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Abstract

Here we present a wide range integral operator general inequalities on time
scales under convexity. Our treatment is combined by using the diamond-alpha in-
tegral. When that fails in the fractional setting, we use the delta and nabla integrals.
We give plenty of interesting applications.
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1 Introduction

We start with the definition of the Riemann-Liouville fractional integrals, see [20]. Let
[a,b], (—00 < a < b < o0) be a finite interval on the real axis R. The Riemann—
Liouville fractional integrals /7", f and I;"_f of order o > 0 are defined by

& __Lr z— )" r>a
(120 @) = 75 [ TO =0 @, (L.

(I f) (z) = ﬁ / F@)(t—x)*"dt, (x<Db), (1.2)

respectively. Here I («) is the Gamma function. These integrals are called the left-sided
and the right-sided fractional integrals. We mention a basic property of the operators
I3, f and I,* f of order o > 0, see also [23]. The result says that the fractional integral
operators I, f and [;'_ f are bounded in L, (a,b), 1 < p < oo, thatis

e A1, < KA, A, < KA, (1.3)
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where 0 o
—a
K = . 1.4
ol («) (14)
Inequality (1.3), that is the result involving the left-sided fractional integral, was proved
by H. G. Hardy in one of his first papers, see [16]. He did not write down the constant,
but the calculation of the constant was hidden inside his proof.

So we are motivated by (1.3), and also [2, 5,7, 19], and we will prove analogous
properties on time scales. But first we need some background on time scales, see also
[11].

A time scale T is an arbitrary nonempty closed subset of the real numbers. The time
scales calculus was initiated by S. Hilger in his PhD thesis in order to unify discrete
and continuous analysis [17,18]. Let T be a time scale with the topology that it inherits
from the real numbers. For ¢ € T, we define the forward jump operator o : T — T by

o(t)=inf{s € T: s> t}, (1.5)
and the backward jump operator p : T — T by
p(t)=sup{s e T:s <t} (1.6)

If o (t) > t, then we say that ¢ is right-scattered, while if p (¢) < ¢, then we say that
t is left-scattered. Points that are simultaneously right-scattered and left-scattered are
said to be isolated. If o (t) = t, then ¢ is called right-dense; if p(t) = ¢, then ¢ is
called left-dense. The mappings u, v : T — [0, +00) defined by u (t) := o (t) — ¢ and
v (t) :=t— p(t) are called, respectively, the forward and backward graininess function.

Given a time scale T, we introduce the sets T*, T}, and Tﬁ as follows. If T has a left-
scattered maximum ¢, then T* = T — {t1}, otherwise T = T.If Thas a right-scattered
minimum £, then T), = T — {t,}, otherwise T}, = T. Finally, T} = T* N T}.

Let f : T — R be a real valued function on a time scale T. Then, for t € T,
we define fA () to be the number, if one exists, such that for all ¢ > 0, there is a
neighborhood U of ¢ such that for all s € U,

[f (o () = f(s) = f2 () (0 (t) = s)| S elo(t) —s|. (1.7)

We say that f is delta differentiable on T provided f* (t) exists for all + € T*. Simi-
larly, for t € Ty, we define f v (t) to be the number, if one exists, such that for all € > 0,
there is a neighborhood V' of ¢ such that forall s € V

[f(p @) = f(s) = fY (1) (p(t) = s)| < elp(t) —s|. (1.8)

We say that f is nabla differentiable on T}, provided that fV () exists for all ¢ € Ty

For f : T — R, we define the function f : T — R by f7(t) = f(o(t)) for
allt € T, thatis f° = f o o. Similarly, we define the function f* : T — R by
fP @)= f(p(t)) forallt € T, thatis, f* = fop.
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A function f : T — R is called rd-continuous, provided it is continuous at all right-
dense points in T and its left-sided limits finite at all left-dense points in T. A function
f T — Ris called 1d-continuous, provided it is continuous at all left-dense points in
T and its right-sided limits finite at all right-dense points in T.

A function F' : T — R is called a delta antiderivative of f : T — R provided that
F2 (t) = f (t) holds for all t € T*. Then the delta integral of f is defined by

/ f{t)At =F(b) — F(a). (1.9)

A function G : T — R is called a nabla antiderivative of ¢ : T — R, pro-
vided GV (t) = g(t) holds for all ¢ € Tj. Then the nabla integral of g is defined
b

by / g (t) Vt = G (b) — G (a). For more details on time scales one can see [1,11,12].

a
Now we describe the diamond-« derivative and integral, referring the reader to [21,

22,24-27] for more on this calculus.
Let T be a time scale and f differentiable on T in the A and V senses. For t € TF,
we define the diamond-ov dynamic derivative f¢° () by

O =affO+ 1) V), 0<a<l. (1.10)

Thus, f is diamond-« differentiable if and only if f is A and V differentiable. The
diamond-« derivative reduces to the standard A derivative for av = 1, or the standard V
derivative for a = 0. Also, it gives a ”weighted derivative” for « € (0, 1). Diamond-«
derivatives have shown in computational experiments to provided efficient and balanced
approximation formulae, leading to the design of more reliable numerical methods [24,
25].

Let f, g : T — R be diamond-« differentiable at ¢ € ']I",j. Then

(i) f+g:T — Ris diamond-« differentiable at ¢ € T with
9" =N =) (). (L11)

(i) For any constant ¢, cf : T — R is diamond-« differentiable at ¢ € ']T',z with

o

(H () =N ). (1.12)
(iii) fg: T — R is diamond-« differentiable at ¢t € ']I‘Z with
(f9” () =N B g &) +af ) g> )+ (1 —a) f* (1) g% (). (1.13)

Leta,t € T, and h : T — R. Then, the diamond-« integral from a to ¢ of h is defined
by

[r@oir=a [ h@arta-a) [h@vr 0<ast s
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We may notice the absence of an anti-derivative for the {$,, combined derivative. For

te ’]I‘l,j, in general
t O
(/ h(7) <>ar> #h(t). (1.15)

Although the fundamental theorem of calculus does not hold for the <{>-integral, other
properties hold true. Let a,b,t € T, c € R. Then

O [0 90} 0ur = [ 701 0urE [ 9(7) 0urs
(i) / of (1) Gur = / £ (t) Gar
t b t
(i) / £ (7) Gar = / £ (7) a + /b £ (7) Gars
b
(iv) If f(t) > 0 for all ¢, then/ f () Qat > 0;
b b
) 1 () < g (0) forall then [ 1 (00t < [ g(t) Gut
b
(vi) If f () > O for all ¢, then f (¢) = 0 if and only if/ f(t)Oat =0;

b
(vii) / cQut = c(b—a);

[ 100d|< [1rwiou

We would use Jensen’s diamond-« integral inequalities.

(viil)

Theorem 1.1 (Jensen’s inequality, see [26]). Let T be a time scale, a,b € T witha < b,
andc,d € R. If g € C([a,b]y, (¢,d)) and f € C ((c,d),R) is convex, then

; <fag(8) <>as> < JuT(9(5) Qas (1.16)

b—a - b—a
Also we need the extended Jensen inequality on time scales via diamond-« integral.

Theorem 1.2 (Generalized Jensen’s inequality, see [26]). Let T be a time scale, a,b € T
witha < b, c,deR, g€ C([a,bl},(c,d)), and h € C ([a,b];,R) with

b
/ |h (s)] Cas > 0. (1.17)



Integral Operator Inequalities on Time Scales 115

If f € C((c,d),R) is convex, then

21 (s) ) 21 () Gas
f < - (1.18)
( IN Ih |Oa fa |h(3)|<>as

We further need the following inequality.

Theorem 1.3 (Holder’s Inequality, see [14]). For continuous functions f, g : [a,bl, —
R, we have:

/|f 1<>at<{/ f |p<>a] [/ab|g<t>|q<>at];, (1.19)

where p > 1, and q = L
p—1

We obtain the following result.

Theorem 1.4 (Generalization of Holder’s inequality). Ler f; € C([a,b];,R), i =

n

1
1,...,n, and p; > 1 such that g — = 1. Then
— Di
i=1

)P Oat) " (1.20)

/a H|f1 |<>at<1f[1(/ab|fi<t

Proof. We use (1.19) and the induction hypothesis, exactly as in [13]. [

Comment 1.5. By Tietze’s extension theorem of general topology, we easily derive that
n

a continuous function f of H ([a;, b)) N'T;) (where T;, @ = 1,...,n € N are time

i=1
n

scales) is bounded, since its continuous extension F' on H [a;,b;] € R™ is bounded,
i=1

n € N.

Comment 1.6. It is regarding the univariate functions. Based on [15], we see that the
Cauchy Time scales delta A and nabla V integrals are equal to definite Riemann time
scales A, V integrals, respectively. Thus, the diamond-a-Cauchy integral (1.14) is a
diamond «-Riemann integral over continuous functions. Of course the last integral
exists, since continuous functions are Riemann A and V-integrable, and it is equal to the
corresponding a-Lebesgue integral, by [15]. In particular, the dominated and bounded
convergence theorems hold true with respect to the Lebesgue-A, V measures.
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Comment 1.7. Let Ty, T, be time scales and f : [a, bl X [c,d], — R be continuous.
By [8,9], we get that f is Riemann A and V-integrable over [a,b)r, X [c,d)r, and
(a,b]r, x (¢,d]r,, respectively. Hence by [8,9], f is Lebesgue A and V-integrable
there. Thus by Fubini’s theorem, we ge

/ab</cdf(x,y)Ay>A:cz/cd(/abf(x,ymx)Ay, (1.21)
/ab(/cdf(:c,y)w)v:c:/cd(/abf(x,y)w)vy. (1.22)

We define (« € [0, 1])

/ab (/cdf(%y)%y) ot
a/ab (/cdf(:c,y) Ay> Az +(1—a) /ab (/cdf(:c,y) Vy) Vz. (1.23)

One can generalize (1.23) for multiple integrals. So for f continuous, we get the {>,,-
Fubini’s theorem main property:

/ab (/Cdf (2, y) <>ay) Qo = /cd (/abf (,y) <>ax) Oal- (1.24)

We notice the following.

and

Remark 1.8. Let Ty, Ty be time scales and f : [a,b]y x [c,d];, — R be continuous.
Consider

g(@) = /f<a:,y><>ay

= o [revayra-o [ s

a € [0,1], Vx € [a,b];, . We prove that g is continuous on [a, b]; . Let x,, — x, where
{Tn}nen, © € [a, 0]y, then f (7,,y) — f(2,y),asn — oo, Vy € [c,d]y,. Furthermore
there exists M > 0 such that |f (z,,,9)|, |f (z,v) ¢, d],. Hence by
Lebesgue’s bounded convergence theorem (see [8]), we get that

d
lim f Ty Y Ay—/ f(z,y) Ay, (1.25)
n—oo
and
d
lgn [ (n,y Vy—/ f (2, y) Vy. (1.26)

Combining (1.25) and (1. 26) we obtain g (x,) — g (z), as n — oo, proving the conti-
nuity of g.
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Comment 1.9. In [6], we proved that if & : R, := [0, 00) — R is convex and increasing,
then ® is continuous on R . Furthermore for z < 0, we extend ¢ (z) := ® (—x), to the
symmetric branch of ®. Both branches of ® make a convex function on (—o0, 00).

So now we can apply Jensen’s inequality also on R. Plus, it is well known that if
®: (A, B) C R — Ris convex, then ® is continuous on (A, B).

2 Main Results

We present inequalities on <, -integral operators.

Theorem 2.1. Let Ty, Ty be time scales, a,b € Ty; ¢,d € Ty, k(x,y) is a kernel
function with x € [a,bly , y € [c,d|y,; k is continuous function from [a, bl X [e,d]y,
into R.. Consider

1

d
K (z) ::/ k(z,y) Cay, VY €la,bly, . (2.1)

We assume that K (v) > 0,V x € [a, by . Consider f : [c,d|; — R continuous, and
the {-integral operator function

g(z) = / E(,9) £ (4) Gats 2.2)

V€ |a, b]Tl . Consider also the weight function
w:la,bly, — Ry, (2.3)

which is continuous. Define further the function

b
v(y) = / %&’y)%x, (2.4)

Vy € [c,d]y, . Let I denote any of (0,00) or [0,00), and ® : I — R be a convex and
increasing function. In particular, we assume that

/1 ([e, d]z,) € 1. (2.5)

Then

/ab u(z)® ('f(((%') Gat < / "0 )@ (1F () Sur 2.6)
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Proof. We see that

[ i) [l
o | <xy>|f<>|<>ay)<>a

k(o) @ (|f () <>ay> oot
[ (7.4)) 60 ) 0t
k

d
/ k(z,y) f(y) Gy

) Ot

where we used the generalized Jensen’s inequality, see Theorem 1.2 and Comment 1.9,
and (1.24). This proves the claim. L]

We continue with the next result.

Theorem 2.2. All as in Theorem 2.1, however now ® is not necessarily increasing and
only from (0, c0) into R. Additionally, we assume that f is of fixed strict sign. Then

/abu(x)q) (‘[g((( ))‘) Qo < /Cdv(y)¢(|f(y)|)<>ay. 2.7)

Proof. We notice that

d
/ k(,9) f () Gy

d
g (@) = — [ bl @0 @8
Therefore we have

[rirs (88) v [ o

- [wwe (1 [ FEn i )10w) o 29)

The rest follows as in the proof of Theorem 2.1. [

/ k(z,y) f(y) < ay

The following is a corollary to Theorem 2.2.
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Corollary 2.3. It holds

/abu(x)ln (‘[g((( ))‘) Qo 2 /cdv(y) I (If (W)]) Gay (2.10)

Proof. Apply (2.7) for () = — In z, which is convex with domain (0, 00). O

The following is a corollary to Theorem 2.1.

Corollary 2.4. It holds

b o) d
/ u(x)e kG Qar < / v (y) WIS . (2.11)
Proof. Apply (2.6) for ® (z) = €®, z > 0. O

Notation 2.5. Let Ty, Ty be time scales, a,b € Ty; ¢,d € Ta; k; (z,y) is a kernel
function with = € [a,b]; , y € [c, d]y,; ki is continuous function from [a, bl X [c, d],
into Ry forz =1,...,m € N. Consider

d
K; (x) ::/ ki (z,y) Qay, Yz € |a, b]Tl , (2.12)
i = 1,...,m. We assume that K; (v) > 0,V x € [a,b]y ,i = 1,...,m. Consider
fi + le,d]y, — R continuous, i = 1,...,m, and the {,-integral operator function
d
gi@) = [ s (o.9) £ 0) Ot .13
V€ [a,b]y,i=1,...,m. Consider also the weight function
u:[a, by, — Ry, (2.14)
which is continuous. Define further the function
b m
u () [T, ki (2, y)
o) = | Oat 215)
a Hz 1 K ( )
Vy € e, d]TZ .Here &, : R, - R ,7=1,...,m, are convex and increasing functions.

We give the following result.

Theorem 2.6. All as in Notation 2.5. Let j € {1,...,m} be fixed. Then

[roll= (55 )w

=1

m d

< H/C @i (I (W)]) Gay (/cd%(!fj(y)I)Am(y)oay). (2.16)
zséa
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Proof. We demonstrate the proof for m = 3. For general m it follows the same way.
Here we use the extended Jensen’s inequality, see Theorem 1.2 and Comment 1.9, -
Fubini’s theorem, see (1.24), and that ®; are increasing. We introduce the auxiliary
function

K; (x)

1

3
1=

and calculate

] /ab“”)}j‘bi (| [ 0100 0]) Gu

< [ue H v (s [ 1 0)10w) 0

< [ H (35 [ @0 @50 0ur) Gur
) / Hu;z) (H / dki<x,y><bi<\fi<y>|><>ay) Gat
- [ (H J <y>|><>ay) Ot

- [om|[ (H / dki<x,y><1>i<rfi<y>|><>ay>
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[ @500 /9 e ([ [ o500 0}

(z,y) P2 (/2 (y) o] Qal

2 (5,9)

[ es0nw) / (/9 (9 s (0. 9) B (12 ()

/dk:(:v,y)tbl A W) y}<> y)<>4<>y
oo [([
JX D) 9t} O

/abe

( bo

) a
1 (W)])
) U( ) by (2,y) ks (2,9) @2 (| f2 (9)])
)< o ><>

d
ky

x) by (2, y) ks (z,y) D2 ([f2 (v)]) -
) ou
) )

(
) (

z,y) @1 (|f y ) G
v Cay (

U D) G f Ga) ]

i ou) [ [ @000 ([0 ke tw) b )

(
( c

(59) @1 (1 () <>ay) <>ax) oay]

) 3

"0u (1 ) 0 )[/@ rf2<y>|>{/ab(/Cde<x>ﬂki<x,y>~

o1 00)
")
c )
/Ck;l v, y) @
o150
/cd (=

k

{
(f

Y

(/ dcbs A
{

(f

(

(f *
(

(A

/
(&
b

W)]) Cay) Cat} Cayl]
3 (

1 000) 0ut) (/ (1)) 0 )

(x) H ki (z,y) @1 (11 ()]) <>ay> <>a:c>
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(H [ s <y>\><>ay> ([ 05020 0u).

proving the claim. 0

The following is a corollary to Theorem 2.6.

Corollary 2.7. It holds

/b (z)e 1"1|zg<z<z><> r < H/ FiWley gy (/df?'fj(y)'/\m(y)Qay)-
1#]

Proof. Apply ®; (x) =€®, 2 >0, foralli =1,...,m. O
We continue with the next result.

Theorem 2.8. All as in Theorem 2.6, but now ®; : (0,00) — Ry, i = 1,...,m, are

convex and not necessarily increasing. Furthermore all f;, i = 1,...,m, are of fixed

strict sign. Then (2.16) is valid.

Proof. Similar to Theorem 2.2, and Theorem 2.6. U]

We give the following application.
Corollary 2.9. All as in Theorem 2.8, with ®; (zr) = —Inz, i = 1,...,m € N. It holds

(-1 / Hl ('g’ )<>ax

1 [ w0500 0ay | ([ 10502 0) 0.
= C

Proof. By (2.16). L]

We continue with the next result.

Theorem 2.10. All as in Notation 2.5. Define

wy) = [ ule) ’“K<( ?;) Bat, @.17)

Vye€ledy,i=1,...,meN Letp; > 1: Z = 1. Then

bi
[oiin (3

)W = H ( / @i (i (y)])" oay);". (2.18)
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Proof. Notice that ®;, 7 = 1,...,m, are continuous functions. Here we use the gener-
alized Holder’s inequality, see Theorem 1.4. We have

ot () - [t (32
ﬁ</ (|Kz-(< 5) o)’

=1

< TI (/ &, (| ()" oay)"l"

=1

IA

(notice here that CIDP ‘.1 =1,...,m, are convex, increasing and continuous, non-negative
functions, and apply Theorem 2.1). This proves the claim. 0

We also give the following result.

Theorem 2.11. All as in Theorem 2.10, but now ®; : (0,00) — Ry, 1 =1,...,m, are
convex and not necessarily increasing. Furthermore all f;, 1 = 1,...,m, are of fixed
strict sign. Then (2.18) is valid.

Proof. Similar to Theorem 2.10, and by using Theorem 2.2. [
The following two results are corollaries to Theorem 2.10.
Corollary 2.12. Leto; > 1,1 =1,...,m. Then

/“ﬁ(%) Qo <H(/ |fz()|)aipi<>ay)pli

=1
Proof. Apply (2.18) for ®; (x) = 2%, x > 0,i=1,...,m. O
Corollary 2.13. It holds

/b (z)e T1|1g<z<z>>‘<> r < H (/ y) ePlFWIg y),,-

Proof. Apply (2.18) for ®; (x) = €®, 2 > 0, foralli =1,...,m. O

We need the following definition.

Definition 2.14 (See [3]). Let T be a time scale. Consider the coordinate wise rd-
continuous functions h, : T x T — R, o > 0, such that hq (,s) = 1,

t
hat1 (t,s) = / he (T,5) AT, (2.19)
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Vs, te.
When T = R, then o (t) = t, we define
(t—s)°
ho (t,8) 1= ——2— o >0 2.20
When T = Z, theno (t) =t +1,t € Z, and
(t —s)®
hi (t,5) = *—7—. VkeNg=NU {0}, (2.21)
k-1
Vt,s e Z where t¥ =1,t® = ][ (t —4) for k € N. Also it holds
i=0
b b—1
/f(t)At:Zf(t),a<b; a,b e Z. (2.22)
a t=a

We need the following definition.

Definition 2.15 (See [3]). For o > 1, we define the time scale A-Riemann—Liouville
type fractional integral (a,b € T)

KSf(t) = /at ho-1 (t,o (7)) f (T) AT, (2.23)
(by [10] is an integral on [a,t) N'T)
Kof = f,
where f € Ly ([a,b) N T) (Lebesgue A-integrable functions on [a, b) N'T, see [8,9,15]),
t € [a,b] N'T. Notice K f (t) = /t f (1) AT is absolutely continuous in ¢ € [a,b] NT,
see [10]. ’

Lemma 2.16 (See [3]). Let o > 1, f € Ly ([a,b) N'T). If additionally h,_1 (s,0 (1)) is
Lebesgue A-measurable on ([a,b) NT)?, then K f € Ly ([a,b) N'T).

We need the following definition.

Definition 2.17 (See [3]). Assume T time scale such that T* = T. Let w>2:m—
1 < pu<méeN, ie. m = [u] (ceiling of the number), v = m — p (0 < v <
1). Here we take f € C ([a,b] N'T). Clearly here (see [15]) 2" is a Lebesgue A-
integrable function. Assume h (s, 0 (t)) is continuous on ([a,b] N T)*. We define the
delta fractional derivative on time scale T of order 4+ — 1 as follows:

AELF(t) = (KT FA™) () = / ho (to (1) £ (1) Ar, (224)
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Vt € [a,b] N T. Notice here that A*,' f € C ([a,b] N T) by a simple argument using
dominated convergence theorem in Lebesgue A-sense. If 4 = m, then v = 0 and by
(2.24), we get

AT () = K2 (1) = 127 (). (225)

More generally, by [10], given that f AT g everywhere finite and absolutely continu-
ous on [a,b] N'T, then 2™ exists A-a.e. and is Lebesgue A-integrable on [a,t) N'T, V
t € [a,b] N T and one can plug it into (2.24).

We need the following definition.

Definition 2.18 (See [4]). Consider the coordinate wise 1d-continuous functions ﬁa :
T xT — R, a >0, such that hq (¢,s) = 1,

t
hot1 (t,s) = / he (1,8) VT, (2.26)

Vs, teT.

~ t—s)F
In the case of T = R; then p (t) = ¢, and hy, (¢, s) = ( kIS) , k € Ny, and define

~ (t—s9)"
he (t,8) == Tatl) a>0. (2.27)

Let T = Z, then p(t) =t — 1, t € Z. Define t° := 1, t* =t({t+1)---(t+k—-1),

~ t— )k t
k € N, and by (2.26), we have hy (t,s) = ( kIS) ,s,t €7,k e N. Here/ V71 =
! to

t

>

to+1

We need the following definition.

Definition 2.19 (See [4]). For a > 1, we define the time scale V-Riemann—Liouville
type fractional integral (a,b € T)

-~

t
JES® = [ a0 (7)) ()97 228)
(by [10] the last integral is on (a, t] N'T)

Jaf ()= (1),
where f € Ly ((a,b] N T) (Lebesgue V-integrable functions on (a, b)NT, see [8,9,15]),
t € [a,b] N'T. Notice J, f (t) = /t f (7) V7 is absolutely continuous in t € [a,b] N'T,
see [10]. ’
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Lemma 2.20 (See [4]). Let o« > 1, f € Ly ((a,b] N'T). If additionally a1 (s,p(t))is
Lebesgue V-measurable on ((a,b] N'T)?, then J*f € Ly ((a,b] N T).

We also need the following definition.

Definition 2.21 (See [4]). Assume T, = T. Let © > 2 suchthatm — 1 <y <m € N,
ie. m = Jul, v =m—-—puO <v<1). Let f € CJj(la,b]N'T). Clearly here
(see [15]) £V is a Lebesgue V-integrable function. Assume %y (s, p () is continuous
on ([a,b] N ']T)Q. We define the nabla fractional derivative on time scale T of order 1 — 1

as follows:
V0= (2 0 = [(eltpm) ST (0 @29)

V¢ € [a,b] N T. Notice here that V*, ' f € C ([a,b] N'T) by a simple argument using
dominated convergence theorem in Lebesgue V-sense.
If & = m, then v = 0 and by (2.29), we get

VR = ) = (). (2.30)

More generally, by [10], given that f v s everywhere finite and absolutely continu-
ous on [a,b] N'T, then ¥ exists V-a.e. and is Lebesgue V-integrable on (a, ] N'T, V
t € [a,b] N'T, and one can plug it into (2.29).

We present the next result.

Theorem 2.22. Let T be a time scale, and a,b € T, a < b, with o (a) = a. Let o > 1,
he as in (2.19), and K f as in (2.23), where f € Ly ([a,b) N'T). Assume further that
ha-1 (5,0 (t)) is Lebesgue A-measurable on ([a,b) N T)>. Call

b
K*(2) = / Niaw () Ihar (2, ()] Ay @.31)

_ / s (2,0 (4))] Ay,

Vx € ([a,b] N'T), where X[o.z) (y) is the characteristic function on [a,x) N'T. Assume
that K* (z) > 0 (delta) Lebesgue measure A-a.e. in x € ([a,b] N T). Consider also the
weight function

u: ([a,b)NT) = Ry, (2.32)

which is (delta) Lebesgue A-measurable. Assume that the function

s %x[a,@ ) haes (2,0 (1)
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is A-integrable on ([a,b) N'T) for each fixed y € ([a,b) N'T). Define v* on (Ja,b) N'T)
by

b u\xr
)= [N o (o )] dr <0 @3)

Let ® : R, — R be a convex and increasing function. Then

/abu(x)@(%((f))’) Axg/abv* ()P (|f (x)]) Az, (2.34)
under the further assumptions:
(i) f,®(|f) are Xjaz)(Y)|ha-1(x, 0 (y))|Ay-integrable, A-a.e. in x € ([a,b) N T),
(ii) v*® (| f]) is A-Lebesgue integrable.

Proof. By [6], ® is continuous on R, . Here we use Jensen’s inequality, Tonelli’s theo-
rem and Fubini’s theorem, all on time scales setting. Also we use that ¢ is convex and
increasing. We extend ® (z) := ® (—x), z < 0, then both branches of ® make a convex
function on R and we can apply Jensen’s inequality. Next we have

K2 (0) = [ Xiow 0 ot (0 () () By, Vi € fa, ]V,

and
b
Ko f (z)] < / Xinw) @) a1 (2,0 W) 1] ()] Ay,

By Jensen’s inequality and Fubini’s theorem, we see that

/abu(xm(%) Az

< [u@o (3 [ vew 0l (o DI W] A1) Aa

A
< [ 2 ([ oy 0 s ()1 17 ) 80) 50

Y u(x)
:/ / o) (0) Ihat (@0 )| @ (1F (1)) Ay ) A

" )

u(z) ) o ) A

7 (@) Xlo) () ot (2,0 ()2 (1 W)]) Az ] Ay
)ar

( ;*(—;U;)X[a,m) (4) ot (2,0 (3))] A

completing the proof of the theorem. [
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The counterpart of the last result follows.

Theorem 2.23. Let T be a time scale, and a,b € T — {minT}, a < b, with p (a) = a.
Let o« > 1, hy as in (2.26), and J'f as in (2.28), where f € Ly ((a,b] N T). Assume
further that he_ (s, p (t)) is Lebesgue V-measurable on ((a,b] N'T)*. Call

~

Bt (2,0 ()] Wy (2.35)

K. (@)= [ Xy ()

= /j Ra-1 (I,p(y))‘ Vy,

Vx € (la,b] N'T). Assume that K, (x) > 0 (nabla) Lebesgue measure V-a.e. in x €
([a,b] N'T). Consider also the weight function

w: ((a,b)NT) — Ry, (2.36)
which is (nabla) Lebesgue NV -measurable. Assume that the function

w (x)

T — (2]

Now (9) [Facs (2,0 ()]

is V-integrable on ((a,b] N'T) for each fixed y € ((a,b] N'T). Define v, on ((a,b] N'T)
by

~

Ux (y) = / %X[a,x) (y) ha—1 (I, 1% (y))‘ Vi < 0. (2.37)

Let ® : R, — R be a convex and increasing function. Then

/abw (@) (%) VT s /ab ve (@) @ (|f (2)]) Ve, (2.38)

under the further assumptions:
(i) f,®(|f]) are X[a.z) (| ha1(z, ply))|Vy-integrable, V-a.e. in x € ((a,b] N T),
(ii) v.® (|f|) is V-Lebesgue integrable.
Proof. Similar to the proof of Theorem 2.22. [
We continue with the next result.

Theorem 2.24. Let T be a time scale, and a,b € T, a < b, with o (a) = a. Let a > 1,
he as in (2.19), and K_' f; as in (2.23), where f; € Ly ([a,b)NT), i =1,...,m € N,
Assume further that he_y (s, 0 (t)) is Lebesgue A-measurable on ([a,b) N'T)?. Call

b
KWW:/MW@WWMWWWM (2.39)
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Ve ([a,b) N'T). Assume that K* () > 0, A-a.e. in x € ([a,b] N'T). Here the weight
function
u: ([a,b)NT) = Ry,

is Lebesgue A-measurable. Assume that the function

|ha—1($’0-(y>)| "
K (x) )

£ u(2) Xjam) (1) (

is Lebesgue A-integrable on ([a,b) N'T) for each fixed y € ([a,b) NT). Define v}, on
([a,b) N'T) by

|ha_1 ([E,U

vE (y) = /a " (&) Xjam) (1) ( < (x)(y))|>m Az < 0. (2.40)

Let®; : R, - R, 1 =1,...,m, are convex and increasing functions. Then
AT o, (e fi(
[l (S &0
= o b
< <H/ @ (1f: ) Ay) ([ otn e mar).
i=27a a

under the further assumptions:

(i) fi, ®i(|fi]) are X[a.2)(Y)|ha—1(x, 0(y))|Ay-integrable, A-a.e. in x € ([a,b) N'T),
1=1,...,m,

(ii) v, @1 ([f1l), @2 (|f2]), @3 (f3]) - P ([fin
Proof. As in [7], and Theorem 2.6 here. O

), are all A-Lebesgue integrable.

The counterpart of the last result follows.

Theorem 2.25. Let T be a time scale, and a,b € T — {minT}, a < b, with p(a) =
a. Let o > 1, ﬁa as in (2.26), and J f; as in (2.28), where f; € L1 ((a,b]NT),
i =1,...,m € N. Assume further that a1 (s,p(t)) is Lebesgue V-measurable on
((a,b] N'T)% Call

~

b
K. (z) = / X(az) (¥) [ha—1 (z,p (y))| Vy (2.41)

V€ ([a,b) N'T). Assume that K, (xz) > 0, V-a.e. in x € ([a,b] N'T). Here the weight
Sfunction
w: ((a,0)NT) = R4,
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is Lebesgue V-measurable. Assume that the function

m

/ﬁa—l (ZL’, p (y)>
r—w (I’) Xla,x) (y) K, (ZL')

is Lebesgue V-integrable on ((a,b] N'T) for each fixed y € ((a,b] N'T). Define vy, on
((a, 5] N'T) by

~ m

b ha-1 (. p(y)) o .
m* = a.xr < . .
e 1) = [0 0 ) | s r<co. Q)
Let ®; : R, — R, v =1,... m,are convex and increasing functions. Then

[ @Il () v
< (iﬁ/f@iuﬁ <y>|>w> (/abcblufl ()]) Ome (9) Vy),

under the further assumptions:

(i) fi, ®i(|fi]) are Xja.2) (y)|/fza_1(x, p(y))|Vy-integrable, V-a.e. in x € ((a,b] N'T),
1=1,...,m,

(”) Um*q)l (‘fl )) (I)2 (’fZl)» (I)S (‘f3|> gy (I)m (‘fm
Proof. As in [7], and Theorem 2.6 here. U]

), are all V-Lebesgue integrable.

We continue with the following result.

Theorem 2.26. Let T be a time scale, and a,b € T, a < b, with o (a) = a. Let a > 1,
he as in (2.19), and K f; as in (2.23), where f; € Ly ([a,b)NT), i =1,...,m € N.
Assume further that he_ (s, 0 (t)) is Lebesgue A-measurable on ([a, b) N'T)*. Call

K*(2) = / Niaw () Ihar (2,0 ()] Ay (2.43)

V€ ([a,b) N'T). Assume that K* (z) > 0, A-a.e. in x € ([a,b] N'T). Here the weight
function
u: ([a,b)NT) = Ry,

is Lebesgue A-measurable. Assume that the function

T = U (Z) Xaz) (¥) ('ha_}((f&;)(ym)
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is Lebesgue A-integrable on ([a,b) N'T) for each fixed y € ([a,b) N'T). Define v* on
([a, ) V') by

)= [N W o (o )] dr <o 4

1

Letp; > 1: E — = 1. Let the functions ®; : R, — R, i =1,...,m, be convex and
— Di
=1

increasing. Then

[ T (FEESY) ae < (ﬁ [ weinmy Ay) -

i=1 i=1
under the further assumptions:

(i) fi, ®i(|fi])7" are Xja,2)(¥) | ha-1(x, 0 (y))|Ay-integrable, A-a.e. in x € ([a,b)NT),

foralli=1,...,m,
(ii) v*®; (|fi|)"" is A-Lebesgue integrable, i = 1,...,m.
Proof. As in [5], and Theorem 2.10 here. O
The counterpart of the last result follows.

Theorem 2.27. Let T be a time scale, and a,b € T — {minT}, a < b, with p(a) =
a. Let o > 1, EQ as in (2.26), and J¢ f; as in (2.28), where f; € Li((a,b]NT),
i =1,...,m € N. Assume further that Bt (s,p(t)) is Lebesgue V-measurable on
((a,b] N'T)% Call

~

ho-1(z,p(y))| Vy, (2.45)

K. (@)= [ X )

Vx € ([a,b) N'T). Assume that K, (x) > 0, V-a.e. in x € ([a,b] N'T). Here the weight
function

w: ((a,0)NT) = Ry,
is Lebesgue V-measurable. Assume that the function

-~

ha-1 (z,p (y))
K, (z)

z = w () Xfa.2) ()
is Lebesgue V-integrable on ((a,b] N'T) for each fixed y € ((a,b] NT). Define v, on
((a, 0] N'T) by

~

vy (y) == / ;(U*((xx)))qw) (y) |ha-1 (z,p(y))| VI < cc. (2.46)
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|
Letp; > 1: Z — = 1. Let the functions ®; : R, — R, 1 =1,...,m, be convex and

increasing. Then

[ el (G5 )')sz(ﬁ/:mm<|fi<y>|>piw>”,

under the further assumptions:

(i) fi, @i(|fi])P* are X(a,0)(y) ]ﬁa_l(x, p(y))|Vy-integrable, V-a.e. in x € ((a,b]NT),
foralli=1,....m

(ii) v.®; (| fi|)"" is V-Lebesgue integrable, i = 1,...,m
Proof. As in [5], and Theorem 2.10 here. L]
We give the following corollary to Theorem 2.24.

Corollary 2.28. It holds

/abu(x) (4 | < (H/ e Ay> (/ BBy () Ay)7

under the assumptions:

(i) fi,eil are Xjow) (y) hai1 (2,0 (y))| Ay-integrable, A-a.e. in v € ([a,b)NT),
1=1,...,m, and

(ii) v;“ne“cl', elf2l elfsl elfml gre all A-integrable.
We give the following corollary to Theorem 2.27.
Corollary 2.29. It holds

b s (lJé’fi(z)\) m o w
/w(m)e i=1\ " Kx (@) Vi < H/ v, (y)epi\fi(y)\vy 7

i1

under the assumptions:

(i) fi,e"Mil are both Xz (v) ‘Ea_l (x,p (y))‘ Vy-integrable, V-a.e. in © €
((a,b) N'T), foralli=1,...,m,and

(ii) v*epi‘fi‘ is V-Lebesgue integrable, 1 = 1,...,m.

We continue with the following result.
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Theorem 2.30. Let T be a time scale, and a,b € T, a < b, with o (a) = a. Let all as in
Definition 2.17, with f; € Cy ([a, b)) NT), i =1,...,m, € N; hy as in (2.19). Call

b
K\ (z) = / Ve (1) |1 (2,0 ()] Ay (2.47)

V€ (la,b) N'T). Assume that K, (x) > 0, A-a.e. in x € ([a,b] N'T). Here the weight
function
u: ([a,b)NT) — Ry,

is Lebesgue A-measurable. Assume that the function

T —u (13) Xla,z) <y> (W) |

is Lebesgue A-integrable on ([a,b) N'T) for each fixed y € ([a,b) N'T). Define v, on
([a,0) N'T) by

Om. (Y) = / () Xjaz) (Y) (W) Az < . (2.48)

Here @, : R, — R,,i=1,...,m,, are convex and increasing functions. Then

/ab“(”zﬁ@i ('AZ—@%M> Az
< (ﬁ/@ (172" <y>|)Ay) (/@ (172" W) ¢ () Ay),

under the assumption that o,,, is A-Lebesgue integrable on ([a,b) N'T).
Proof. By Theorem 2.24. 0
We also derive the next result.

Theorem 2.31. Let T be a time scale, and a,b € T — {minT}, a < b, with p (a) = a.
Let all as in Definition 2.21, with f; € C]} ([a,0]NT), i = 1,...,m. € N; hy as in
(2.26). Call

~

b
Ko (@)= [ Xy ) [z (2. (0)] V. 249

V€ ([a,b) N'T). Assume that Ky (x) > 0, V-a.e. in x € ([a,b] N'T). Here the weight
function

w: ((a,0)NT) = Ry,
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is Lebesgue V-measurable. Assume that the function

R (x, p (y))‘
K2 (ZL’)

r—w ('T) Xla,z) (y)

is Lebesgue V-integrable on ((a,b] N'T) for each fixed y € ((a,b] N'T). Define 1) on
((a, b} N'T) by

(y)

Exs > (x, p (y))’ Va < oo. (2.50)

Letp; > 1 Z — = 1. Let the functions ¢, : R, — R, 1 = 1,...,m,, be convex
i=1
and increasing. Then

1

[reolte (St oo (L[ swmirm o)

under the assumption that v is V-Lebesgue integrable on ((a,b] N'T).
Proof. By Theorem 2.27. 0

We finish with the following remark concerning Theorem 2.1.
Remark 2.32. (i) Let Ty =R, Ty =7Z;0 < o < 1. Then

b b
/-Oax:/ -dz, (2.51)

and
d d—1 d
/ Doy =aY -+ (l—a) > - (2.52)
¢ y=c y=c+1
Assume k : [a,b] X [¢,d], — R, a continuous function. So here
d—1 d
K(m)zaZk(m,y)—{—(l—a) Z k(x,y) >0, (2.53)
Yy=c y=c+1

Vx € la,b],and f : [c,d], — R, with

glx)=a) k(zy) fy)+(1—a) Y kzy) f@)), (2.54)
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V z € [a,b]. Here u : [a,b] — R, continuous, and

~ Pu(@)k(z,y) .
v (y) = / ENACE dz, (2.55)

Vy € led,.Let & : R — R convex and increasing function. Then, by (2.6),
we obtain

/abu@)@(';’((g)’)dx

(i) Let T, = Z, T, = R. Then

b b—1 b
/ -an:az~+(1—o¢) Z “ (2.56)
a r=a r=a+1
and
d d
oy = / Ay, (2.57)

Assume k : [a,b], X [c,d] — R4, a continuous function. So here
d
K (z) = / k(z,y)dy >0, Vx € [a,b],. (2.58)
Consider f : [¢,d] — R continuous and

d
g(z) = / k(e,y) £ (4) dy, Vo € [a,b],. (2.59)

Letu : [a,b], — R,. Hereitis

v(y):aZ%—l—(l—a) Z %(S’y), (2.60)

r=a

Vy € lc,d]. Let & : R, — R convex and increasing function. Then, by (2.6), we
derive




136

George A. Anastassiou

References

[1]

(2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

R. Agarwal, M. Bohner, D. O’Regan and A. Peterson, Dynamic equations on time
scales: a survey, J. Comput. Appl. Math. 141 (2002), no. 1-2, 1-26.

R. Agarwal, M. Bohner and A. Peterson, Inequalities on time scales: a survey,
Math. Inequal. Appl. 4 (2001), no. 4, 535-557.

G.A. Anastassiou, Principles of Delta Fractional Calculus on Time Scales and
Inequalities, Mathematical and Computer Modelling, 52 (3-4): (2010), 556-566.

G.A. Anastassiou, Foundations of Nabla Fractional Calculus on Time Scales and
Inequalities, Computers & Mathematics with Applications, 59 (12), (2010), 3750-
3762.

G.A. Anastassiou, Fractional Integral Inequalities involving Convexity, Sarajevo
Journal of Math, Special Issue Honoring 60th Birthday of M. Kulenovich, ac-
cepted 2012.

G.A. Anastassiou, Rational Inequalities for integral operators under convexity,
Communications in Applied Analysis, accepted 2012.

G.A. Anastassiou, Univariate Hardy type fractional inequalities, Proceedings
of International Conference in Applied Mathematics and Approximation Theory
2012, Ankara, Turkey, May 17-20, 2012, Tobb Univ. of Economics and Technol-
ogy, Editors G. Anastassiou, O. Duman, to appear Springer, NY, 2013.

M. Bohner, G.S. Guseinov, Multiple Lebesgue integration on time scales, Ad-
vances in Difference Equations, Vol. 2006, Article ID 26391, pp. 1-12, DOI
10.1155/ADE/2006/26391.

M. Bohner, G.S. Guseinov, Double integral calculus of variations on time scales,
Computers and Mathematics with Applications, 54 (2007), 45-57.

M. Bohner, H. Luo, Singular second-order multipoint dynamic boundary value
problems with mixed derivatives, Advances in Difference Equations, Vol. 2006,
Article ID 54989, p. 1-15, DOI 10.1155/ADE/2006/54989.

M. Bohner and A. Peterson, Dynamic equations on time scales, Birkduser Boston,
Boston, MA, 2001.

M. Bohner and A. Peterson, Advances in dynamic equations on time scales,
Birkiduser Boston, Boston, MA, 2003.

Wing-Sum Cheung, Generalizations of Holder’s Inequality, Internat. J. of Mathe-
matics and Mathematical Sciences, Vol. 26, No. 1, (2001), 7-10.



Integral Operator Inequalities on Time Scales 137

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

R.A.C. Ferreira, M.R. Sidi Ammi and D.EM. Torres, Diamond-alpha Integral in-
equalities on time scales, Int. J. Math. Stat., 5 (no. A09), (2009), 52-59.

G.S. Guseinov, Integration on Time Scales, J. Math. Anal. Appl., 285 (2003), 107—
127.

H.G. Hardy, Notes on some points in the integral calculus, Messenger of Mathe-
matics, vol. 47, no. 10, 1918, 145-150.

S. Hilger, Analysis on measure chains — a unified approach to continuous and
discrete calculus, Results Math. 18 (1990), no. 1-2, 18-56.

S. Hilger, Differential and difference calculus — unified!, Nonliniar Anal. 30
(1997), no. 5, 2683-2694.

S. Igbal, K. Krulic and J. Pecaric, On an inequality of H.G. Hardy, J. of Inequalities
and Applications, Volume 2010, Article ID 264347, 23 pages.

A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Frac-
tional Differential Equations, vol. 204 of North-Holland Mathematics Studies, El-
sevier, New York, NY, USA, 2006.

D. Mozyrska and D.F.M. Torres, Diamond-alpha polynomial series on time scales,
Int. J. Math. Stat., 5 (2009), No. A09, 92-101.

J.W. Rogers, Jr. and Q. Sheng, Notes on the diamond-o dynamic derivative on time
scales, J. Math. Anal. Appl. 326 (2007), no. 1, 228-241.

S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integral and Deriva-
tives: Theory and Applications, Gordon and Breach Science Publishers, Yverdon,
Switzerland, 1993.

Q. Sheng, Hybrid approximations via second order combined dynamic derivatives
on time scales, Electron. J. Qual. Theory Differ. Equ. 2007, No. 17, 13 pp. (elec-
tronic).

Q. Sheng, M. Fadag, J. Henderson and J.M. Davis, An exploration of combined
dynamic derivatives on time scales and their applications, Nonlinear Anal. Real

World Appl. 7 (2006), no. 3, 395-413.

M.R. Sidi Ammi, R.A.C. Ferreira and D.EM. Torres, Diamond-« Jensen’s In-
equality on Time Scales, J. of Inequalities and Applications, Vol. 2008, article ID
576876, 13 pages.

M.R. Sidi Ammi and D.EM. Torres, Combined Dynamic Griiss Inequalities on
time scales, J. of Mathematical Sciences, 161 (6), (2012), 792—-802.



