International Journal of Difference Equations
ISSN 0973-6069, Volume 7, Number 1, pp. 61-77 (2012)
http://campus.mst.edu/1ijde

Positivity of Outpayments
according to the Annuity Scheme
of Credit Repayment

Mark A. Nudel'man
Integrated Banking Information Systems
Odessa, 65125, Ukraine
mark@te.net.ua

Abstract

Positivity of outpayments according to the annuity scheme of credit repayment
is proved. Calculation of outpayments according to the annuity scheme of credit
repayment has been implemented on the Java programming language in the frame-
work of the IRBIS project which is developed by the company Integrated Banking
Information Systems.
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1 Introduction

The calculation of effective interest rate is one of the important branches of mathemati-
cal finance.

In the present paper we prove the existence and uniqueness of the solution of certain
system of linear algebraic equations which depends on several real parameters that obey
some restrictions in the form of inequalities. We prove also positivity of the components
of the solution of this linear system. These components have sense of payments on the
main body of the bank credit according to the annuity scheme of repayment.

Calculation of outpayments according to the annuity scheme of credit repayment has
been implemented on the Java programming language in the framework of the IRBIS
project which is developed by the company Integrated Banking Information Systems.
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2 Problem Statement and Main Result

Let the credit in amount of V' dollars (or some other monetary units) is given for some
period of L days (for the beginning for sake of simplicity we shall consider the period
which is enclosed in one calendar year with duration of 365 days). Let the rate of interest
be a% per year and let the period L be subdivided into n subperiods:

The calculation of the amount of repayment is carried out at the end of each period. In
this moment the interest of that part of the main body of the credit which for this moment
is not paid is charged, for the subperiod from the preceding moment of payment (or from
the start date if the period is first) to the moment of charge plus the interest of that part
of the main body of the credit which has not been paid at the preceding moment of
charge (if a period is not first) for the subperiod from the preceding moment of charge
to the preceding moment of payment and the current payment of the main part of the
debt. The charged amount must be paid by the client at the nearest day of payment that
follows this moment of charge. The repayment of the credit is carried out in such a way
that at the end of each period the same amount of = dollars is paid.

This statement shows that the system of linear algebraic equations (2.3) (see below)
can be treated as a difference equation with lag.

Let

ri =L;-0,01a/365, i=1,...,n. 2.1)

Then let
Li:Lil+Li27 i:2,...,n,
where L;; is the subperiod from the beginning of the i-th period to the moment of the

1 — 1-th payment and L5 is the subperiod from 7 — 1-th payment to the end to the ¢-th
period,

Tij:Lij'a/3657 i=2,...,n, j=12

Let us denote the amount of repayment of the main body at the end of the -th period by
A;. Then the charged amount is

Al + er

(for the first period),
Az + 7’21V + TQQ(V — Al)

(for the second period),

Ai+ri1(V—A1—...—Ai_2)+r,~2(V—A1—...—Ai_l)
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(for the i-th period, 7 = 3,...,n). For the quantities A; we have the following system
of linear algebraic equations

( A1—|—T1V:A2+T2‘1‘/1+Ti2(v—141)

Ay +rnV 41V —A1) =A +ra(V —Ay) +r(V — A — Ay)

An,1 +7°n,17n(V _Al — ... —An,‘;) +7’n,172(V—A1 - ... _Aan)
:An+Tn1<V—A1—...—An,2>+7”n2(v—141—...—Anfl)

| A+ A+ .+ A, =V

(2.2)

If the current year is bissextile or the period L covers several years some of which are
bissextile, then the denominator of the formula (2.1) for all or several - must be 366.

Transposing all the terms that contain the quantities A; (z = 1,2,...,n) to the left
side of the equalities and the free terms to their right sides, we arrive to the following
system of equations:

( (1—|—T22)A1 —AQ = (7’2 —rl)V
(Tg — 7’22)141 + (1 -+ 7’32)142 — Ag = (Tg — 7’2)‘/

(ro —Tn_1) A1+ (rp — 1) A+ 24+ 4 (ry —1Tp1)An_s
+<7nn - rn—l,Q)An—Q + (1 + Tn,2)An—l - An = (rn - Tn—l)v
\ A1+A2++An:V

Dividing each equation of this system by V' and introducing the notation

we arrive to the system of linear algebraic equations:

( (1 +7“22)5131 — Ty =T —T1

(7"3 — 7"22).1'1 + (1 -+ 7’22)372 — X3 =T33 — T2

(1 = Tpe1)T1 + (Pnt — Tne1)Za + oo+ (P — The1) Ty 2-3)
+(Tn - rn—l,Q)xn—2 + (]— + TnZ)wn—l —Tp =Tp — Tp-1
l'1+332+—|—33n:1

\

Now we are in a position to formulate our main result.

Theorem 2.1. Let n > 2 and let the inequalities

O<r < ——mr,
! n+1

1
O<rp<rm<——,, 1=23,...,n
n+1
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hold. Then the system of equations (2.3) has a unique solution
T
xX=1"

Tn

and all the components of this solution are positive.

Remark 2.2. The case when ;5 = r; (i = 2,...,n) has been considered by the author
in the paper [1].

3 Auxiliary Proposition

Let
1—|—T22 -1 0 0
. To — T929 1+7“32 0 0
An(Tl,.-.,Tn) = def Ty —Tp=1 Th —Th—1 ... 1+7"n2 -1 (31)
1 1 1 1

be the determinant of the system (2.3) (the index n points at the order of the determinant)
and let

o —T1 1 e 0 0
rs —T9 1+ T'32 ce. 0 0
AW (e ry) = det . (3.2)
Tn — Tl Tn—Tn-1 ... 14Ty, —1
1 1 o 1 1
be the determinant that is obtained from the determinant A, (ry, ..., r,) by substitution

of the column of the right-hand members of the system (2.3) for the first column. Then
by the Cramer’s rule

B Aﬁﬂ)(rl, )
COA(ry, )

in the case when the denominator is not equal to zero.

(3.3)

T

Lemma 3.1. Let n > 2 and let the inequalities

0<ro <mry<

n+1’

n+1

0<rp <rp,<

hold. Then
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1. If0<r < T then the determinant of the system (2.3) is positive:
n —
Ayn(ryy. .. ry) > 0. (3.4)
1
2. lIf0<r < , then
n—1
AW (ry, ) > 0. (3.5)
1
3. If0 < ry < —, then
n
(nry — DAL(r1, .., 1m) +nAD(ry, L r,) > 0. (3.6)
4. Ifn>50<r < , then
n—1
(1) 2
A (r1y.mn) < 1An(rl,...,rn). (3.7
n —

Proof. We prove the statement by induction. The basis of induction. For n = 2 one has

AQ(T1>T2) = det ( 1 +1T22 _11 ) =241y >0,

Agl)(rl,rg) = det ( TQI“ _11 ) =14+7ry—11 >0,

(2ry — D)As(r1,m2) + 200 (r1,m9) = (2r1 — 1)(2+7r22) +2(1 415 — 1)
= 4dri 4+ 2riro9g — 2 — 199 + 24 2r9 — 21y
= 2r1 4 2rirog + 2r9 — 199 > 0.

For foundation of induction we shall also need the inequalities (3.5) and (3.4) for n = 3:

Agl)(ﬁﬂb,rs) = (by the rule of Sarrus)
= (ro—r)(14+rs) -1+ (=1)(=1)- 14 (r3—12)-1-0
—0- (T +7rs2) - 1—(=1) - Lrg—r) = (=1)(rs —rz) - 1
= ro—rit+re-rza+lt+ro—ri+7r3—72
= r3+ry(ry—r) +1+7ry =21
> ry(l4+ry—71)+1+7r9—2r >0,

Note that
AW (11,79, 73) < (14 712)(1+73) < 2. (3.8)
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Finally,

1+ 799 -1 0
As(ry,7m9,73) = det | r3—1ry 141395 —1 | = (by the rule of Sarrus)
1 1 1
= (I+rpe)(l+r) - 14+(=1)-(=1)-14+(rg—12)-1-0
—0-(1+rg)-1—(=1)(rg—rg) -1 —(=1)-1-(1+r9)
= (14+7rp)(1+ry)+2+r,>3. (3.9

The induction step. Let n > 3 and let the inequalities (3.4), (3.5) hold for £ = n — 1.
Expanding the determinant A,,(ry, 72, ..., 7,) upon the first row, we find:

Ap(ry,re, ooy ry) = (L4 7120) A1 (12,73, .oy T0) + A;l_)l(m, T3y Tn).  (3.10)

According to the hypothesis of induction, the expression at the right side of this equality
is strictly positive which proves the inequality (3.4).

Now let us turn to the inequality (3.6). Since the determinants A, (ry,rs,...,7,)
and A,(ll)(rl, 9, ...,Ty) differ only by the first column, their linear combination that is
written in the left side of this inequality can be calculated with the help of substitution
of the first column of the determinant A, (71,79, ...,7,) by the corresponding linear
combination of the first columns of the both determinants:

(nry — DAL (r1, 72, .. y1m0) + nAg)(rl,rg, ey )

(nry — 1)(1 + 7o) + n(re — rq) -1 . 0 0
(nT1—1)<T3—T22)+TL<T3—T’2) 1+7’32 0 0
= det
((nry = 1) +n)(rp — ra_1) Tn—Tpn1 ... L+rp —1
(nry—1)+n 1 1 1

(3.11)

The partial derivative of this determinant respectively to the variable 95 equals to

1 -1 0 0
—1 1+ 3o PN 0 0
(nr; — 1) det .
0O r,—7rp—1 ... 141,90 —1
0 1 1 1
(expand respectively to the first row)
= (nry — 1)(Ap_1(ra, 73, ymn) — A o(r3, 7y .., T9)

= (by the formula (3.10))
= (= 1) (rsaa(rs,ray ., ma) + Ao (rg, 74, 1),
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In this product the second efficient is positive by the induction hypothesis and the first

efficient is negative in view of the assumption r; < —. Consequently, the required
n

partial derivative is negative.

Thus substituting the quantity 799 by 7y we decrease the determinant (3.11). The
obtained determinant (after transformation of the expression in the left-upper corner)
can be written in a form

(n—1)ry — 14+ nri(1+r) -1 0 0
((n—=1)4+nr))(rs —rq) 14+7r3 ... 0 0

det (3.12)
(n=1)+nr)(rp,—7Tn1) Th—Tn1 ... L+rm —1
(n—1) 4+ nr 1 1 1

Expanding the latter determinant with respect to the first row, we obtain:
(n—1)rs—14nri(1+72)) Aner (12,73, o)+ (0= 1) 4 0r)) AL (72,75, 7).
By the induction hypothesis, the determinants

A, q(re,r3,...,m,) and Afj}l(rz, T3y ey )
are positive and so the latter expression is not less than

((n=1)ra — D Ap_1(ra, g, .., 1) + (n = DAY (ra, 75, . ).

Then latter expression is, in one’s turn, strictly positive.
Thus the determinant (3.12) along with the determinant (3.11) is positive. The in-
equality (3.6) is proved.
Now let us turn to the point 2) of our lemma. First of all, note that the partial
derivative
8A511)(7"1, T9y e ey i)
87”1

is negative. This follows from the fact that this derivative equals to the quantity

—An_l(TQ, ra,... ,Tn>

which is negative by the induction hypothesis. Therefore increasing if necessary the
quantity ; we assume that the inequality

T > T (3.13)
holds. Under this assumption the partial derivative

8A£11)(7‘1, T9y ey )
87"32
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is negative. Indeed, if n > 5, then this derivative equals to

9 —T1 0 0 0 0
rs — T2 1 -1 0 0
det T4 — T3 —1 1+T42 0 0
Tn — Tn-1 0 r,—rp—1 ... 141, —1
1 0 1 1 1
1 -1 0 0
—1 1—'—7“42 0 0
= (ro —ry)det
0O r,—7Tp—1 ... 14+r,, —1
0 1 1 1
= (expand the determinant respectively to the first row)
- (TQ - rl)(An—Z(r& Tqy. .. 7rn) - An—3(r47 Ts,... 7rn))

= (by the formula (13)) = (13 — 1) (raoAp_3(ra, 73, - -, 70)))
—l—AS_)g(m, T5y ey Tn))-

In the obtained product the first efficient is negative in view of the inequality (3.13)
and the second efficient is positive by the hypothesis of induction. Consequently, the
considered partial derivative is negative.

As to the case n = 4, then this partial derivative equals to

ro —T1 0 0 ce 0 0
s — T2 1 -1 . 0 0
det T4 — T3 -1 1—|—T42 0 0
Tn—Tpno1 O 7Tp—7Th_1 ... 14+r —1
1 0 1 o 1 1
1+ T492 —1
= (rp —ry)(det ] L) D=2 =)L+ 74) <O
Expanding the determinant AS) (ri,79,...,1,) respectively to the first row, we obtain:

A%l)(rl, Toy ooy Tn) = (rg — 1) Ay _1(re, 73, ..., 70) + Afllzl(rg,rg, ey ).

Since the determinants A,,_1(r2,73,...,7,) and Aﬁ}ll(m, rs,...,r,) differ only by the
first column, their linear combination that is written in the right side of this equality
can be calculated with the help of substitution of the first column of the determinant
A,_1(r,73,...,7,) by the corresponding linear combination of the first columns of
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the both determinants:

Ag)(rl,’l”g, RN ,T’n)

(ro — 1) (1 4+ r3g + (r3 — 1r2) -1 0 0

(7“2—7”1)(7“4—7’32)4‘(7“4—7”3) 1+T42 0 0

_ det (7“2—7‘1-|-1)(7”5—T4) 1—{—7“42 0 0

(ro —r1 4+ 1)((rn, — rn_1)) (rpn —Tn—1) .. 141, —1

(T’Q -7+ 1) 1 e 1 1

Since
GAS)(TI, Toy e ey Tn)
<0,
Orsg

substituting the quantity 5, by r3 we decrease the determinant AL (71,75, ... 7,). As

a result of such substitution the determinant which stands in the right side of the latter
equality will take a form

(7"2—7”1)(1+7’3)+(7“3—7"2) —1 0 0
(L4+ry—ry)(ra —rs) 14+re ... 0 0

det <1+T2_T1)(T5_T4) 14 rys 0 0
(L4+ry—7r1)(ry — ru_1) Tm—Tpnei ... 141,y —1

(1479 —11) 1 1 1

Expanding this determinant upon the first row, we shall obtain:

((re — ) (L +73) 4 (r5 — 1)) Apa(rs, ray - . 1) + (L 70 — 1) AN (15,70, )

(3.14)
Let us a transform the coefficient at the determinant in the first item of the expression
(3.13):

(ro—r1)(1+r3) +(r3—ra) =rg—ri+rorg —rirz+ry—ry =r3(L+ry — 1) — 1y

From this, using the induction hypothesis concerning the inequalities (3.4), (3.5) and

the assumption r; < 1 we obtain that the expression (3.14) not less than

1
n—1

(=275 = 1) Al vy oma) + (0= 2) A, (3,7, 70).)

Now, using the hypothesis of induction concerning the inequality (3.6) and taking into
1

account the inequality r3 < oS we finally find that the expression (3.14) is strictly
n —

positive, which proves the inequality (3.5).
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To prove the inequality (3.7), note first of all that if

1
O<r1<g,

0<7’22<7’2<

Y

0<r3s <ry3<

Y

Ul ROt =

then

1
Aél)(ﬁ»ﬁﬂ“:s) < §A3(T1,7‘2,T3)‘

Indeed, as we already know, the inequality (3.9) valid while

6
AP (1,1, m3) < (L4 19)(1+73) < (g

Then let

1
O<7“1<§,

0<ro <1y <

Y

0<ryy<ry<

Y

0<7’42<7’4<—.

| RO kO] =

Mark A. Nudel man

(3.15)
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Then
1
Az(xl)(7“177’2,7°3>7"4) - 5 AS)(T1,T2,7”3,7”4)
To —T1 —1 O O
_ det rs —T9 1+7"32 —1 O
T4 —T3 T4 —T32 1+T’42 —1
1 1 1 1
1+T22 -1 O
1 3 —Tog 1+ T3 -1
—— det
2 ¢ Ta—T3 T4a—T32 14742
1 1 1
1
(7’2—7”1)—5(14-7“22) —1
1
det (7’3—7“2)—5(7“3—7“22) 1+ 1739
= de
1
5(7“4—7’3) T4 — T32
1
— 1
2
1
—— —1
4
1
< det (7’3—7“2)—5(7”3—7’22) 1+ 73
1
5(7’4—7“3) T4 — T32
1
— 1
2

It is clear that the partial derivative of the latter determinant respectively to the variable

r99 Which equals to

1
— det < L+ 74
2 1
is positive. Therefore this determinant less than
1
—= —1 0 0
4
5(7"3 — 7’2) 1 + D) -1 0
det ]
5(7"4 — 7"3) T4 — T32 1 —|—7”42 —1
1
— 1 1 1
2

)

-1
1+ 7y
1
0
-1

1+ 749
1

1 1
- _ZAS(TQa rs, T4) + §A:(31) (TQa rs, T4)-

—1

0
-1

1

= (expand respectively to the first row)
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The latter expression is negative by the inequality (3.15). Thus

Ail)(rl,rg,rg,m) < % Ay(11,72,73,74). (3.16)
Note that all the more

AELI)(T1,7’277"377’4) < 3 Ay(r1,79,73,74).

that is the inequality (3.7) is valid for n = 4.
Finally, let n > 5. Consider the difference

2

A ) —
n (T17T27 ,T’) n—1

An(r1,re, o T).

Since the determinants in the minuend and in the subtrahend differ only by the first
column, this difference can be written in a form

2
(T’Q—Tl)—m<1+7”22) —1 0 0
2
(T3—T2)—n_1<7‘3—7’22) 1"—7”32 0 0
n—3
det n_l(r4—7“3) T4 — T39 0 0 (317)
s
Z_l(rn—rn_l) Tm—Tp1 ... L4+7Tm —1
”_i’ 1 1 1
n_

Consider the partial derivative of this determinant respectively to the variable r3,. It
equals to

2
(7"2-7"1)-m(1+7"22) 0 0 0
(TS_T2)_n_1<T3—T22) 1 ... 0 0

n—3

dot n_l(m—rg) -1 ... 0 0

-
n_l(rn—rn_l) 0 ... 147, -1

n—3
0 1 1

n—1

2
= ((Tg — 7‘1) — m(l —+ 7“22)) (An_g(’f’g,T4, e ,Tn> — An_g(’f’4,7"57 e ,Tn>>.
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We have: The first efficient is negative. When n > 5 the second efficient is positive by
the formula (3.10). Thus the partial derivative of the determinant (3.17) respectively to
the variable 3, 1s negative and so putting 732 = 0 we strengthen the inequality (3.7).
It is clear that putting r, = 0, 795 = 0, we strengthen the inequality also.
Now let us write the determinant (3.17) in a form
2

- —1 0 0
n—1
n-3,. 1 0 0
n—1
n—3
det | ——(ra—r3) ry 0 0|4
n—3 .
n — 1(rn _3 Tn—l) Tn —Th—1 1 + T'n2 1
n- 1 1 1
n—1
1 —1 0 0
-1 1 0 0
try det T4 0 0 (3.18)
0 7, —7Tn1 1+7r, —1
0 1 1 1

The first item which equals to

2 n—3
An_l(O,Tg,...,Tn)+

Aill_)l(O, T3y .oy Th)

n—1 n—1
by the induction hypothesis does not exceed
2 n—3
— An1(0,73, ... 1) + 2 A 1(0,73,...,70)
n—1 ) (n—1)(n—2) (3.19)
= — Ap (0,73, .0 1),
(n—1)(n—2) 10,7 rn)

The second item can be transformed as
To(An_1(0,73, ..., Tn) — Ap_a(rs, ..., 7))
(we expand the determinant respectively to the first row). Since 3, = 0, by the formula
(3.10), the expression in the parentheses equals to
Afll_)z(rg, T4y...,7n) < (by the induction hypothesis)
2

< T/ An— ) sy ln
(n — 3) 2(7‘3 Ty r )
< (by the formula (3.10))
2
< An1(0,73, ..., T0).

(n—3)
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1
Since ry < —— by the assumption, the second item of the sum (3.18) is less than
n

2
(n+1)(n—3)

An 10,713,000 ,1m)

Since, in view of the formula (3.19), the first item does not exceed

B 2
(n—1D)(n—2)

An—l(oa ra,... arn)7

the sum (3.18) is strictly less than

2 2
(o pms ey S
_ —n+5 r r
- 2(n—1)(n—2)(n+1)(n—3) Bn-1(0 75, 7).

when n > 5 the latter expression does not exceed zero. The proof is complete. [

4 Proof of the Main Result

In this section we prove our main theorem, Theorem 2.1.

Proof of Theorem 2.1. Letn > 5. In view of the inequality (3.4), the determinant of the
system (2.3) differs from zero. In view of the inequalities (3.4), (3.5) and (3.7),

2
O<a < ——.
n—1
Considering the quantity x; known, let us drop the first equation of the system (2.3).
We shall obtain the system of linear algebraic equalities respectively to the variables
T2, ..., T, With the matrix

1—|—7‘32 —1 0 0 0

Ty — T30 1+ 749 —1 0 0
. 4.1)

T —Tn-1 Tn—Tn-1 Tn—Tn-1 ... L+1,m —1

1 1 1 1 1

The column of the right sides will be written in a form

(r3 —12) — 21(1r3 — 7T22)
(1 —21)(ra —r3)

(1— 1’1)(% — Tn-1)
1 — X1
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Let us introduce the new variables
LL’/ o 9 .73/ o €3 .l’/ . Tn
2 ].—Il’ 3 ]_—ZE17.”7 " ]_—.Z'l.

These variables satisfy the system of linear algebraic equations with the matrix (4.1) for
which the column of the right sides equals to

(13 —1r2) — 21(13 — T22)

]_—271

Ty — T3

Tn — Tn-1
1

Let us write the first element of this column in a form

I
rg = (ra 47— p (r2 — 722)).
Since the function .
T
pr— p— —1
f(:El) 1 - T + 1-— T
.. ) 2
is increasing and x; < T we have
2
I <

l—2; n-3

In one’s turn,

1
0<ry—ro<——m-1!
S
Introducing the notation
rh =1y + Ty — Ta2),
2 et 1 231( 9 — T92)
we obtain:
2 n—1 1

1
0<ry< = <
S T T it )n=3 (m+ln=3) " n-2
when n > 5.
Thus if we substitute ro by r5, then we get to the conditions of Lemma 3.1 and
consequently
2

0<ah<——.

2 n—2
In particular,

x9 = ah(1 — 1) > 0.
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Repeating this procedure n — 4 times we shall prove the inequalities
x1>0,...,2,.4>0.

Then we shall obtain the system of the fourth order of the form (2.3) for which

1
0<r1<§, 1
0<7’22<7’2<—,

0<r3s <ry3<

Y

O<rys<ryg<-—.

O] =Ot] =Ot

By the inequalities (3.4) and (3.5), for this system x; > 0 and so for initial system of
T

Passing on to the system of the third order, considering the value of x; in the system

of the fourth order known, we shall obtain the system of the form (2.3) for which

< 1.

1
equations x,_3 > 0 and, by the inequality (3.16), z; < 5 and so

For such a system x; > 0 and so for the initial system z,_» > 0 and in view of the
T1

Passing on to the system of the second order, considering the value of z; known, we
shall obtain the system of the form (2.3) for which

2
inequalities (3.8) and (3.9), for the system of the third order x; < 3 and < 2.

< -
1 47

1
T2<§.

For this system

Ag(T’l,Tg) = det( 1+1T22 _11 > =2+ 199 > O,

-1
Aél)(rl,m) = det(T217‘1 . ):1+7=2_7~1>0_

The determinant Ag) (r1,72) that is obtained by substitution of the second column of
the determinant Ay(ry, r2) by the column of the right sides equals to

det( 1+1r22 T2IT1 ) =147y —194+1 >0.
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From this in the obtained system of the second order
x1 >0, z9>0
and, correspondingly, in the initial system of equations
Tpo1 >0, x,>0.

This completes the proof. [

References

[1] Mark A. Nudel'man, Positivity of outpayments according to the annuity
scheme of credit repayment, Reports of the Odessa Seminar in Discrete Math-
ematics, no. 5, 2007, p. 36-43 (Russian).



