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Abstract

We consider a penalized Naghdi model in Cartesian coordinates for linearly
elastic shells with little regularity. A posteriori analysis of the discrete problem
leads to the construction of error indicators, which satisfy optimal estimates. We
describe a mesh adaptivity strategy relying on these indicators and we present a
numerical experiment that confirms its efficiency.
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1 Introduction
Naghdi’s model is a linear elastic shell. The formulation of the model used here was
introduced in [4, 6]. A posteriori analysis is now an important tool for improving the
efficiency of the discretization. We refer to [7, 8] for the first works concerning a plate
model and to [2] for shell models. The first aim of a posteriori analysis is mesh adaptiv-
ity. Indeed, a much smaller number of degrees of freedom are needed to obtain a given
accuracy when the final mesh is adapted to the solution and the construction of such
mesh relies on error indicators, which only depend on the discrete solution, and hence
can be computed in an explicit way and often in a non expensive way. A posteriori
estimate proves that these indicators provide a good representation of the local error –
see [11] for a detailed presentation of all this. Here we perform a posteriori analysis
of the discretization, relying on a penalized version studied in [5] and prove upper and
lower bounds for the error as a function of residual type indicators. Finally, we describe
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the strategy that is used for the adaptivity mesh. Numerical experiments are in good
agreement with the analysis.

The article is organized as follows. We first briefly recall the geometry of the mid-
surface and Naghdi shell formulation given in [4, 6]. This formulation involves the
infinitesimal rotation vector, a vector unknown that is tangent to the midsurface. In Sec-
tion 3, we recall the penalized version of Naghdi’s model intended to approximate the
above mentioned tangency. Section 4 is devoted to the a posteriori analysis of the finite
element discretization. In Section 5 we present the adaptivity strategy and numerical
experiments.

2 Presentation of the Model
Greek indices and exponents take their values in the set {1, 2}, while Latin indices and
exponents belong to the set {1, 2, 3}. Let (e1, e2, e3) be the canonical orthonormal basis
of R3. We denote by u ·v the inner product of R3, |u| =

√
u · u the associated Euclidean

norm and u ∧ v the vector product of u and v. Let ω be a bounded connected domain
of R2. We consider a shell of midsurface S = ϕ(ω), where ϕ ∈ W 2,∞(ω,R3) is a
one-to-one mapping such that the two vectors aα(x) = ∂αϕ(x) are linearly independent

at each point x of ω. We let a3 =
a1 ∧ a2

|a1 ∧ a2|
be the unit normal vector on the midsurface

at point ϕ(x). The vectors ai(x) define the local covariant basis at point ϕ(x). The
contravariant basis ai(x) is defined by ai · aj = δji , where δji is de Kronecker symbol.
We let a(x) = |a1(x) ∧ a2(x)|2, so that

√
a(x) is the area element of the midsurface

in the chart ϕ. The first and the second fundamental forms of the surface are given in
covariant components by aαβ(x) = aα(x) · aβ(x) and bαβ(x) = a3(x) · ∂βaα(x). The
contravariant components of the first fundamental form aαβ(x) = aα(x) · aβ(x). The

length element l on the boundary ∂ω is given by
√
aαβτατβ , (τ1, τ2) being the covariant

coordinates of a unit vector tangent to ∂ω. Let aαβρσ ∈ L∞(ω) be the elasticity tensor.
We consider here the case of a homogeneous, isotropic material with Young modulus

E > 0 and Poisson ratio ν, 0 ≤ ν ≤ 1

2
, where these components are given by

aαβρσ =
E

2(1 + ν)
(aαρaβσ + aασaβρ) +

Eν

1− ν2
aαβaρσ. (2.1)

In this context, the covariant components of the change of metric tensor read

γαβ(u) =
1

2
(∂αu · aβ + ∂βu · aα), (2.2)

the covariant components of the change of curvature tensor read

χαβ(u, r) =
1

2
(∂αu · ∂βa3 + ∂βu · ∂αa3 + ∂αr · aβ + ∂βr · aα), (2.3)
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and the components of the change of transverse shear tensor read

δα3(u, r) =
1

2
(∂αu · a3 + r · aα). (2.4)

We assume that the boundary ∂ω of the chart domain is divided into two parts: γ0 on
which the shell is clamped and γ1 = ∂ω\γ0 on which the shell is subjected to applied
traction and moment. Let us now consider the function space V(ω) introduced in [4,6]:

V(ω) =
{
V = (v, s) ∈

[
H1(ω,R3)

]2
, s · a3 = 0 in ω, v = s = 0 on γ0

}
. (2.5)

This space is endowed with the natural Hilbert norm

‖V ‖V =
(
‖v‖2

H1(ω;R3) + ‖s‖2
H1(ω;R3)

) 1
2
. (2.6)

We now recall the variational formulation of the problem corresponding to the linear
Naghdi model with data (f,N,M) ∈ L2(ω;R3) × L2(γ1;R3) × L2(γ1;R3): find U =
(u, r) ∈ V(ω) such that

∀V ∈ V, a(U, V ) = L(V ), (2.7)

where the bilinear form a(·, ·) is defined by

a(U, V ) =

∫
ω

{
eaαβρσ

[
γαβ(u)γρσ(v) +

e2

12
χαβ(U)χρσ(V )

]

+2e
E

1 + ν
aαβδα3(U)δβ3(V )

}√
a dx, (2.8)

and the linear form L(·) is given by

L(V ) =

∫
ω

f · v
√
a dx+

∫
γ1

(N · v +M · s) l dτ. (2.9)

The data f, N, M represent a given resultant force density, an applied traction density
and an applied moment density, respectively. In the above formulas, the thickness of
the shell, denoted by e, is assumed to be constant and positive. We refer to [4,6] for the
proof of the following results:

• The form L is continuous on V(ω) and its norm satisfies

‖L‖ ≤ c
(
‖f‖L2(ω;R3) + ‖N‖L2(γ1;R3) + ‖M‖L2(γ1;R3)

)
. (2.10)

• There exists a constant c∗ > 0 such that

∀V ∈ V(ω), a(V, V ) ≥ c∗ ‖V ‖2
V(ω) . (2.11)

• Problem (2.7) admits a unique solution U in V(ω).
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3 Penalized Version
We consider the penalized Naghdi problem introduced in [5], in which the unknowns
are the displacement u and the rotation r, elements of the space H1(ω;R3) without any
orthogonality constraint on r. The relaxed function space is defined by

X =
{
V = (v, s) ∈ H1(ω,R3)2, v = s = 0 on γ0

}
, (3.1)

equipped with the norm defined in (2.6), which is now denoted by ‖·‖X(ω).

Theorem 3.1. Let p ∈ R be such that 0 < p ≤ 1. Let f ∈ L2(ω,R3), N ∈ L2(γ1,R3)
and M ∈ L2(γ1,R3). Then there exists a unique solution to the following problem: find
Up = (up, rp) ∈ X such that

∀V ∈ X, a(Up, V ) +
1

p
b(rp · a3; s · a3) = L(V ), (3.2)

where
b(λ;µ) =

∫
ω

∂αλ∂αµ dx. (3.3)

Proof. See [5].

Remark 3.2. We note that the quantity a(U, V ) can be written in another form which
seems more appropriate for implementation, since it uncouples the two components v
and s of the test function V = (v, s). Indeed, we introduce the contravariant components
of the stress resultant,

nρσ(u) = eaαβρσγαβ(u), (3.4)

of the stress couple,

mρσ(U) =
e3

12
aαβρσχαβ(U), (3.5)

and of the transverse shear force,

tβ(U) = e
E

1 + ν
aαβδα3 (U) . (3.6)

We also have:

χρσ(V ) = θρσ(v) + γρσ(s) with θρσ(v) =
1

2
(∂ρv · ∂σa3 + ∂σv · ∂ρa3). (3.7)

Thus, the bilinear form a (Up, V ) can be rewritten as

a (Up, V ) =

∫
ω

(
nρσ(up)γρσ (v) +mρσ(Up)θρσ (v) + tβ(Up)∂βv · a3

)√
a dx

+

∫
ω

(
mρσ(Up)γρσ (s) + tβ(Up)s · aβ

)√
a dx. (3.8)
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To go further, using this new form together with the symmetry properties nρσ(up) =
nσρ(up) and mρσ(Up) = mσρ(Up), and by integration by parts in problem (3.2), we
obtain the strong formulation of the penalized problem:

−∂ρ((nρσ(up)aσ +mρσ(Up)∂σa3 + tρ(Up)a3)
√
a) = f

√
a in ω,

−∂ρ(mρσ(Up)aσ
√
a) + tβ(Up)aβ

√
a− 1

p
∂ρρ(rp · a3)a3 = 0 in ω,

up = rp = 0 on γ0,
νρ(n

ρσ(up)aσ +mρσ(Up)∂σa3 + tρ(Up)a3)
√
a = Nl on γ1,

νρ(m
ρσ(Up)aσ

√
a+

1

p
∂ρ(rp · a3)a3) = Ml on γ1.

(3.9)

The discretization that we intend to study is constructed by the Galerkin method
from problem (3.2). We refer to [5, §5.1] for more details.

4 A Posteriori Analysis of the Discrete Problem
Let (Th)h be a regular affine family of triangulations which covers the domain ω and
Pk(K) denote the space of restrictions to K, element of Th, of polynomials with total
degree ≤ k. The discrete space is given by

Xh =
{
Vh = (vh, sh) ∈ C0(ω;R3)2, Vh|K ∈ P1(K), vh = sh = 0 on γ0

}
. (4.1)

The discrete problem consists to find Up,h = (up,h, rp,h) ∈ Xh such that

∀Vh ∈ Xh, a(Up,h, Vh) +
1

p
b(rp,h · a3, sh · a3) = L(Vh). (4.2)

This problem has a unique solution [5, Th. 3.1]. The a posteriori analysis of problem
(4.2) relies on the residual equation

a(Up − Up,h, V ) +
1

p
b((rp · a3 − rp,h · a3); s · a3)

= L(V − Vh)− a(Up,h, V − Vh)−
1

p
b (rp,h · a3; (s · a3 − sh · a3)) , (4.3)

valid for all V ∈ X(ω) and for all Vh ∈ Xh. The construction of error indicators from
these equations requires approximations of the data and of the coefficients [2, 11].

4.1 Approximation of the Data
Let E 1

h denote the set of edges of elements of Th which are contained in γ1. We consider
an approximation fh of f in Zh and approximations Nh and Mh of N and M in Z1

h,
where the spaces Zh and Z1

h are defined by

Zh =
{
gh ∈ L2(ω)3; ∀K ∈ Th, gh|K ∈ P0(K)3

}
,

Z1
h =

{
Eh ∈ L2(γ1)3; ∀e ∈ E 1

h , Eh|e ∈ P0(e)3
}
.

(4.4)
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4.2 Approximation of the Coefficients
We denote by aαβh , aαβρσh , (

√
a)h and lh, the approximations of aαβ , aαβρσ,

√
a and l,

respectively, in the space Mh which is given by

Mh =
{
χh ∈ H1(ω); ∀K ∈ Th, χh|K ∈ P1(K)

}
. (4.5)

Similarly, we consider approximations ahk of the vectors ak and dhα of the ∂αa3 in the
space Mh. We also agree to denote by γhαβ(·), χhαβ(·) and δhα3(·) the approximations of
the tensors introduced in (2.2) to (2.4). For instance, γhαβ(·) is given by

γhαβ(u) =
1

2

(
∂αu · ahβ + ∂βu · ahα

)
. (4.6)

This leads to the definition of the approximate linear form

Lh(V ) =

∫
ω

fh · v(
√
a)h dx+

∫
γ1

(Nh · v +Mh · s)lh dτ, (4.7)

and also of approximate bilinear forms

ah(U, V ) =

∫
ω

{
eaαβρσh

[
γhαβ (u) γhρσ (v) +

e2

12
χhαβ (U)χhρσ(V )

]
+2e

E

1 + ν
aαβh δhα3 (U) δhβ3 (V )

}
(
√
a)h dx,

(4.8)

bh(r · a3, s · a3) =

∫
ω

(
∂αr · ah3 + r · dhα

)
∂αs · a3 dx. (4.9)

It is easy to check that ∀V ∈ X(ω) and ∀Vh ∈ Xh one has

L(V − Vh)− a (Up,h, V − Vh)−
1

p
b (rp,h · a3; (s · a3 − sh · a3))

= (L− Lh)(V − Vh) + Lh(V − Vh)− (a− ah)(Up,h, V − Vh)

− ah(Up,h, V − Vh)−
1

p
(b− bh)(rp,h · a3; (s · a3 − sh · a3))

− 1

p
bh (rp,h · a3; (s · a3 − sh · a3)) .

(4.10)

To go further, we recall some standard notations:

(i) EK denotes the set of edges of K which are not contained in γ0 and E 1
K the set of

elements of EK which are contained in γ1;

(ii) for each e ∈ EK , ν = (ν1, ν2) is a unit vector normal to e, with the further assump-
tion that, when e belongs to E 1

K , ν is outward to ω;
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(iii) for each e ∈ EK , he stands for the length of e;

(iv) for each e ∈ EK\E 1
K , [·]e denotes the jump through e;

(v) ωK is the union of triangles of Th that share an edge with K;

(vi) ∆K is the union of triangles of Th that intersect K.

We recall that from [3, Theorem IX.3.11 and Corollary IX.3.12] there exists a Clément
type operator Rh which maps H1

γ0
(ω) into Mγ0

h = Mh ∩H1
γ0

and satisfies, for all func-
tions χ ∈ H1

γ0
(ω), each K ∈ Th and each e of K which is not contained in γ0,

‖χ−Rhχ‖L2(K) + hK |χ−Rhχ|H1(K) ≤ c hK ‖χ‖H1(∆K) ,

‖χ−Rhχ‖L2(e) ≤ c h
1
2 ‖χ‖H1(∆K) .

(4.11)

The idea is to take Vh equal to (Rhv,Rhs) and χh equal to Rhχ in (4.3). From [2,
Lemma 3.3, Lemma 3.4 and Lemma 3.5], we define the quantities linked to the local
approximation error on the data: for each K ∈ Th,

ε
(d)
K = hK ‖f − fh‖L2(K)3 +

∑
e∈E1

K

h
1
2
e

(
‖N −Nh‖L2(e)3 + ‖M −Mh‖L2(e)3

)
, (4.12)

and also from the global approximation error on the coefficients

ε
(c)
h =

(
h
∥∥√a− (

√
a)h
∥∥
L∞(ω)

+ h
1
2 ‖l − lh‖L∞(γ1)

+ sup
1≤α,β,ρ,σ≤2

∥∥∥aαβρσ − aαβρσh

∥∥∥
L∞(ω)

+ sup
1≤α,β≤2

∥∥∥aαβ − aαβh ∥∥∥
L∞(ω)

+ sup
1≤k≤3

∥∥ak − ahk∥∥L∞(ω)3
+ sup

1≤α≤2

∥∥∂αa3 − dhα
∥∥
L∞(ω)3

)
‖L‖ .

(4.13)

We are now in a position to prove the a posteriori error estimate. In order to state it, we
define the error indicators. We use Remark 3.2 to write a(U, V ) and observe that a simi-
lar form holds for ah(U, V ), with the obvious notation for the quantities nρσh (·), mρσ

h (·),
tβh(·) and θhρσ(·) (in comparison with (3.4) to (3.7), all coefficients are replaced by their
approximations). For each K ∈ Th, the error indicator ηK is defined by

ηK = ηK1 + ηK2 (4.14)

with
ηK1 = hK

∥∥fh(√a)h + ∂ρ
(
(nρσh (up,h)a

h
σ +mρσ

h (Up,h)d
h
σ + tρh(Up,h

)
ah3)(
√
a)h)

∥∥
L2(K)3

+
∑

e∈EK\E1
K

h
1
2
e

∥∥[νρ (nρσh (up,h)a
h
σ +mρσ

h (Up,h)d
h
σ + tρh(Up,h)a

h
3

)
(
√
a)h
]
e

∥∥
L2(e)3

+
∑
e∈E1

K

h
1
2
e

∥∥Nhlh − νρ
(
nρσh (up,h)a

h
σ +mρσ

h (Up,h)d
h
σ + tρh(Up,h)a

h
3

)
(
√
a)h
∥∥
L2(e)3

(4.15)
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and

ηK2 = hK

∥∥∥∂ρ (mρσ
h (Up,h)a

h
σ(
√
a)h
)
− tβh(Up,h)a

h
β(
√
a)h

+
1

p

(
∂ρ(∂ρ(rp,h · a3)ah3

)
− ∂ρ(rp,h · a3)dhρ)

∥∥∥
L2(K)3

+
∑

e∈EK\E1
K

h
1
2
e

∥∥∥∥[νρmρσ
h (Up,h)a

h
σ(
√
a)h +

1

p
νρ∂ρ(rp,h · a3)ah3

]
e

∥∥∥∥
L2(e)3

+
∑
e∈E1

K

h
1
2
e

∥∥∥∥Mhlh − νρmρσ
h (Up,h)a

h
σ(
√
a)h −

1

p
νρ∂ρ(rp,h · a3)ah3

∥∥∥∥
L2(e)3

.

(4.16)
Note that these indicators are of residual type and easy to compute since they only
involve polynomial functions.

4.3 The Main Results
Theorem 4.1. For any data (f,N,M) in L2(ω;R3) × L2(γ1;R3) × L2(γ1;R3), the
following a posteriori error estimate between the solution Up of problem (3.2) and the
solution Up,h of problem (4.2) holds:

‖Up − Up,h‖X(ω) ≤ c

(∑
K∈Th

(
η2
K + ε

(d)2
K

)) 1
2

+ ε
(c)
h

 . (4.17)

Proof. We give an abridged proof. From the ellipticity property (2.11), using the resid-
ual equation (4.3) by replacing its second member by (4.10), we then use the triangle
inequality that, combined with [2, Lemma 3.3, Lemma 3.4 and Lemma 3.5], leads to
the bound of the following quantity:

Lh(V − Vh)− ah(Up,h, V − Vh)−
1

p
bh(rp,h · a3; (s · a3 − sh · a3))

with Vh = (Rhv,Rhs). We can write

Lh(V − Vh) = Lh((v −Rhv), 0) + Lh(0, (s−Rhs)),

ah(Up,h, V − Vh) = ah(Up,h, (v −Rhv, 0)) + ah(Up,h, (0, s−Rhs),

and

1

p
bh (Up,h, V − Vh) =

1

p
bh(rp,h · a3; (v −Rhv, 0))

+
1

p
bh (rp,h · a3; (0, s · a3 −Rhs · a3)) .
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Note that bh(rp,h·a3; (v−Rhv, 0)) = 0. It remains to bound the following two quantities:

A1 = sup
v∈H1

γ0
(ω;R3)

Lh(v −Rhv, 0)− ah(Up,h, (v −Rhv, 0))

‖v‖H1(ω;R3)

and

A2 = sup
s∈H1

γ0
(ω;R3)

1

‖s‖
H1(ω;R3)

{
Lh(0, s−Rhs)− ah(Up,h, (0, s−Rhs))

− 1

p
bh(rp,h · a3; (0, (s−Rhs) · a3))

}
.

Setting w = v − Rhv and using the symmetry properties of the nρσh (·) and mρσ
h (·), we

have

Lh(v −Rhv, 0)− ah(Up,h, (v −Rhv, 0)) =

∫
ω

fh · w(
√
a)h dx+

∫
γ1

Nh · wlhdτ

−
∫
ω

nρσh (up,h)∂ρw · ahσ +mρσ
h (Up,h)∂ρw · dhσ + tβh(Up,h)∂βw · ah3)(

√
a)h dx.

By cutting the integrals on ω into the sum of integrals on the K in Th and integrating by
parts on each K, we derive

Lh (v −Rhv, 0)− ah(Up,h, (v −Rhv, 0)) =

∫
ω

fh · w(
√
a)hdx+

∫
γ1

Nh · w lhdτ

+
∑
K∈Th

(∫
K

∂ρ((n
ρσ
h (up,h)a

h
σ +mρσ

h (Up,h)d
h
σ + tβh(Up,h)a

h
3)(
√
a)h) · w dx

−
∫
∂K

νρ(n
ρσ
h (up,h)a

h
σ +mρσ

h (Up,h)d
h
σ + tβh(Up,h)a

h
3)(
√
a)h · w dτ

)
.

(4.18)

Using the Cauchy–Schwarz inequality combined with (4.11) leads to

A1 ≤ c

(∑
K∈Th

η2
K1

) 1
2

.

Setting t = s−Rhs, and using the same arguments as previously, we arrive to

A2 ≤ c

(∑
K∈Th

η2
K2

) 1
2

.

This concludes the proof.
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Theorem 4.2. For any data (f,N,M) ∈ L2(ω;R3) × L2(γ1;R3) × L2(γ1;R3), the
following bounds hold for all indicators defined in (4.15)–(4.16):

ηKi ≤ c

‖Up − Up,h‖X(ωK) +

( ∑
K⊂ωK

(
ε

(d)
K

)2
) 1

2

+ ε
(c)
h

 , i = 1, 2. (4.19)

Proof. This is an abridged proof of the estimate for ηK1. We write ηK1 in compact form
as

ηK1 = hK ‖Fh‖L2(K)3 +
∑

e∈EK\E1
K

h
1
2
e ‖[Gh]e‖L2(e)3 +

∑
e∈E1

K

h
1
2
e ‖Nhlh −Gh‖

L2(e)3
.

We takeRhv = 0 in (4.18) and w = v equal to

w =

{
FhψK on K,
0 on ω\K,

where ψK denotes the bubble function on K. Thus, all the terms on the right-hand side
of (4.18) vanish but the integral on K. We observe that function w (thus Fh ) on K
is a polynomial of degree ≤ 3. From the appropriate inverse inequality [3, Proposition
VII.4.1] together with (4.10) and (4.3) combined with [2, Lemma 3.3, Lemma 3.4 and
Lemma 3.5], leads to

hK ‖Fh‖
L2(K)3

≤ c
(
‖Up − Up,h‖X(K) + ε

(d)
K + ε

(c)
K

)
. (4.20)

Similarly, to bound ηK1 for any edge e shared by two elements K and K
′
, we take w in

(4.18) equal to

w =

 Pe,k([Gh]e ψe) on k ∈
{
K,K

′
}
,

0 on ω\
{
K ∪K ′

}
,

where ψe is the bubble function on e and Pe,k is the lifting operator introduced in [3,
Lemma XI 2.7] from polynomials on e vanishing on ∂e into polynomials onK vanishing
on ∂K\e, constructed by an affine transformation from a fixed lifting operator on the
reference triangle. Finally, for each e in E 1

K , we take the function w in (4.18) equal to

w =

{
Pe,k((Nhlh −Gh)ψe) on K,
0 on ω\K,

and this gives the bound for ηK1.



Posteriori Analysis of a Finite Element Discretization 121

5 The Adaptivity Strategy and Numerical Experiment
Now we present the adaptivity strategy and some numerical experiments.

5.1 Adaptivity Strategy
(i) Construct a first mesh T 0

h . Set i = 0.

(ii) Solve the numerical problem on T ih . Let uih denote the solution.

(iii) Compute ηKi(u
i
h) on Ki ∈ T ih .

(iv) If the global estimator is small enough, then stop.

(v) Otherwise, compute the new step of mesh hKi+1
: hKi+1

=
1

2
hKi if ηKi(u

i
h) ≥ TOL,

otherwise hKi+1
= lhKi , l ≥ 1. Here

TOL =
1

nti

∑
Ki∈T ih

ηKi(u
i
h),

where nti is the number of triangles of T ih .

(vi) Generate the new mesh T i+1
h and return to (ii).

5.2 Numerical Experiment
The numerical experiment that we present has been performed on the finite element
code FreeFem++, see [10]. Three-dimensional visualization of the deformed shells
uses Medit, a free mesh visualization software available at http://www.ann.
jussieu.fr/˜frey/logiciels/medit.html.

Hyperbolic paraboloid shell

The reference domain ω is the square

ω =
{

(x, y); | x | + | y |≤
√

2b
}
, (5.1)

as illustrated in [1, §1.3.3 and §2.4.2] and the cart ϕ is defined by

ϕ(x, y) =
(
x, y,

c

2b2
(x2 − y2)

)T
. (5.2)

We choose b = 50 cm, c = 10 cm and e = 0.8 cm. We assume that the shell is clamped
on γ0 = ∂ω and that it is subjected to uniform pressure q = −0.01 kp/cm2. The me-
chanical data are E = 2.8 104 kp/cm2, ν = 0.4. The reference value for this test is the
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normal displacement at the center C(0, 0) of the shell. Its value computed by various

methods is of −0.0240000 cm; see [1]. We take p = 103 E

2(1 + ν)
, see [5].

Results with mesh adaptation

Iteration 1 2 3
Degrees of freedom 3009 7188 13424

U3(C) -0.0241186 -0.0242561 -0.0240096

Results without mesh adaptation

Degrees of freedom 20157 23849
U3(C) -0.0239921 -0.0239905

Note that the resolution of the discrete problem with mesh adaptation gives the conver-
gence to the solution after the third iteration with a number of degrees of freedom equal
to 13424 but the resolution of the problem without mesh adaptation gives an approxi-
mate solution with an error of order 4.10−3 and a number of degrees of freedom was
lower than calculated by mesh adaptation. Figure 5.1 presents the initial and the final
adapted meshes according to the strategy described above. Figure 5.2 and 5.3 present
the “over-deformed” shell.

Figure 5.1: The initial and adapted meshes
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Figure 5.2: The “over-deformed” top side

Figure 5.3: The “over-deformed” bottom side
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