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Abstract

In this paper, we apply fixed point theorem in a cone to obtain sufficient condi-
tions for the existence of single and multiple positive periodic solutions for a class
of neutral functional difference equation.
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1 Introduction

In this paper, we investigate the existence of positive periodic solutions of the following
neutral functional difference equation

A(z(n) — cx(n —m)) = a(n)x(n) + f(n,z(n —m)), (1.1)

where a(n) = a(n +w), f(n +w,u) = f(n,u), constant ¢ > 0, w,m € N where N
denotes the set of positive integers. The operator A is defined as Az(n) = z(n + 1) —
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The existence of periodic solutions of functional difference equations has gained the
attention of many researchers in recent years, for example, see [1-3,7,10,11,13-16] and
the references therein. Jiang [6] had obtained the optimal existence theorem for single
and multiple positive periodic solutions to general functional difference equations

Az(n) = z(n)la(n) — g(n, x(n —n(n)), - x(n —m(n))), (1.2)
Az(n) = —a(n)z(n) + g(n,z(n — 7(n))). (1.3)

Raffoul [8] had considered the existence of positive periodic solutions for functional
difference equations with parameter

z(n+1) =a(n)x(n) £ Ah(n)g(x(n — 7(n))). (1.4)

However, results on periodic solutions of nonlinear neutral functional difference equa-
tions are relatively few in the literature. In paper [12], Wu and Liu established existence,
multiplicity, and nonexistence of positive periodic solutions for the neutral difference
equation

A(z(n) — cx(n —9)) = a(n)g(z(n))z(n) + Ab(n) f(z(n — 7(n))). (1.5)

The key in [12] is that the neutral operator Az = x(n) — cx(n) has a unique continuous
bounded inverse under appropriate conditions. A essential condition about constant c is
lc| < 1in[12].

In the continuous case, equations in the form of (1.1) have extensive applications
in mathematical ecological models and population models, see biological [4]. In recent
paper [9], authors obtained some sufficient conditions to guarantee the existence of
periodic solution for (1.1) by using the following well-known Krasnosel'skii’s fixed-
point theorem:

Theorem 1.1. Let () be a closed convex nonempty subset of a Banach space X. Suppose
that ® and V map €2 into X such that

(i) ® is compact and continuous,
(ii) WV is a contraction mapping;
(iii) Yx,y € ), implies dx + Yy € Q.
Then there exists z € Q with z = &z + Uz

To apply the above theorem, authors obtained two available operators from the linear
term a(n)z(n) under the restrictive condition |c| < 1.

Motivated by [9], we discuss the existence of positive periodic solutions of (1.1).
Using a fixed point theorem different from the one used in [9] and [12], we obtain some
sufficient conditions for the existence of single and multiple positive periodic solutions
for (1.1) when ¢ > 0 and ¢ # 1. Our results are new even for 0 < ¢ < 1. Moreover, our
results admit ¢ > 1(see Theorem 3.5 and Theorem 3.7).
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2 Preliminaries

Let X be the set of all real w-periodic sequences. When endowed with the maximum

norm ||z|| = max |z(n)|, X is a Banach space.
nel0,w—1]

Let d € N and ¢ # 1, and consider the equations
z(n+d) = cx(n) +y(n) 2.1

and

z(n+1) = a(n)z(n) + 5(n), (2.2)
where v € X, € X and S € X. Set (d,w) is the greatest common divisor of d and w,
p = w/(d,w). Assume that z € X is a solution of (2.1), we obtain that

o+ d) — 2(n) = < (n),
2z(n+2d) — c'x(n +d) = ¢ *y(n + d),
cPx(n+pd) — " Px(n+ (p— 1)d) = ¢ Py(n + (p — 1)d).

By summing the above equations and using periodicity of z, we obtain the following
result.

Lemma 2.1. Assume that ¢ # 1, then (2.1) has an unique periodic solution

P
x(n)=(c?—1)" Zc’i*y(n + (i — 1)d).
i=1
Similarly, we can obtain the following result for (2.2).

Lemma 2.2. Assume that H a(i) # 1, then (2.2) has an unique periodic solution
=1

nfw-l /sy wol g -1
=% (g) (Mg ) 0
Let y(n) = x(n) — cx(n — m), then (1.1) can be written as

{ z(n+m) = cx(n) + y(n+ m),

y(n+1) = (14 a(n))y(n) + F(n,x(n —m)), (2.3)

where F(n,u) = ca(n)u + f(n,u). Assume that x € X is a solution of (1.1), then
y € X and

h n+tw—1

x(n) = (c" -1 Zc*iy(n +1im), y(n) = Z G(n,s)F(s,z(s —m)), (2.4)

=1 s=n



102 W. W. Wang and X. X. Yang

where h = w/(m,w),

s 1 w—1 1 -1
G(n,s) = (H TM) (Hm - 1) .

k=n k=0

We introduce the following conditions.

(H)0<ec<1l,—1<a(n)<0and F : N x [0,00) — [0, 00) is continuous.

(Hy) ¢ >1,a(n) > 0and F' : N x [0,00) — [0, 00) is continuous.

If (H1),(2.4) hold and y is a positive w-periodic function, then z is also positive
w-periodic function and

y(n) = 2 G(n,s)F <s, (¢ —1)7" Z ¢ y(s+ (i — 1)m)) )

i=1

M, = max G(n,s) >0, my = min G(n,s) > 0.
n,s€[1,w] n,s€[l,w]

If (H),(2.4) hold and y is a negative w-periodic function, then x is positive w-
periodic function and

g = 3 (=G, )F ( (L= M3 ey + (i - 1>m>>) ,

s=n =1

M, = max —G(n,s) >0, my= min —G(n,s)> 0.

n,s€[1,w] n,s€[1,w]

Define operators 7;(i = 1,2) and cones K;(i = 1,2) by

(Tyu)(n) = Z_ G(n,s)F <s, (ch—1)7! Zcfiu(s + (i — 1)m)> ,

s=n =1

n4w—1 h
(Tyu)(n) = > (=G(n,s))F <s, (1—c Mt Zc—iu(s + (i — 1)m)>

s=n

and
Ky ={ue X :u(n) > d|u|, n €N},

Ky ={ue X :u(n) > dflul, n € N},
where (51 = ml/M1,52 = mg/MQ.

Lemma 2.3. Assume that (H;), i=1,2, holds. Then T; : K; — K; is completely contin-
uous.
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Proof. Here we only prove the case of i = 1. By the nonnegativity of F' and G(n, s),
(Tyu)(n) > 0on [0,w—1]. Itis clear that (T} u)(n+w) = (T1u)(n) and T} is completely
continuous on bounded subsets of /. Noting that

(Tyu)(n) = i G(n,s)F (s, (¢ —1)7" Z (s + (i — 1)m)>

IA
=
3
()¢
i
T
A/
\'('IJ
)
-
|
\'j/
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(-
o
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»
+
S
|
=
g
~—

ntw—1
(Tyww)(n) > my Y F (3, (ch—1)7
we easily obtain that (T u)(n) > §;||Tyu||, thatis, T3 (K;) C K. The proof is complete.
O

Theorem 2.4. [5] Let X be a Banach space and K be a cone in X. Suppose 2y and
Qo are open subsets of X such that 0 € Q0 C y C 2y and suppose that

@Kﬂ(@g\gl)%[{
is a completely continuous operator such that

(i) || Pu| < ||ul| foru € KNOQY, and there exists 1 € K\{0} such that u # du+p
foru e KNOQyand X\ > 0, or

(ii) ||Pu|| < ||ul| foru € KNOQ, and there exists 1 € K\{0} such that u # du+\p
foru e KNOQy and X > 0.

Then ® has a fixed point in K N (Qy \ ).

3 Positive Periodic Solutions

Put
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Theorem 3.1. Assume that (Hy) holds and there exist two positive constants a, b with
a # b such that

Pla) <a, ob)>1-c (3.1

Then the equation (1.1) has at least one positive solution x € X with
min{a, b} < (1 - ¢)||z|| < max{a,b}.

Proof. Without loss of generality, we assume that a < b. Let Q) = {x € X : ||z|| < a}
and Qy = {x € X : ||z|| < b}. We claim that

() [|Thul] < |ull, v € Ky NOLy.
(i) v # Tiu+ A\, Vu € K1 N0 and A > 0.

From (3.1), we have that

CL(Sl

F(n,u) < —aa(n), V0<n<w-—-1,V (3.2)

<u<
l—c™ T 1-c¢

bd, b
<u<

1—c 1— (3-3)

F(n,u) > —a(n)u(l —¢), V0 <n<w-1,V

@)

To justify (i), let u € K7 N 9y, then ||u|| = a and d1a < u(n) < afor0<n <w—1.
It follows that

(Tyu)(n) = Z_ G(n,s)F <s, (=1 ctuls + (i — 1)m)>

s=n =1
n+w—1
< —a Y Gns)a(s) =a=|ull
since
ad h a
: —1c <(ch—1)! Zc‘iu(s +(i—1)m) < Ty

This means that
ITu| < ||ull, Yu € K3 N OQy.

Next, we prove (ii). If not, there exist uy € K1 N 0€25 and A\g > 0 such that

Ug = T1U0 + )\0.
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Since ug € K; N 0N, then ||ug|| = band db < ug(n) < b. Put x = min{ug(n),0 <
n < w — 1}, then we have x = ug(n) for some n € [0,w — 1]. Thus it follows that

U()(TL) = (Tluo)(n)—i-/\o

n4+w—1

= > Gns)F (s, (¢ — 1)t Zc—"uo(s + (i — 1)m)> + Ao

S=n

n4w—1 h

> ) Gnys)als)(e— D" =17 eTug(s + (i — Lm) + Ao

s=n =1
n+w—1

> x Y G(n,s)(=als)) + o= x+ Ao

and this implies y > x, a contradiction. Therefore, it follows by Theorem 2.4 that T;
has a fixed point u € K; N (22 \ 21). Furthermore, a < ||u|| < b and u(n) > 6,a,
which means that

r=(ch"-1)"" i ¢ 'u(n + im)
i=1
is one positive w-periodic solution of (1.1) and min{a, b} < (1 — ¢)||z|| < max{a,b}.
The proof is complete. 0
Corollary 3.2. Assume that (H,) holds and one of the following conditions holds:
(i) ¥y < 1ana’£Oo >1—c
(ii) Py, < landfo >1—g¢

where ( ) ( )
. . pls) . o(s
©On = lim =42, . = lim
0 s—>1 o+ s = 7% s—>1+oo s

p, = lim ¢(s), ¢ = lim ©(s).

s—0t — —x s—+00 —
Then the equation (1.1) has at least one positive solution x € X.
Theorem 3.3. Assume that (Hy) holds. There exist N + 1 positive constants p; < py <
-+ < pn < pn+1 such that one of the following conditions is satisfied:
(i) P(par-1) < par—1, k= 1,2,.. ., [(N+2)/2], (pax) > 1—c, k=1,2,...,[(N+
1)/2],
(ii) o(pok—1) > 1—c, k=1,2,..., [(N+2)/2], 2(par) < par, k=1,2,..., [(N+
1)/2],

where [d] denotes the integer part of d. Then the equation (1.1) has at least N positive
solutions xy, € X,k =1,2,..., N withp, < (1 — o)||xk|| < prs1-
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Proof. It is enough to prove case (i). Since @, : (0,00) — [0,00) are continuous,
there exist pp < ax < by < pr+1, kK =1,2,..., N such that

@(agk_l) S agk—1, _(bgk 1) (1 — C) k= 1, 2, ceey [(N + 1)/2],

@(agk) (1 —C) (bgk) S bgk, ]{?: 1,2,,[N/2]

It follows by Theorem 3.1 that equation (1.1) has at least one positive periodic solution
xp € X for every pair of numbers {ay, by} with pp < ar, < (1 — o)||zx|| < bk < Pro1-
The proof is complete. ]

Corollary 3.4. Assume that (H,) holds and one of the following conditions holds:
(i) Py < 1, P, < 1 and there exists a positive constant b such that o(b) > 1 — ¢;
(it) ¢, > 1—=c¢ ¢ > 1—cand there exists a positive constant b such that p(b) < b.
Then the equation (1.1) has at least two positive solutions x1, x5 € X with
0<(1—=c)]z1|| <b<(1—=c)|zs] < oo.

Theorem 3.5. Assume that (H») holds and there exist two positive constants a, b with
a # b such that

d(a) <a, ¢(b)>c—1. (3.4)

Then the equation (1.1) has at least one positive solution x € X with
min{a, b} < (¢ —1)||z|| < max{a,b}.
The proof of Theorem 3.5 is similar to that of Theorem 3.1 and we omit it.
Corollary 3.6. Assume that (Hs) holds and one of the following conditions holds:
(i) ¢p < land$_ >c—1,

(ii) oo < land ¢, >c—1,

where _( ) . )
— o(s) — (s
¢0 _slg(r)lﬂ‘ S ¢ S—>+oo s
0, = lim 6(s), 6= lm_o(s).

Then the equation (1.1) has at least one positive solution x € X.

Theorem 3.7. Assume that (Hs) holds. There exist N + 1 positive constants p; < py <
- < pn < pnu+1 such that one of the following conditions is satisfied:

(l) 5(]7216—1) < DP2k—1, l{? = 172, [(N+2)/2] (ka) > C—]., k’ = 1, 2, ey [(N‘l—
/2,
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(ii) ¢(par—1) >c—1, k=1,2,... . [(N+2)/2], o(por) < paw, k=1,2,...,[(N+
1)/2],

where [d] denotes the integer part of d. Then the equation (1.1) has at least N positive
solutions vy, € X,k =1,2,..., N withp, < (¢ — 1)||xk|| < pra1-

Corollary 3.8. Assume that (Hs) holds and one of the following conditions holds:
(i) ¢o < 1, b, < 1 and there exists a positive constant b such that o(b) >c—1;
(it) ¢, > c—1,¢_ > c—1and there exists a positive constant b such that o(b) < b.
Then the equation (1.1) has at least two positive solutions x1,xy € X with
0<(c=1|z1]] <b<(c— 1)z < 0.

Example 3.9. Consider the difference equation

A(z(n) — 0.52(n + 30)) = —~z(n) + (n + 30)

3
3 5+5mn+an+bmﬂ<”+ﬂm (3.5)

where b is an w-periodic function with b(n) > 0 for all n € [1, w].

Obviously, f(n,z) = z/5(z +1) +b(n)x” and B, = 0.1, ¢_ = +oo. By Corollary
3.2,

1 z(n + 30 — pw) 3

A —-0.5 30— =—= b 30—
(x(n) z(n+30—pw)) 33:(n)+ 5 bu(n + 30 — pw) +b(n)z°(n+30—pw)
(3.6)
has at least one positive w-periodic solution, where p € N and p > 30. Hence, (3.5) has

at least one positive w-periodic solution.

Example 3.10. Consider the difference equation

A(z(n)—2x(n—m)) = x(n)—gx(n—m)—l—)\ <x2(n —m) + m) , (3.7)

where A is a positive real parameter.

In (3.7), f(n,7) = —5x/3 + A(z> +1/(2+ x)). There exist 0 < p; < 1 and p3 > 1
such that

d(p1) >c—1, d(ps) >c—1

since ¢, = ¢__ = +o0. If A > 0 is sufficiently small, ¢(1) < 1. By Theorem 3.7, there

exists a constant \* > 0 such that (3.7) has at least two positive w-periodic solutions for
A€ (0,A7).
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