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Abstract
We establish a result asserting the existence of solutions for a perturbed state
dependent sweeping process in an infinite dimensional Hilbert space.
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1 Introduction

Let H be a real separable Hilbert space, 7" > 0 be a real number, and C': [0,7] x H —
H be a set-valued mapping with nonempty closed convex values moving in a Lipschitz
continuous way. The state dependent sweeping process or quasi-variational inequality
evolution
—u(t) € Ny (u(t)) ae. on [0,77;
u(t) € C(t,u(t)), forall t € [0,T] (1.1)
u(0) = ug € C(0,up),
where Nc(t,u(t))(-) denotes a normal cone, has been introduced and studied by Kunze
and Monteiro Marques in [5]. They used an implicit projection algorithm based on a
fixed point theorem (implicit discretization). Recently, in [1], the authors treated the
problem (1.1) in uniformly convex and uniformly smooth Banach spaces.
In this paper, we use a new projection algorithm (semi-implicit discretization) to
prove the existence of solutions for the differential inclusion governed by the state de-
pendent sweeping process

—u(t) € Newuy)(u(t))) + F(t,u(t)) ae.on[0,T];
u(t) € C(t,u(t)), forall t € [0,T] (1.2)
u(0) = ug € C(0,up),
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where C'is a Lipschitz continuous set-valued mapping with closed convex values and F'
is an unbounded upper semicontinuous convex set-valued mapping.

2 Notation and Preliminaries

In the sequel, H denotes a real separable Hilbert space. Let S be a closed subset of

H. We denote by B the closed unit ball of H and by dg(-) the usual distance function

associated with S, i.e., dg(x) = ing |z — ul| (x € H). We need first to recall some
ue

notations and definitions needed in the paper.

Let ¢ : H — R U {+00} be a convex lower semicontinuous (1.s.c.) function and let
x be any point where ¢ is finite. We recall that the subdifferential Op(x) (in the sense
of convex analysis) is the set of all £ € H such that

(€, 2" — ) < p(2') — p(2)

for all 2’ € H. By convention we set dp(x) = ) if p(x) is not finite. Let S be a
nonempty closed convex subset of 4 and x be a point in S. The convex normal cone of
S at x is defined by (see, e.g., [4])

Ng(z) ={¢ € H| ((,2' —z) <0 forallz € S}

It is well known (see, e.g., [4]) that Ng(z), the normal cone of a closed convex set S at
x € H, can be defined in terms of a projection operator Proj¢(+) as follows:

Ng(z) = {£ € H| there exists r > 0 such that z € Projg(z + r¢)}.
Let us recall the two following results. For their proofs we refer to [2, 6], respectively.
Proposition 2.1. Let S be a nonempty closed subset of H and x € S. Then
Odds(r) = Ng(x) N B.

Proposition 2.2. Ler C' : [0,T] x H — 21 be a Hausdorff-continuous set-valued
mapping with nonempty closed convex values. Then the mapping

(t7 z, y) = adC’(t,:ﬁ) (y)

has the following upper semicontinuity property: if (t,, x,) is a sequence in [0,T] x H
converging to (t,x) € [0,T] x H, and (y,) is a sequence in H with y,, € C(t,, x,) for
all n, converging toy € C(t,x), then for any £ € H, we have

lim sup o (9dc (¢, 2,) (Yn), §)) < 0(0deo ) (y), §),

where

o(0de(re)(y), &) = sup  (p,§)

PEIdc(t,2) (V)

stands for the support function of 0dc ;) (y) at §.
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3 Main Result

The following existence theorem establishes our main result in this paper.

Theorem 3.1. Let H be a separable Hilbert space and let C' : [0,T] x H — 2%
be a set-valued mapping with nonempty closed convex values satisfying the following
assumptions:

(H1) C is Lipschitz continuous with constants L1 > 0 and 0 < Ly < 1, i.e., for all
t,s € [0,T] and x,u,v € H we have

|deu (@) — deswy ()| < Lh|t — 8| + Loju — v|;

(Ho) there exists a convex strongly compact set S such that C(t,u) C S forall (t,u) €
0,T] x H.

Let F : [0,T) x H — 2 be an upper semicontinuous set-valued mapping with
nonempty convex weakly compact values in H. Assume also that F' has linear growth,
that is, there exists L > 0 such that F(t,u) C L(1 + ||u||)B forall (t,u) € [0,T] x H.
If ug € C(0,up), then there exists at least one Lipschitz solution of (1.2).

Proof. We give the proof in four steps.

Step 1. Construction of approximants.

Let p > 0 such that C'(t,u) C S C pB for all (¢,u) € [0,7] x H. Foreachn € N, we
consider the following partition of the interval [ := [0, T']:

[inJrl ::}t?at?+1]7 t:L = Z:“’”? 0 < i <n-— 17 [(T]L = {tg}

Algorithm 1. Put y,, := % Fix n > 2. We define by induction:
o uy =uy € C(0,up), and [ € F(ty,ug);
e 0<i<n-—1l:ul,= PrOjC(t;;l,u;@)(U? — pnf);
e 0<i:<n—1:f% € F(t?-',-lvu?-f—l)'

The existence of the projection is ensured since C' has closed convex values, and so the
Algorithm 1 is well defined. Using the sequences (u') and (f*) to construct sequences
of mapping u,, and f,, from [0, 7] to H, we define their restrictions to each interval I
as follows. For t € I set f,,(t) = fi' and u,,(t) = uo; fort € I, (0 < i <n—1)set
fn (t) = [i and

t—tr
wn®) =+ (s — ) ) 1)
Clearly, u,, is continuous on [0, 7] and differentiable on [0, 7\ {¢}'} with
n(t) = I e 0, TN\ (3.2)

fin
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By Algorithm 1, we have
uity = Projogn e (u — i fi7).

Using the characterization of the normal cone in terms of the projection operator, we
can write for a.a. t € [0, 7] that

u g — " "
— T e Newy o (k). (3.3)

n n
Uiy U fn
— /i

Let us find an upper bound estimate for the expression . By the

Algorithm, we have u}',; € C(t}, |, u}) C pB, thatis, ||u}| < p, forall i > 0.
Now by Algorithm and by the fact that /" has linear growth we obtain that

I < LA+ [luf]]) < L+ p) = 5.

Therefore, the Lipschitz property of C' ensures that

i

U; — U?Jrl - ,unfan dC’(t” U?)(u? - ,unfzn)

i+l

Aoy, um(U7) — dogrup ) (u]) + | £ (3.4)
Lu|tyy — 7] + Lo|jui — wi || + pnf3.

IAIA

By construction we have

“u? - u?—l + ,unf'n—l - Mnfz"_1||

iy — w4+ pn £ ||+ gl f1 ]

derur (Ui — pn fity) + pall i1

e un ) (i) = dewr ur ) (uiy) £ 2] 724 ]
Lot} — 7| + Lalluiy — wi ol + 208

[ = il

IAIA A

and by induction we obtain

Lypin + 2008 + Lo <2Mn5 + Lipin + Loljui o — U?—3H)
Lipin (1+ L) + 20 3(1+ Lo) + L||uf  — uf |

[ = iyl

< Lipn(14 Lo+ L3+ -+ Ly ?) |
2 B(1+ Lo+ Lo+ -+ L) + Lyl — ug].

The initial condition ug € C(0, u) entails
HU? - ug - :unfOnH + /Lan(;L”
dC(t?,u{{)(ug - Mnf(?) + /anB

dC(tTﬂS)(ug) - dC(tg,uO)(uo) + 2,0

luf = ug |

VAN VAN VANRVAN
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Thus
< Llﬂ/n 1+L2+L§—|—+L12—2_|_L12—1
< Mn<L1+25)<1+L2+L%+...+Lé—2+Lg—1>

lui" = il

and (3.4) and (3.5) imply that
+ o (L1 +20) <L2 + L3+ + LY +L;)
= un(L1+25)<1+L2+L§+-~+L§*1+Lg) + 3.

Using the fact that L, < 1, we get

1— i+1

n n n L

< (Ll + 28 +ﬁ)un

1— Lo
o — L+ 203
u g —uy 1
e o S S 4 1] | RV + . 3.6

The inclusion (3.3) and Proposition 2.1 give

_uzn-‘rl —U? o fln c (Ll +2ﬁ
Hn 1_L2

+ 5) adC(tgLH,u;L) (ufy ). (3.7

Now let us define the step functions from [0, 7] to [0, 7] by

0, (t) =t tel,,

Un(t) = t?+13 te [Zl+1> (3.8)
0,(0) = 1,(0) = 0.

Then (3.1), (3.2), (3.7) and (3.8) yield that

Ly +28
1— Lo

—Un(t) — fn(t) € ( + 5) adc(nn(t)’un(gn(t)))(un(nn(t))) a.e. on [0, T] 3.9
Step 2. The convergence of (u,) and (f,,).

By (3.2) and (3.6) we have

Ly + 25)
=7,

[ ()] < ( L (3.10)
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and it is clear that the sequence (u,(t)) is equi-Lipschitz with constant . From the
definition of (u,,), we have v, u},, € S. Since

t—n
=t <l1forallt € I},
[in

and S is a convex compact set in H, one gets that u,(t) € S for all t € [0,7] so
that the set X(¢) = {u,(t)|n > 2} is relatively compact in H for every t € [0,T].
Then all assumptions of the Arzela—Ascoli theorem are satisfied and hence there exists
a Lipschitz mapping u : [0, 7] — H with ratio y such that

e (uy,) converges uniformly to w on [0, 7], that is,

| (1) —u(t)|| = 0;
Jm e lun () = u(®)]

e (i,) weakly converges to @ in L' ([0, T], H).

Now, as || fn.(t)]| < B forallt € [0,7], we see that (f,) is a bounded sequence in
L*>([0,T], H). By extracting a subsequence we can consider, without loss of generality,
that (f,,) weakly-star converges in L*°([0, T, H) to some mapping f : [0,7] — H.

Step 3. Existence of solutions.

Since lim 6,(t) = lim n,(t) = t, we have

n—+00 n—+00
nl_lgloo U (On(t)) = nl—l>Too U, (1(1))
= u(t)

uniformly on [0, T']. Using now the Lipschitz property of C, and the fact that

Un (N (1)) € C(Nn(t), un(0n(t)))

forall ¢ € [0, 7] and for all n > 2, we get

d(u(t), C(t,u(t)) = dowu)Wt)) = dom, @) um@.0) (Un(ma(t)))
= de@u) (W) = Ao 1), 0.1) (U (1 (t)) — u(t) + u(t))
<l (9a(

£)) = (@)l + Lot = na(2)]
+  Lol|u,(0,(2)) —u(t)|| — 0 as n — oo,
and so the closedness of the set C'(¢, u(t)) ensures that

u(t) € C(t,u(t)) forall ¢t € [0,T].
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We proceed now to prove that
—u(t) € Nequwy) (u(t)) + f(t)  for almostall t € [0, 7).

Integrating we have
e soyde = m [ (& anar
0 0
< limsup/QJ(f,F(@n(t),un (0,(t)))) dt

n

n

< / o (€. F (t,u(t))) dt

< /Qlimsupa(é,F(Qn(t)’Un (0n(t)))) dt

for every measurable set €2 in [0, 7] and every £ € H. As the set-valued mapping ¢t —
F(t,u(t)) is measurable and convex weakly with compact values, from [3, Proposition
II1.35] it follows that

f(t) € F(t,u(t)), a.e. on [0,7].

Using the same technique we get

—a(t) — f(t) € (Llljjf + 6) Od st u(ry) (u(t))-

Indeed, for every measurable set €2 in [0, 7'] and every £ € H, we have
[ &=t = s =im [ (6=inlt) = ful0)a

_ L +28
< limsup /Q o (5, ( 11_ I +5) O (1, (8) (0 (1))) (Un (Un(t)))) dt

n

. L, +2
< / lim sup o (& ( 11 Lf + 5) O (1 () un (0 (1))) (Un, (nn(t)))) dt
; ~

n

Li+2
< /QU (5, < 11_ Lf + ﬁ) ad()(t,u(t))(u(t))) dt,

where the last inequality follows from the upper semicontinuity property given in Propo-
L+ 28 .
11 L + 6) adC(t,u(t) (u(t)) 1S
— L2
measurable with convex weakly compact values (see [6]), from [3, Proposition II1.35] it
follows that

sition 2.2. Thus, as the set-valued mapping ¢ —

—u(t) — f(t) € (Lll_*jf +5> Adc(tu(ry (u(t))-

Since
u(t) € C(t,u(t)) forallt € [0,T],
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we geta.e. int € [0, 7] that

—u(t) € Nequw) (u(t)) + f(t) C Neuw) (ut)) + F(tu(t)).

This completes the proof of the theorem. [
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