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Abstract

We show that g-quadratic transformations can be divided into two classes. The
first one, which uses the g-binomial theorem in the proof, gives a formula which
holds numerically for certain values of the parameters. The second class gives
formal equalities. We prove two new g-quadratic transformations corresponding to
examples of Rainville.
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1 Introduction

The quadratic ¢g-hypergeometric transformations, g-analogues of the quadratic hyperge-
ometric transformations are not well known. And even if you see such an equation, it is
not easy to understand what the equation means. The aim of this paper is to explain the
character of these transformations on the basis of six examples. We will see that there
are two categories of quadratic ¢g-hypergeometric transformations. The first category is
illustrated by cases one to four, the ¢g-binomial theorem is used in the proof. The first
category has good possibilities for numerical confirmation. The second category is il-
lustrated with cases five and six, higher summation formulas are used in the proof. The
second category are formal equalities.

In general, the g-case gives a larger convergence region. We also illustrate with an
example of Whipple [18] where the proof almost succeeds.

This article is organized as follows. In this section we give the first definitions and
introduce the g-hypergeometric functions. In section two and three follow two well-
known transformations, for the last proof we refer to [6]. In section three follows an
extensive investigation of the numerical character of this transformation.
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In the fourth section, we give a g-analogue of an example by Rainville [16], which
has a similar numerical character. Then follows a similar example in the fifth section of
Srivastava and Jain. In the final section follows a formal g-analogue of an example by
Rainville [16], which explains a transformation formula due to Whipple [18].

We first briefly describe the g-umbral calculus [3]- [5]. This method is a combina-
tion of ideas from Heine 1846 [12] and Gasper—Rahman [10]. The advantages of this
method have been summarized in [3, p. 495].

Definition 1.1. Let 6 > 0 be an arbitrary small number. We will use the following
branch of the logarithm: —7 + ¢ < Im (logq) < m+ §. This defines a simply con-
nected space in the complex plane. The power function is defined by ¢® = ¢*!°¢(9)_ The
variables a, b, c, . . . € C denote certain parameters. The variables ¢, 7, k, [, m, n, p, r will
denote natural numbers except for certain cases where it will be clear from the context
that 7 will denote the imaginary unit. The g-analogues of a complex number a, and the
factorial are defined as follows:

a

_1—q
{a}q: 1_q

, g € C\{0, 1}, (1.1)

n

{n}o! = [[{#}e: {034, a € C\{0,1}. (1.2)

k=1
Definition 1.2. The g-shifted factorial is defined by

n—1

(@iqhn= [ (1 =q*™). (1.3)

m=0

Since products of g-shifted factorials occur so often, to simplify them we shall fre-
quently use the more compact notation

(@, 05 q)n = (@; @)n(b; @)n- (1.4)
Furthermore
(@;¢)0e = [J (1 —ag™), 0< gl < 1. (1.5)
m=0
(a;q)aEM, aZq¢ " m=01,.... (1.6)
(aq%; @) o

The following notation is often used when we have long exponents.

QE(z) = ¢". (1.7)
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Definition 1.3. The operator

. Q N E
7 7
is defined by
e
a—a+ —. (1.8)
log q
A consequence of (1.8) is
n—1
(@i qhn = JJ(1+q"m). (1.9)
m=0

To be able to treat a general root of unity, we will need another generalization of the
tilde operator. In the equations (1.10) to (1.21) we assume that (m,[) = 1.

Definition 1.4. The generalized tilde operator

e C . C
/A
is defined by
i
PRy (1.10)
lloggq
This means .
(Fajq) = [[(1 = T g*m). (1.11)
m=0
Furthermore we define o .
(a5 q)n = (T a5 q)n- (1.12)
We will also need another generalization of the tilde operator
n—1 k-1
n = gty (1.13)
m:O =0
This leads to o o
2(a; q)n = (a5 @) (1.14)
1{a; qhn =1, (1.15)
(k@; @)n = k{a; q)n- (1.16)
The A(g;; \) operator is defined by
-1 —
A+m A+m
(A(g; L A); g = H(T;% X {7 e (1.17)

m=0
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The following, simple rules follow from (1.10). Some of them were previously

known in other representation in [10].

Theorem 1.5. . o )
Ta+b="7(a=+b)mod i
log g
%:tak: ﬂ:&kmOdlﬂ-Z,
k=1 k=1 084
m  _  mam 271
— X a =20 — mod
l l log q
QE(7*) = QE(a)e **,
o
where the second equation is a consequence of the fact that we work modl .
0gq
Theorem 1.6. o
(@ ¢%)n = (70, 7a; q)n-
p—1 —
k ) .
(a;q")n = H(P a; q)n, where p is an uneven prime number.
k=0

P

(a;6%)n = (a; q)n X 1(a; @)

This leads to the following g-analogue of Rainville [16, p. 22, (2)].

Theorem 1.7. o
— a+m a+m
<CL, q>km - H<Taq>n Xk < L aQ>n

m=0

Definition 1.8. We define a g-hypergeometric series by

p+p/¢r+r’(dla"'7dp;bla b ’qaszla"wSp’;tl?"'>tr’>
o dl,...,dp S1y--.,Sp/
= ~ 0 z

y Ore { bty 9 1

X

= N (a1; @)n - - (Gp; O 1y (2) T4+ —p—p’
n:0< > <b17 > ..<bT;q>n [( 1) q }

where

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)
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Remark 1.9. In a few cases, when 0 < |g| < 1, the parameter a in (1.26) will be the real
plus infinity. If we want to be formal, we could introduce a symbol ooy with property

(oon; @) = (cop+a;q)n =1, « € C, 0 < |g| < 1. (1.28)

The symbol ooy corresponds to the parameter O in [10, p. 4]. We will denote ooy by oo.
The factors (a; q),, then correspond to multiplication by 1.

Remark 1.10. The parameters a; and b; on the left-hand side of | in (1.26) are exponents;
271

logq’
We use the notation = for formal equality.

they are periodic mod

2 First Case

Jackson’s [14] g-analogue of the Euler—Pfaff transformation:

1
(2:9)a

201(a, b; clq; 2) = 2¢2(a, ¢ — by clg; 2¢°||—; (2¢%; @)x), (2.1)

|z| < 1and |Ll| < 1. The convergence area in (2.1) for general ¢ is a little larger
Z —

than indicated. The right-hand side also converges faster than the left-hand side.

3 Second Case

We first write down the two equalities.

Theorem 3.1. Kummer [1, p. 125 (3.1.4)], [13, p. 169], [2, p. 9 (2)], [15, p. 78 (53)],
[16, p. 67 (3)], [10, p. 59 (3.1.4)]:

—a a a —4x

Theorem 3.2. [6] A q-analogue of (3.1):

atl po - <g7a_+1 - b7 E7a_+17Q>m(_x)mq_<r2n)
2@251((1, b7 I+a-— b|Q7 rq 2 b) - Z 2(1 21 Ta _Qb. q2> (xq—m q) 42
m=0 ’ ’ (3.2)

_ 5% — b5, 5 2l T ,
53 l+a—b lg: ] (zq kSQ)a+2k]
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A more practical form is the finite version

—n+1 - “n f??+/1

S ;n7 s oy — o Q) (—X m _(gl)
—b) ~ Z ( 2 2 2 2 Qm(—2)"q

o1(—n,b;1 —n — blq; xq™ 2
: 1( | <171_n_b;(Dm(xqimQQ)fnJer

0[3

m=0

—n —n+l —}p.=n —n+1

= 202 2072 X g _ , meven.
53 1—n—2> lg: ] (zq k?Q)—n+2k
(3.3)
We always treat the two cases * < 0 and x > 0 separately. The value x = 1 is of
—4
course not allowed. The right-hand side of (3.1) has the function value W If we
—x

solve the inequality |42 < (1 — x)? with respect to 2 < 1, we arrive at the solutions
2 < —land -1 < 2 < 3 —2v2 ~ .17. It turns out that this is very important for
the g-case. The hypergeometric formula (3.1) has three variables. Now let a = 4.3
and b = 2.7. For z > 0, the above formula applies until z = .96 and for z < 0 to
x = —.9895. The right-hand side of (3.1) = F'(x) is a meromorphic continuation of the
left-hand side for z < —1 with the following values:

—1.1] 0.0361114
—3. | 0.00244793
—6. | 0.000226233

Now let ¢ = .9. For x < 0 the left-hand side of (3.2) converges until x = —.994 and
has the values

T Go(z)
—.99 ]0.0650276
—.994. 1 0.0644883

The right-hand side of (3.2) = F,(z) is a meromorphic continuation of the left side for
2 < 0 with the following values

x Fy(x)
—5. 0.000797
—7.1 0.000241997
—9.10.0000952031

For x > 0 the right-hand side of (3.2) has singularities for z = ¢"',m >0, 0 < ¢ < 1.
Put ¢ = .9 again. We show a table for the left side of (3.2) = G (x) and F,(z). For F,(x)
we have also indicated the partial sum of k, see below. The meromorphic continuation
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F,(x) is very sensitive.

x| Goz) | Fy(x)

.005|1.01914 | 1.01914
.01 ] 1.03873 | 1.03873
.015 | 1.05879 | 1.05879
.02 1 1.07932 | 1.07932
.025 [ 1.10034 | 1.10034
.03 | 1.12187 | 1.12187
.035 | 1.14391 | 1.14391
.04 | 1.16648 | 1.16648
045 | 1.1896 | 1.1896
.05 | 1.21329 | 1.21329
.055 | 1.23755 | 1.23755
.06 | 1.26242 | 1.26242
065 | 1.28789 | 1.28789
.07 1.314 1.314

075 | 1.34076 | 1.34076
.08 | 1.3682 | 1.3682
.085 [ 1.39632 | 1.39632
.09 | 1.42515 | 1.42515
095 | 1.45472 | 1.45472

EN o= NIEN V= B= NGNS G SO S SO U U O O O N T

The rest of the table follows below. As explained above, we seemingly cannot go further
than # = .17. The point = = .15 is singular, since .9'® ~ .15.

r | Go(x) | Fo(x) | k
1 1 1.48504 | 1.48504 | 8
105 1.51614 | 1.51614 | 9
11 | 1.54804 | 1.54804 | 10
115 | 1.58077 | 1.58077 | 11
12 11.61435 | 1.61436 | 11
125 1.64881 | 1.64883 | 11
13 | 1.68417 | 1.68412 | 10
135 | 1.72047 | 1.72055 | 9
14 | 175773 | 1.75787
1451 1.79598 | 1.79574
15 | 1.83527 | oo
155 | 1.87561 | 1.87504
16 | 1.91704 | 1.91801
165 | 1.9596 | 1.95833
A7 12.00333 | 2.00154

o ©

> 0 © o |
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4 Third Case

Theorem 4.1. A g-analogue of [16, Ex. 9, p. 69]

—_—

a1 ) (—2)mg ()4

atl @
’) 990 9

— (5. %3
301(—n,a,00; 1 +a + n|g; 2¢") = —
( Z_:O <1>1 a+n; Q>m(zq m;Q)a-i-Qm

i 4.1
a atl @ a+l
= 29 2 1927 9 1z _
el R A T
Proof. By the g-binomial theorem, the right side can be written as
S 650 el ot O
it (L1+a+nq)m(Lqx '
The coefficient of 2! is
a a @ a m m?+m m(n—
i (5, %55 5. Fh @mla + 2mi @)rm(=1)"g "2 0D
m=0 <171 +a+n; Q>m<1JQ>lfm
l
<a;Q>l <a+la_l;Q>m qm(1+n) _ <1 +n— l7a;Q>l _ (43)
(Ligh == (L+a+n,1;q)m (L+a+n,1;q)
<—n,a; Q>l nl_G)(—l)l.
<1+a+n717q>l
This is equal to the coefficient of 2’ on the left hand side. [

Now puta =4.3,n = 20,q = .9.
For © < 0 we have the following table for the left-hand side of (4.1) = G,(z)

x Go(x) x Go(x)
—1 10.0764614 | —1.05 | 0.0694025
—1.10.0631296 | —1.15 | 0.0575488
—1.210.0525919 | —1.25 | 0.0482326
—1.30.0445264 | —1.35 | 0.0417049
—1.410.0403837 | —1.45 | 0.0420015
—1.50.0497192 | —1.55 | 0.0702004
—1.6 | 0.117047 | —1.65 | 0.217254
—1.7| 0.423068 | —1.75 | 0.833271

Then the function value increases fast.
The difference Gy (x) — F,(x) is still relatively small (< 0.001) until z = —1.4.
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For x > 0 the right-hand side of (4.1) has singularities forz = ¢™,m > 0, 0 < ¢ <
1.Putn =5, ¢ =.9. We show a table for the left side of (4.1) = G () and F;(x). For
F,(x) we have also indicated the number of terms &.

z | Goz) | Fy(z)
.005 | 1.01133 | 1.01133
.01 | 1.02278 | 1.02278
.015 | 1.03437 | 1.03437
.02 | 1.04608 | 1.04608
.025 | 1.05792 | 1.05792
.03 | 1.06989 | 1.06989
035 | 1.082 1.082
.04 11.09424 | 1.09424
.045 | 1.10662 | 1.0662
.05 | 1.11913 | 1.11913
055 1 1.13179 | 1.13179
.06 | 1.14458 | 1.14458
.065 | 1.15751 | 1.15751
.07 | 1.17059 | 1.17059
075 | 1.18381 | 1.18381
.08 | 1.19717 | 1.19717
.085 | 1.21069 | 1.21069
.09 ]1.22435 | 1.22435
.095 | 1.23816 | 1.23816

YOO OO UL O O s O s s s W W Wb Wi

5 Fourth Case

The following transformation follows from a simple substitution in a known quadratic
transformation in [16, p. 65, (1)].

X
oF1 (b, 0; 20;20——) = (1+2)"oF; (3, %0+ 127 (5.1)

[17, p. 222, 4.6]. A g-analogue of (5.1).

oo | P Tl o | = Cmanan | 23 ] 62
392 9 4% (—:L’qb;q)k =\=Z;q)p 291 a+%q’$ : .

The value © = —1 is of course not allowed. The left-hand side of (5.1) has the function
2x
(1+2)
arrive at the solution —3 < z < 1. It again turns out that this is very important for the

g-case.

value . If we solve the inequality |2z < |1 + x| with respect to |z| < 1, we
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Now puta = 4.3,0 = 2.8, ¢ = .9. We show a table for the difference left side minus
right-hand side (D = G g(z) — Fg(x)) in (5.2):

D(10~") [ = | D(107™)
1.9984 [ —.1] 1.11022
—3.10862 | —.2 | —3.33067
2.22045 | —.3 | .94369
5.32907 | —.4 | .555112
5.32007 | —.5| .138778
—1.59872 | —.6 | —19.0403
1.77636 | —.7 | 334.857
—1.77636 | —.8 | 5600.26
—65.7252 | —.9 | —11154.

O NG W R

For z < 0 the function G () converges until -1 with the value 3.3412 x10°. Forx > 0
G o(x) converges until .95 with the value 23.

For # < 0 the function Fg(z) converges until -.95 with the value 0.008764. For
x > 0 Fo(z) converges until .925 with the value 36.5454.

6 Fifth Case

First follows the hypergeometric transformation.

Theorem 6.1. Gauss [11, p. 225 (101)], [15, p. 78 (51)], [10, p. 68 (3.5.6)], [16, p. 65
(12)]:

—4
oFi(a,b; 1+a—bya?) = (1 — )72 5Fy (a, a+%—b;1+2a—2b ﬁ) L (6.1
— T

Theorem 6.2. [6] A q-analogue of (6.1):

a,—l 2 2| ~
2¢1|:(I+1+l, IQ#J}—
a+l+%,a—|—l—l—%,a,fi,oo _ —a—l—% ) leN
53 20 +1+ 21 14594 I (ya " 27 @)agson |
(6.2)

This is a formal equation that illustrates this character of g-calculus.

7 Sixth Case

A g-analogue of [16, (1), p.90] influenced by Whipple [18].
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Theorem 7.1. If neither a — b nor a — c nor a is a negative integer,

sdo(a,b,c;1+a—b,1+a—clgogteb7c) =

s A(q;?;a),1+a—b—c,oo|_QsH - (7.1)
o l+a—-bl+a—c ¢ (g™ @)avor |
Proof. Weputh[]EFq[113;1’21—%:2].Then
i {a, b, c; q)pakqtita=b=c)
k (L1+a—0b,14a—cqx

_T HZ<a,b,C;q>kxkq’““+“""c) l+a+2k1l+a—b—c
- - (L; ) (1 4+ a; q)ax l+a—b+k1+a—c+k

k(1+a—b—c)

= btk etk . (a,b,c; q)rztq
_ F “+a c
‘JHZ 201 [ 14 a+ 2k 4 } (L )r(1 + a; q)ar

Z b c; q . q(n+k)(1+a—b—c)
n,k=0 <1 (]> <1 —|-(Z; Q>n+2kz
i " R A
n=0 k=0 <1 q>n k<1 + a;q>n+k
(b, ¢; g)ng™ 070
q[];wﬁ( n,a,00; 1+ a+ n|q xq") L1taq.
= a a+l @ a+l — (b, ¢; q)ng"1+a=0=0)
:F 2727272700 ;ZTL _ g
q[]; 5¢3[ liatn ‘q q H (xq k;Q)a+2k] <171+GQQ>n

o (b, ¢ Qg™ (5)+n(+atk—b—c) .k
q> <1 +a q>n+k<xq 7Q)a+2k

8
—~
|
—_
~—

o
—~
I
=R
\/
??‘

q,q
k=0 lt+atk | (L) (1 + a; Q) r(xq"; @)aror

]ir l+a+kl+a—b—c+k (=1)*(a; @)arg” @
l+a—b+kl+a—c+k | (L)l +a;q)r@q " Qara

00 [k
Z Ng;2;a),1+a—b—c;q)p(—x)kq (2) _ RHS.
=0

(L1+a—>b,14a—c¢q)r(xq%;q)aror
(7.2)
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We next try to find a g-analogue of the Whipple [18] quadratic transformation

302 [ —m,b,c x}

1—-b—n,1—c—n
n —n+1

————1-b—c—n —Hz
=1—2)"302| 27 2
l—-b—n,1—c—n (1—=)?

] (7.3)

We follow the proof from Rainville [16, (1), p. 89]. We expand the function

— [ et ,atE, x)]

in two different ways.

n o [5]

- (b,c; @)t (18, x)" xtk (b, ¢; q)pit™(1 B, z)" 2"
A= =
;ZO {0+ ¢; q)n(1; q)i(1; ZZ 0+ ¢ Qn—k(L; @i (L; @)n—2t

’VL n= -0

Mlz

(b, €5 =i @)an(l = b — ¢ = s qh (=11 (1 By 2" Pak 4y
n=0 k=0 <1’b+0;q>n<1’1_b—”,1—c—n;Q>k 1

(0,05 (i qa(1 = b — e = mi g (~D) (1B, 22
Byt (1, b+c On(l,1=b—n,1—c—n;q)p(1 B,z 1g'—)%*

(o ()2 (1)

ibcq (18, z)" Z (—n;q@)or(l —b—c—n; )p(—1)*x
(1,b+ ¢; q)n (1,1=b—n,1—c—n;q)r(x 8, ¢~ )

n=0 k=0
v (4)

ibcq It (18, x)" "

Mg

M

QE

Lb+ ¢ q)n
AN(qg;2;—n),1—b—c—n 1 3-m
{ (4 ) i

1—-b—n,1—c—mn,00

5¢5

(z7'¢" ™ q)ax

(7.4)
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By a slightly different calculation we have
n+k k(_.\k
= Zzbcq —t 8, 1) Zbcqwrkt (—tH, 1)*(—=)
i b+l 1an 2 Ot Gl okl a)n
(b+k,c+ ki q)at" " (b, c; @i (1 @)uw
(Lo+ ¢ qh <1,b+c+k,q>n
A G
<17b+c; Q>k

(b, ¢ @) n(t" @)pa®
<17 b+ G q>k

2¢1(b+k5,0+k,b+0+k|q,t)

= 1
:Z 2¢1(bcb+c+k|q,tq)
k=0

t”“'“(b, & Onlb, ¢ it Qrrrq™

G GO+ @nr (L )n <1;q>k

"D, ¢ @)k by & Or(ts @ratgH Y
(L;

(6 r(b + ¢ @ ) k(1 @)

i
o
b
Il
o

(7.5)

We cannot equate the coefficients of ¢" in the two expressions for A, and the proof fails.

8 Conclusion

There are a lot of g-quadratic transformations, and the future will show how many they
are. For each hypergeometric formula duplicates can occur with quite different proper-
ties. The logarithmic method of [7] and [9] will clearly facilitate the comparison to the
hypergeometric case.
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