that

k

Q x
A+2F >m and at b, < M, forall n>0.

A+ zk

Therefore,

a+ Bxk +ak ak _
Tp41 = AJ;xk, il M+ T;Ll, forall ¢+ > 1,

and so

Tp,—1 —> Q.

We claim that the sequence {z,, }:°, is bounded, because otherwise, eventually

a+ Bk 1
Tpot] = oy <z,
i+1 — i— i
g A+al,  Aqak ot

which contradicts (4.11).
Also, (4.11) implies that

a+ Bl 4l
A+

Tyl = > Tp,—1, forall ¢ >1,

from which it follows
a+ Bak >ak xnF (A+ak ) —1], forall i > 1. (4.12)

This is a contradiction. The proof is complete. [
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The next theorem establishes that the boundedness characterization of the special
case 8 of 1.1, which in normalized form can be written as:

k
xn—l

k
‘I.TL

8: Tpi = n=20,1,..., (4.13)

is B when

. . . o 1
It also proves that this special cases loses its B characterization for each £ € (5, 1).

Theorem 4.5. The following statements are true:

1
1. Every positive solution of (4.13) converges to 1 when k € (0, 5]

2. Every positive solution of (4.13) converges to a (not necessarily prime) period-

two solution when k = X

1
3. (4.13) possesses unbounded solutions when k € <§, 1).

Proof. By using the change of variables
Tp=¢e"" n=-10,...,
we see that the sequence {y, }.- _; satisfies the second order linear equation
Yni1 + kyn — kyp—1 =0, n=-1,0,... .
The corresponding characteristic equation is
N+ kX —k=0.
Thus, the solutions of the characteristic equation are:

—k— Vi? + 4k —k+ VK £ 4k
/\1 = 9 and )\2 = 5 .

1
When k£ € (O, 5) clearly, A;, Ay € (—1,1), from which the proof of Statement 1

follows.

1
When k € (5, oo> clearly, \; € (—o0, —1), from which the proof of Statement 3

follows.
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1
Finally, when k = 7 in order to establish Statement 2, we may consider the follow-

ing three cases:

Case 1:
Tor_ 1> 1= Top+1 < Top—1 and Tonta < Top, forall n > 0.

In this case it is easy to see that the two subsequences {z2,_1 }oo, and {za, }.°, of the
solution converge to positive and finite limits.

Case 1:
Tor_1 = 1.

In this case the solution is the period-two cycle
T 1, L0, L_1,T0y -, -
Case 3:
ror_1 < 1= xopi1 > Toy_1 and Xopio > x9,, forall n > 0.

In this case it is easy to see that the two subsequences {2,_1}oo, and {za, }.°, of the
solution converge to positive and finite limits. The proof is complete.
]

The next theorem establishes that the boundedness characterization of the special
case 23 of (1.1), which in normalized form can be written as:

k

23 : an:Lf"*l, n=01,... (4.14)
xn
is B when
51
ke (o, fT) . (4.15)

Theorem 4.6. Assume that (4.15) holds. Then every positive solution of (4.14) con-
verges to a (not necessarily prime) period-two solution.

Proof. Let{x,}>2 , be an arbitrary positive solution of (4.14). In view of Theorem 1.8,
one may easily conclude that the two subsequences {xs,, 1}, and {2, }o° , are even-
tually monotonic. Assume for the sake of contradiction and without loss of generality
that

lim Top—1 — OQ.
n—00

Then eventually,
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from which we see that
o (25,5125, — 1) < @ (4.16)

and so necessarily,

lim x4, = 0.
n—oo

Also, in view of (4.15) we have 1 — k — k% > 0, and so

k

-k k _  Ton o 1—k—k? ko \k
Ton-1%3n = —p—Tan—1 = Tg,_ 1 - (@ + T3, )" = 00,
2n—1
which contradicts (4.16). The proof is complete. U

Remark 4.7. The statement of the previous Theorem that every solution converges to a
(not necessarily prime) period-two solution should not be mistaken. The existence of
prime period-two solutions in this case remains an open problem. See Open Problem
6.3.

For the remaining of this section assume that

ae(0,1) and k€ [\/52_ 1,1) . 4.17)

The following lemma will be useful in the sequel.

Lemma 4.8. Assume that (4.17) holds. Then there exists a positive number Sy =
Sa(a, k), such that for each positive number xo > So, we have

xo>1 and (1 —a)xg—af —a > 0. (4.18)

Furthermore, there exists a positive real number M = M (xq, o, k), such that for each
positive real number x_1 chosen such that

1
EN\ &
M<z,< (O‘Jr%) , (4.19)
Zo
we have )
k 3
To > (O‘ i x—l) . (4.20)
T_1

Proof. First observe that there exists a positive number S; = 51 («, k) > 1 such that
Flx)=(1-a)z—2"—a>0 and F'(z) >0, forall z € (S;,00)  (4.21)

and so (4.18) holds for all positive real numbers z(, for which xy > S;.

Next, set

flx)=af -z —a2F —a.
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Clearly, for each xy € (51, 00), there exists a unique positive real number M such that

f(z) <0, forx € [0,M), f(M)=0, and f(z) > 0, for x € (M, c0).

(4.22)

We now claim that there exists a positive number, Sy = Sa(av, k), Sy > Sy such that:

o+ zf

1
&
O<M<< ) , forall xy > S5.

Zo

In view of (4.22), (4.23) holds if and only if

kN
f <(a+x0> ) >0, forall zy > S,
Zo

k24k—1

9(%) =z, *

if and only if

k

We divide the search of finding S5, into the following two cases:
Case 1:

E+k—1>0.
Set
k242k—1
h(xo) =2y * —amg—af —a.
Then

h(0) = —a and h(o0) = o0
and so there exists a positive number M; = M («, k) such that
h(zo) > 0, for zy € (M;,0).

Also, for all zy € (0, 00),
9(xo) > h(zo)
and so
g(xg) > 0, for xy € (M, 00).

(o + 2k — amg — 2k —a >0, forall zg > S,.

(4.23)

(4.24)

(4.25)

Thus, in this case S; may be chosen to be any positive real number greater than or equal

to maX{Ml, Sl}
Case 2:
K +k—1=0.

In this case

g(xg) = (« —l—:c’é)% — azg — :clg — .

Then )
9(0) =ar* —a <0 and g(o0) =00
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and so there exists a positive number My = Ms(«v, k) such that
g(xg) >0, forall zg € (My,00).
By combining the results of the two cases we choose
So = max{Sy, My, My},

and we see that (4.25) holds. Since, (4.23) holds if and only if (4.25) holds, we have
that (4.23) holds. Now choose x_; such that:

oc—l—x’g

&
O<M<zz_4< < ) , forall zy > S,. (4.26)

To
Since, x_; > M, in view of (4.22), we have
flz_) =ake_ — 2, —a >0, forall zop> S,

which implies that

o —I—a:'il
Ty >
T

Thus, (4.20) holds. Finally, in view of (4.21) and the fact that S5 > S; > 1, we see that
(4.18) holds when xq > Ss. The proof is complete.

Bl

o+ zf

1
&
) and zg > Ss. (427)
Zo

, forall M <x_; < (

[
The next theorem presents unbounded solutions of (4.14).

Theorem 4.9. Assume that (4.17) holds. Let {x,}.> | be a solution of (4.14) with
initial conditions x_, and xo chosen such that:

xo>1, (1 —a)ry— :vg —a >0, (4.28)
kN % k o\ F
0<z4< (O‘erO) . and o > (O‘”l) . (4.29)
Zo T

Then

lim 29,1 =0 and lim x4, = cc.
n—oo n—o0

Proof. In view of Lemma 4.8, a solution {z,, },° _, of (4.14) with initial conditions x_;
and x as prescribed in (4.28) and (4.29) is feasible. We claim that

Topt1 < Top—1 and Top+2 > Top, forall n > 0. (4.30)
From the second inequality of (4.29), clearly

T < T_1.
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From this and the first inequality of (4.29), we have

o+ zh - o+ zh

k

To < %
x>y xy

::CQ

and so (4.30) holds when n = 0. Assume that (4.30) holds for an arbitrary positive
integer n. Then

k k
QO+ Ty O+ Ty,

Lo(n+1)+1 = Tony3 = & % = Ton4+1 = T2(n+1)—1
Lon+2 Lan
and
o+ wgn—i—Q o+ x’;n
T2(n+1)+2 = T2p4a = % > — = Ton+2 = T2(n+1)
Lon+3 Lon+1
establish (4.30).

Next, we claim that

lim x5, = oo.
n—0o0

Assume for the sake of contradiction that

lim zo, 1 =L_1 € (0,00) and lim zo, = Lo € (0, 00). (4.31)

n—00 n—oo

In view of (4.31), clearly

a+ Lk o+ LE
Lk — 1 d Lk — 0
0 L e Ly
from which it follows that
L Lk L LEYE Lk
L_lz (6% 0+kiél+ 0 and L]il: (Oé 0+k(2)é‘li‘ 0) :Of+ O.
L¢ Lyt Ly
Thus,
IS S LS S (4.32)
G, T iE) T L% '

Next, consider the function
F(z)=(1-a)z — 2" —a, for z € (0,00).

In view of (4.28),
F(l’o) >0

and one may easily verify that

F(x) >0, forall x > x.
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Furthermore,
J]QnTLO:>L0>Z'0>]_.

Thus,
Lo>1 and (1 —a)Lo— LE—a >0,

from which it follows that

k
o 1 2 o
— ) <1< Lft .
<O‘ LT Lé"“) o TR
This contradicts (4.32) and completes the proof. 0

5 The Five Special Cases with Unbounded Solutions
when & € (1,00)

In this section we establish the U characterization of each one of the five special cases
of (1.1):
2, 3, 6, 12, 25.

When k£ = 1, the global character of solutions of each one of these 24 special cases has
been extensively studied in [14] and in the references cited therein. See also [5] and
the references cited therein. We should also mention that when k£ = 1, the special case
2 is called: period-two equation, the special case 3 is called: period-four equation, the
special case 6 is called : period-six equation, and the special case 25 is the well known
Lyness equation. For the special case 12 it has been established in [9] that every solution
converges to a finite limit.

5.1 The Two Special Cases 2 and 3

In this section we establish the existence of unbounded solutions in each of the following
two special cases of (1.1), written in normalized form:

1

2: Tpt1 = —7» n=0,1,..., 5.1
1

3: Tpy1=—F—, n=01,.. (5.2)
Lp-1

when k € (1, 00). We also establish that every solution of each one of these two special
cases is bounded when k € (0, 1].

The main result in this section is the following theorem. The proof of the theorem
is based on straightforward calculations and is omitted.

Theorem 5.1. Assume that k € (0, 00). Then the following statements are true:
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1. Let {x,};°", be a solution of (5.1). Then
k2n+1

n 1
Toy = x’SQ and xopiq1 = (x—) , forall n > 0.
0

Furthermore, when
0<k<l= limax,=1

n—oo
and when
k=1,
every solution is the period-two cycle
1
e Ly Ty e
Lo

On the other hand, when
k>1and 0 <xg <1,

lim x5, =0 and lim x5,,1 = 00
n—oo n—oo

and when
k>1 and xy> 1,

lim x5, =00 and lim x5,.1 = 0.
n—oo n—oo

2. Let{x,},> | be a solution of (5.2). Then

2n 2n
Tap—1 = a:'il , Tap = :13]5 , forall n >0,

1
Lan+1 = ($—)
-1

Furthermore, when

k.2n+1 k27l+1

1

0

O<k<l=lmaz,=1

n—oo
and when
k=1,
every solution is the period-four cycle
1 1
ey L1, XYy Ty Ty e
To Lo

On the other hand, when
k>1and (x_1 #1 or xo#1)

at least one of the four subsequences of the solution increases to co.

, and Xypio = (—) , forall n > 0.
x

161
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5.2 The Special Case 6

In this section we establish the existence of unbounded solutions of the special case 6
of (1.1), written in normalized form:

6: Tpi = , n=1,2..., (5.3)

k
xn—l

when k£ € (1,00). We also establish that every solution of (5.3) is bounded when
ke (0,1).

The next theorem is the main result in this section. The proof is straightforward and
is omitted.

Theorem 5.2. Let {x,}.°, be a solution of (5.3). Then the following statements are
true:

1. When k > 4,
AT AR
1 2
xl/\1*>\2
Xo AT —AIAD

A1 —A
xo 1 2

k+ Vk? — 4k k—vVk? — 4k
)\1:# and )\ng

Ty = forall n>0.

with

Furthermore, when

o<1 and x1 > 1= lim z, = cc.
n—o0

2. When k = 4,
$?2n—1
l’nzm, forall TLZO
Lo

Furthermore, when

ro<1 and ;1 >1= lim z, = oc.
n—o0

3. When(0 < k < 4,

%) (cos(mb),ksin(nab)) 2k 2 sin(ng)
4k—k2 — k2
Tn = Ty v -xl‘/%k , forall n >0,

where
Vak — k2
gzﬁE(O,z), cosqb:\/—E _—
2 2k

d sin¢ =
5 , and sin ¢
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3a. When 1 < k < 4, there exist initial conditions xo and x1, for which the solution
{x,}o2, is unbounded.

3b. When k = 1, the solution {x,}.>, is periodic with period six.

3c. When(0 < k < 1,

lim z, = 1.
n—oo

5.3 The Special Case 12

In this section we establish the existence of unbounded solutions of the special case 12,
which in normalized form can be written as:

1
Bak + ok

n—1

Tpyl = , n=20,1,..., 5.4)

with B > 0 and nonnegative initial conditions z_; and xy such that the denominator is
positive. When k& = 1, every solution of the equation converges to a finite limit. For the
proof of this result see [9] and [14] and the references cited therein. See also [5] and the
references cited therein.

The next theorem establishes that every solution of (5.4) is bounded from above and
from below by positive constants, when k& € (0, 1). The proof of this theorem is based
on the results established in [9].

Theorem 5.3. Assume that k € (0,1). Then every solution of (5.4) is bounded from
above and from below by positive constants.

Proof. Let {x,}:2 ;| be an arbitrary positive solution of (5.4). Then it is easy to see
that the sequence {y,, }°>2._;, with

Yn = —, n:_lyoa"'a
satisfies (1.16), of Theorem 1.10, for which it holds that every positive solution is

) .. 1
bounded. Thus, there exists a positive constant, namely — such that
m

1
Yn < —, forall n > —1.
m

Consequently,
T, >m, forall n> —1

and so
1

<
Baxk +ak | 7 Bmk’

The proof is complete. ]

Tpa1 = forall n > 0.
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The next theorem establishes the U characterization of (5.4). The proof of the U
characterization of (5.4) also follows from the results of [9].

Theorem 5.4. Set

B+ 1)k
szlnmqﬁ—ig—ln(34-nk}
Choose € arbitrarily small positive real number but fixed, such that
0 Lye 5.5
< < | == . .
€o <2U) (5.5)
Assume that {z,,},°__, is a positive solution of (5.4) with initial conditions
0 <z 1,70 < €. (5.6)
Then
lim z3, = lim z3,_1 =0
n—o0 n—oQ
and

lim x3,,1 = oco.
n—oo

Proof. Let {x,}>2_; be an arbitrary solution of (5.4) generated by the initial conditions
described by (5.6). Set

€np1 = flen) =U, n=0,1,... . (5.7)

n

Clearly,

and so in view of (5.5),

1

€n 1\ #2
— — for all > .
€nt1 < 5 <(2U) , forall n>0 (5.8)
from which it follows that
lim ¢, = 0.
n—oo
Next, we claim that for all n > 0,
T3n—1, T3n < €p. (59)

The proof will be by induction. In view of our hypothesis (5.6), (5.9) holds when n = 0.
Now assume that (5.9) holds for an arbitrary positive integer n. Then

1 1
> :
Bak +ak 7 (B+1)ek

L3n+1 =
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1 1 (B+1)F

2 k2 o
< e, <Ue, = €nq,

'T3(7’L+1)—1 = T3n+2 = L L < L
Bx3n+1 +x3n Bx?m—&—l

and

<B+1Dr ¥ <U =6,y

1
< %

T3(n4+1) = T3n+3 = 2 A
Bai, o+ T3, X5,

establish (5.9), and consequently

lim x5, = lim .23,_1 = 0.
n—oo n—oo

By taking limits on both sides of

T3n4+1 =

as n — oo, we find that

The proof is complete.

5.4 The Special Case 25

In this section we establish the U characterization of the special case 25, which in nor-
malized form can be written as:

Ty = 2 01, (5.10)
‘Tnfl
When k£ = 1, the equation
oy = 2T 01, (5.11)
Tn—1

is the well known Lyness equation and it has been studied by many authors. See [1-3,
10,11,13-17,19]. When @ = 1, every solution of the equation

1+z,
T = T 01, (5.12)

Tpn-

is the period-five cycle

1—|—$0 1—|—.CE_1—|—.CEO 1—|—$‘_1
XT_1,Zo, ) 9 y L1, L0y -« -
Tr_1 Lol -1 Zo
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Equation (5.11), with £ = 1, possesses the invariant

1+ i) =(a+z_1+x0)(1+ L)(1 + i)

I,=(a+ 21 +x,)(1 +
Tp_1 Ty T Zo

From this it follows that every solution of (5.11), is bounded from above and from below
by positive constants. In [10] it was shown that no nontrivial solution of (5.11) has a
limit. Furthermore, in [18] it was shown using KAM theory that the positive equilibrium
Z of (5.11) is stable but not asymptotically stable.

In [7] it has been shown that periodicity may destroy the boundedness of solutions
of (5.11). Actually, it was shown that the solution of the difference equation

Oy + T,

 n=0,1,... (5.13)

Lptl =
n—1

with

1, if n=5k+1 with ¢ 1,2

S 1 n =5k+1 wi 26{0,,,3}71{::0’17‘”

a, ifn=>5k+4

and with initial conditions
rT_1 =Ty = 1
is unbounded, if and only
a# 1.

Also, as we establish here, the appearance of a positive power © may destroy the
boundedness of solutions of (5.11). When k£ € (0, 1], we conjecture that every solution

of (5.10) is bounded. See Conjecture 1.7. When k € (1,00) we pose the second
conjecture for (5.10).

Conjecture 5.5. Prove that (5.10) possesses unbounded solutions for each
ke (1,00).

The next theorem establishes the U characterization of the special case 25 and veri-
fies Conjecture 5.5 when k = 2.

Theorem 5.6. Assume that
k=2 and 0 < a<1.
Let €y arbitrarily small positive real number but fixed such that
0 < € <m = min{a, Ty, T2}, (5.14)

where x is the unique positive solution of the equation

8

8 5 T
(az® +1) i

| R
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and T is the unique positive solution of

24 8
8 8 10X z
ax —I—(ozx +1) — =

Qo «Q

Assume that {x,}>> _, is a positive solution of (5.10) with initial conditions

0< T_1,To < €. (515)
Then
lim zg,—1 = lim x4, =0
n—oo n—oo
and

lim zg,y1 = lim xg,40 = lim 24,13 = lim 24,14 = 0.
n—oo n—oo n—oo n—oo

Before we present the proof of the theorem we state a lemma which contains several
identities that will be very useful in the proof of the theorem.

Lemma 5.7. Assume that k = 2. Let {x,}.° | be a solution of (5.10)), Then the

Jfollowing hold:
ok zn \’
Tpy1 = 5 , n=0,1,.... (5.16)
2 2 2 2
+ -
Ty = 1 T (a Qx"—l) - (‘Z 1) n=1,2... . (5.17)
Ty Tn-1 Lp—2
a+a2 (fa+22 \? [fa+22,\° 1
Tpal = — ( - 1) ( ) ——, n=23,..., (5.18)
Ty Tn-1 Th_9 Tp_3
a 22 2, 1
il > e, ——, , Iln>3, 5.19
Tt > max{ Tp 1 Thy Tpoo xi—:z} Jorall 1= G149
and
« |
Tpt1 < - +1) «——, forall n>3. (5.20)
min{x,, T, 1, Tn_2}> Tr o
Proof. The proof is based on straightforward calculations and is omitted. [
Now we present the proof of the theorem.
Proof. Set
8 24

T 10T
£@) = (ar* +1°- 55 and glo) = aa® + (0 +1)* 2o

Clearly, for all x € (0, m), we have

8 8

f(l’)<£ and g($)<x—<(a;p8+1)5.x_

5 S (5.21)
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Consider the difference equation

8
enet = flea) = (€ +1)°- 2 n=0,1,.... (5.22)
Q
where
0<e<m.
In view of (5.21), we have that
€0
61:f(€0)<5<m
and inductively, we see that
€ns1 < %” < e, <m, forall n>0 (5.23)
from which it follows that
lim ¢, = 0. (5.24)
n—oo
Next, we claim that
max{Ze¢,_1,Ten} < €, forall n > 0. (5.25)

The proof will be by induction. In view of (5.15), which is an assumption, (5.25) holds
when n = 0. Assume that for an arbitrary positive integer n,

Ten—1, Len < €n.

From this and (5.19), we have

2 2 2 2
o o Lont1 & Tont1 &
Tontl > —5— = 5 Tent2 > — 5 = oo Tent3 > — 51 = g
Ton—1 n Lon n 6n €n
and
> —1 > L
Ten+4 1 -
4
xGn €n
Also, (5.23) implies that
a2 1 a? 1 . 1
Hlln{—ﬁ, e —8} = — = min{Te+2, Ton+3, Ton+a} > -

From (5.20), we have

8 5 €
T6(n+1)—1 = Ten4s5 < (Oéen + 1) Py = €nt1-
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Also, directly from the equation and in view of (5.21) and (5.23),

2 24 8
QO+ T s 8 8 10 €, 8 5 €
Te(n+1) = Tén+6 — ——5 < o€, + (OéGn + ].) 3 < (OéGn + 1) — = €Entl
Len+4 « o
Thus, (5.25) is established and when combined with (5.24), implies that
lim zg, = lim xg,_1 = 0.
n—oo n—oo
By taking limits on both sides of
a+ x%n o+ ‘rgn+1
Ten+1 = 5 and Len+2 = 3 n:(),l,...
Lon—1 Leén
as n — oo, we find that
lim zg,41 = lim xg,49 = 00.
n—oo n—oo
From this, and in view of
o+ z2 1 o+ x2 1
Ton+2 6n+1 d Tent+2 6n+1 —0.1
= ©—5— an 5 = 5 =, n=0,1,...,
Ten+1 Ten+1 Lon Len+1 Len+1 Lon
it follows that
. Teni2 . Ten42
lim = lim — =0
and so,
2 2
QO+ Ty o . Ten+3 . T Tentl
lim zg,43 = lim 5 =00, lim ——= = lim 5 C— = 00,
n—oo n—oo  Tg. =00 Tento NI Tyyo Lon+2
and )
. . o a+x
lim 4,44 = lim # = 00
n—o00 n—o0 x6n+2

The proof is complete.

6 Future Goals and Research Problems

As we already mentioned in the Introduction of this paper, the boundedness character
of solutions of a difference equation is one of the main ingredients in understanding the
global behavior of the equation including its global stability.

In fact, now that we have a reasonably good picture of the boundedness character
of solutions of (1.1) when k& € (0, 00), one of our future goals is to study the global
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character of solutions of (1.1). We are interested in the local and global stability of all
equilibrium points of the equation. Also, we wish to investigate the existence of periodic
solutions and also conditions under which we have convergence to periodic solutions.
Finally, we wish to investigate the existence of solutions with infinitely many accumu-
lation points. In this section we give some directions for these types of investigations.

In Section 2 of this paper, it is established that every solution of each one of the 24
special cases listed in (1.3) is bounded for all & € (0, 00). For this group of special
cases of (1.1), we pose the following open problem.

Open Problem 6.1. For each one of the 24 special cases listed in (1.3):

1. Investigate the local and global stability of all equilibrium points.

2. Determine ranges of parameters for which every solution converges to a finite
limit.

3. Determine whether or not every solution converges to a finite limit when k& €
1
(0.5):

4. Determine whether or not there exist periodic solutions or solutions that converge
to periodic solutions.

5. Determine whether or not there exist solutions with an infinite number of accu-
mulation points.

In Section 3 of this paper it is established that in each one of the six special cases:
14, 27, 29, 35, 42, 47, (6.1)

every solution is bounded when k£ € (0,4). Also, it is a conjecture, when k > 4, that
there exist unbounded solutions. Now, we pose the following open problem.

Open Problem 6.2. For each one of the six special cases listed in (6.1):

1. Investigate the local and global stability of all equilibrium points when k &
(0, 00).

2. Determine ranges of parameters and the set of initial conditions for which every
solution converges to a finite limit when & € (0,4).

3. Determine whether or not every solution converges to a finite limit when £ &
1
(0.5):
2

4. Determine whether or not there exist periodic solutions or solutions that converge
to periodic solutions when & € (0, 00).
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5. Determine whether or not there exist solutions with an infinite number of accu-
mulation points when % € (0, c0).

In Section 4.2 of this paper it is established that, each one of the following eight
special cases of (1.1)

8, 16, 23, 24, 31, 34, 41, 46, (6.2)

possesses unbounded solutions in a certain range of the parameters and for some initial
conditions, when € [1,00). Also, except for the two special cases 8 and 23 every
solution is bounded when k& € (0,1) and for all eight special cases every solution is

1
bounded when £ € (O, 5} . For these eight special cases we pose the following open

problem.

Open Problem 6.3. For each one of the eight special cases listed in (6.2):

1. Investigate the local and global stability of all equilibrium points when k£ €
(0, 00).

2. Determine the set of initial conditions for which every solution converges to a
finite limit when k € [1, 00).

3. Determine the set of initial conditions for which there exist periodic solutions or
solutions that converge to periodic solutions when k € [1,00).

4. Determine ranges of the parameters and the set of initial conditions for which
every solution converges to a finite limit when k& € (0, 1).

5. Determine whether or not every solution converges to a finite limit when £ &
1
<O’ _) .
2

6. Determine ranges of parameters for which there exist periodic solutions or solu-
tions that converge to periodic solutions when & € (0, 1).

7. Determine whether or not there exist solutions with an infinite number of accu-
mulation points when k& € (0, 00).
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Summary of The Boundedness Character of Solutions
of the 49 Special Cases of (1.1):

Number Equation k € (0,00) ke (0,1] k€ (0,4) Comments
«@
1 Tpyl = n B B B Bforall k € (0, c0). See Theorem 2.1.
This equation is trivial.
«
2 Tyt Bk U B U U for each k € (1, co). See Theorem 5.1.
B when k € (0, 1]. See Theorem 5.1.
When k = 1, every solution is periodic with period two.
See [14] and [5].
3 Tyl = Ok U B U U for each k € (1, co). See Theorem 5.1.
-1
B when k € (0, 1]. See Theorem 5.1.
When k& = 1, every solution is periodic with period four.
See [14] and [5].
T
4 Tpt1 = ,BA” U U U U for each k € [1, co). See Theorem 4.1.
B when k € (0, 1). See Theorem 4.2.
x
5 Ty = Biz B B B Bforall k € (0, 00). See Theorem 2.1.
Bx" . . . s
This equation is trivial.
Bz},
6 Tyl = U B U U for each k € (1, 0o). See Theorem 5.1.
+ Cak
‘n—1
B when k € (0, 1].See Theorem 5.1.
When k£ = 1, every solution is periodic with period six.
See [14] and [5].
’sz 1
7 Tpyl = % U 1) U Uforeach k € [1, co). See Theorem 4.1.
B when k € (0, 1). See Theorem 4.2.
vak_y . 1
8 Tptp] = ——— U U U Uforeachk € | —, oo ). See Theorems 4.3 and 4.5.
+ k
Bzxy 2
1
Bwhenk € (0, 5 . See Theorem 4.5.
When k = 1, see [14] and [5].
vk
9 Tyl = 2_1 B B B Bforall k € (0, c0). See Theorem 2.1.
Cop
This equation is trivial.
«@
10 Ty = — B B B Bforall k € (0, co). See Theorem 2.1.
"= A Bk (0, 00)

See also Open Problem 6.1.
When & = 1, see [14] and [5].
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Number Equation k € (0,00) k€ (0,1] k € (0,4)  Comments

11 x, = — B B B Bforall k € (0, c0). See Theorem 2.1.
nt1 At ook, (0, c0)

See also Open Problem 6.1.
When k& = 1, see [14] and [5].

12 Tpt1 = W U B U U for each k € (1, co). See Thm 5.4. See also [9].
n n—1
B when k € (0, 1]. See Theorem 5.3. See also [9].
When k& = 1, every solution converges to a finite limit.
See [9], [14] and [5].

k
x
13 Typp1 = Af—ﬁ B B B Bforall k € (0, 00). See Theorem 2.1.
x
" See also Open Problem 6.1.
When k& = 1, see [14] and [5].
k
x
14 Tyl = _ PEn U B B U foreach k € [4, 00). See [4].
T AT Cok
+Czn 1
Bwhen k € (0, 4). See [4] and [8].
See also Open Problem 6.2.
When k& = 1, see [14] and [5].
k
x,
15 Tyl = By B B B Bforall k € (0, o). See Theorem 2.1.

k

Bzﬁ +Caxp
See also Open Problem 6.1.

When k = 1, see [14] and [5].

k
_ Tp-—a
16 Tyl = m U U U U foreach k € [1, 00). See Theorem 4.3.
x
" B when k € (0, 1). See Theorem 4.4.
See also Open Problem 6.3.
When k& = 1, see [14] and [5].
k
. YTp
17 Tpp] = —————— B B B Bforall k € (0, co). See Theorem 2.1.
+ A+ CxF
Tn—1
See also Open Problem 6.1.
When k = 1, see [14] and [5].
_ 'Ywﬁ—l
18 Tptl1 = —F——— 77— B B B Bforall k € (0, co). See Theorem 2.1.

See also Open Problem 6.1.
When k = 1, see [14] and [5].

a + Bzi
19 Tpyl = — U 10) U Uforeach k € [1, co). See Theorem 4.1.
B when k € (0, 1). See Theorem 4.2.
atyEn g ,
20 Tptp] = —————— U U U U for each k € [1, co). See Theorem 4.1.
+ A

B when k € (0, 1). See Theorem 4.2.

21 Tpp] = —————————— U U U Uforeach k € [1, co). See Theorem 4.1.
B when k € (0, 1). See Theorem 4.2.
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Number Equation k € (0,00) k€ (0,1] k € (0,4)  Comments
o+ Bak .
22 Tpt1 = “Bak B B B Bforall k € (0, co). See Theorem 2.3.
x
n

See also Open Problem 6.1.
When k& = 1, see [14] and [5].

23 Tpil = —Bak U U U U foreach k € P

n

o+ k) V-1 >
— Q%]

see Theorems 4.3 and 4.9.

ﬁ—l)

Bwhenk € (O,

see Theorem 4.6.
When k& = 1, see [14] and [5].

Bzl + ~yak
24 Tpa1 = fn T 17n-1 U U U U for each k € [1, co). See Theorem 4.3.
+ Bazk
" B when k € (0, 1). See Theorem 4.4.
See also Open Problem 6.3.
When k = 1, see [14] and [5].

k
25 Tptl = % U B* U U for k = 2. See Theorem 5.6.
Cz®_
U™ for each k # 2. See Conjecture 5.5.
B* when k € (0, 1). See Conjecture 1.7.
Whena =8=C =k =1,
this is the Lyness equation
in which every solution
is periodic with period five.
When k& = 1, see [1-3],
[10,11,13,14,17,19].
a+ 'yxﬁ,l .
26 Tpt1 = ok B B B B forall k € (0, co). See Theorem 2.3.
n—1

See also Open Problem 6.1.
When k& = 1, see [14] and [5].

k k
Bzy + v&n_1

27 Tpt1 = Cak u* B B U™ foreach k € [4, 00). See Conjecture 1.3.
n—1
B when k € (0, 4). See Theorem 3.3.
See also Open Problem 6.2.
When k = 1, see [14] and [5].
k
o+ Bx
28 Tyl = 714-&- Z 7; B B B Bforall k € (0, co). See Theorem 2.1.
T
" See also Open Problem 6.1.
When k& = 1, see [14] and [5].
k
o+ Bx
29 Tyl = ot B, u* B B U™ foreach k € [4, 00). See Conjecture 1.3.
T AT cok
+Czy 4
B when k € (0, 4). See Theorem 3.3
See also Open Problem 6.2.
When k = 1, see [14] and [5].
k
a + Bx
30 Tpyl = By, B B B Bforall k € (0, co). See Theorem 2.4.

Bacic1 + Cx’:;71
See also Open Problem 6.1.
When k = 1, see [14] and [5].
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Number Equation k € (0,00) k€ (0,1] k € (0,4)  Comments
otrek
31 Tpp1 = ————— U U U U for each k € [1, c0). See Theorem 4.3.
A+ BzfL

B when k € (0, 1). See Theorem 4.4.
See also Open Problem 6.3.
When k£ = 1, see [14] and [5].

atyen .
32 Tyl = —————— B B B B forall k € (0, co). See Theorem 2.1.
T A Ok
n—1
See also Open Problem 6.1.
When k£ = 1, see [14] and [5].
_ atveg ,
33 Tppl1 = —F———F— B B B Bforall k € (0, co). See Theorem 2.5.

k
Bzﬁ + Czxp
See also Open Problem 6.1.
When k£ = 1, see [14] and [5].

k k
Bay +vTn_1

34 T = U U U Uforall k € [1, co). See Theorem 4.3.
n+t1 At Bak [ )
B when k € (0, 1). See Theorem 4.4.
See also Open Problem 6.3.
When k£ = 1, see [14] and [5].
,Bac,k + 'yac,k _
35 Tpt1 = I T IPn—1 U B B U™ foreach k € [4, 00). See Conjecture 1.3.

A+ Czﬁ_ 1
B when k € (0, 4). See Theorem 3.3.
See also Open Problem 6.2.

When & = 1, see [14] and [5].

Bk 4 yxk
36 Tpt1 = :7721 B B B Bforall k € (0, 00). See Theorem 2.1.
Bzy + Czp_
See also Open Problem 6.1.
When k£ = 1, see [14] and [5].

@
37 Typt1 = m B B B Bforall k € (0, co). See Theorem 2.1
n n—1
See also Open Problem 6.1.
When k£ = 1, see [14] and [5].

k
x
38 Tpyl = 6—"k B B B Bforall k € (0, co). See Theorem 2.1.
A+ Bach +Cx}_
See also Open Problem 6.1.
When k = 1, see [14] and [5].
’sz 1
39 Tpt1 = - "= B B B Bforall k € (0, c0). See Theorem 2.1.

A+ Bak 4 Cak_ |
See also Open Problem 6.1.
When k = 1, see [14] and [5].

a+ By +yen g
40 Tpy1 = ————————— U U U U foreach k € [1, c0). See Theorem 4.1.

A
B when k € (0, 1). See Theorem 4.2.
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Number Equation k € (0,00) k€ (0,1] k € (0,4)  Comments
o+ Bk +yzk
41 Tpp] = ———————— U U U U foreach k € [1, co). See Theorem 4.3.
- Bak
" B when k € (0, 1). See Theorem 4.4.
See also Open Problem 6.3.
When k£ = 1, see [14] and [5].
k k
a+ Bz, + vz,
42 Tpiy = P U e Uit U B B U™ foreach k € [4, 00). See Conjecture 1.3.
+ Cak
n—1
B when k € (0, 4). See Theorem 3.3.
See also Open Problem 6.2.
When k = 1, see [14] and [5].
o+ Bak
43 Tyl = —”k B B B B forall k € (0, c0). See Theorem 2.1.
A+ Bzk + Czk_
See also Open Problem 6.1.
When k = 1, see [14] and [5].
k
a4+ vz
44 Tpg1 = —"lk B B B Bforall k € (0, o). See Theorem 2.1.
A+ Bzk + Cazk_
See also Open Problem 6.1.
When k£ = 1, see [14] and [5].
sz + ,sz B
45 Tpg1 = "—"kl B B B Bforall k € (0, o). See Theorem 2.1.
A+ Bach —+ Cacni1
See also Open Problem 6.1.
When k = 1, see [14] and [5].
k k
o+ Bxy, + T,
46 Tyl = Aninnl U U U Uforall k € [1, co). See Theorem 4.3.
+ Bz
" B when k € (0, 1). See Theorem 4.4.
See also Open Problem 6.3.
When k£ = 1, see [14] and [5].
k k
o+ Bxy, + T,
47 ZTpyy = — L Pnol U B B U™ foreach k € [4, 0o). See Conjecture 1.3.
+ k
A+ Cx?_
B when k € (0, 4). See Theorem 3.3.
See also Open Problem 6.2.
When k = 1, see [14] and [5].
k k
o+ Bxy, + vz,
48 Tyl = ——tm T Tn-l B B B Bforall k € (0, c0). See Theorem 2.3.
n+t k &
Bx® + Czn 1
See also Open Problem 6.1.
k k
o+ Bxy + vz,
49 Tpq1 = n n—1 B B B Bforall k € (0, o). See Theorem 2.1.

n—1

A+Bz,},”; + Czk

See also Open Problem 6.1.
When k = 1, see [14] and [5].
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