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Abstract
We investigate the global stability, periodic character, and the boundedness
nature of the solutions of several special cases which are contained in the difference
equation
Tng1 = an + 5711'71-%'71—1 + YnTn—1 7
A, + Bprprp_1+ Crn_1
where the parameters o, , 8y, Vn, An, Bn, Cp are nonnegative periodic sequences,
and the initial conditions z_1, z¢ are nonnegative real numbers, such that the de-
nominators are always positive.

AMS Subject Classifications: 39A10, 39A11, 39A20.
Keywords: Boundedness, invariant, periodicity, nonautonomous rational difference
equations, rational systems.

n=0,1,...,

1 Introduction and Preliminaries

We investigate the global stability, periodic character, and the boundedness nature of the
solutions of several special cases which are contained in the difference equation

679 + 5711:71'1;71—1 + YnTn—1
An + annxn—l + Onxn—l’

—0,1,... (1.1)

Tnt1 =
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where the parameters o, 3., Vn, An, Bn, C,, are nonnegative periodic sequences, and
the initial conditions x_;, z( are nonnegative real numbers, such that the denominator
is positive.

We will make use of the following known results. For the next three theorems, we
consider the difference equation defined by

Tpi1 = [(Tn, Tpo1),m=0,1,.... (1.2)
Theorem 1.1 (Amleh, Camouzis, Ladas [1]). Let I be a set of real numbers and let
foIxI—1T

be a function f(zi1,z) which increases in both variables. Then for every solution,
{zn}o2 1, of Eq. (1.2), the subsequences {xay,}oo and {xan41}oc | of even and odd
terms of the solution do exactly one of the following:

(i) Eventually they are both monotonically increasing.
(ii) Eventually they are both monotonically decreasing.

(iii) One of them is monotonically increasing and the other is monotonically decreas-
ing.

Theorem 1.2 (El-Metwally, Grove, Ladas, Voulov [18,21]). Let I be an interval of real
numbers and let

Tpi1 = F(xn, p1, .. xpg),n=0,1,..., (1.3)
where F € C(I MLT ). Assume that the following three conditions are satisfied:

1. F'is increasing in each of its arguments.

2. F(z1,...,2541) is strictly increasing in each of the arguments z;,,2,,. .., %,
where 1 < i1 < 19 < -+ < 4y < k + 1, and the arguments 11,15, ...,1; are
relatively prime.

3. Every point c in I is an equilibrium point of the Eq. (1.3).
Then every solution of Eq. (1.3) has a finite limit.

Theorem 1.3 (Camouzis, Ladas [13, 14]). Let I be a set of real numbers and suppose
that
foIxI—1T

be a function f(z1, zo) which decreases in z, and increases in z,. Then for every solu-
tion, {x, }oo 1, of Equation (1.2) the subsequences {xo,}o> , and {xa,11}0o | of even
and odd terms of the solution are either both monotonically increasing, both monoton-
ically decreasing, or eventually one subsequence is monotonically increasing while the
other is monotonically decreasing.
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Our work was motivated by the results of Amleh, Camouzis, and Ladas in [1, 2],
where they investigated the autonomous difference equation

_ o+ /anxn—l + VLn—-1
A+ Brav,1 +Cxpy’

n=0,12,... (1.4)

xn+1

where the parameters and initial conditions are nonnegative such that the denominators
are always positive. Further motivation was given by Ladas in the following conjecture.

Conjecture 1.4 (G. Ladas). Let a > 0 and

(6%
1 (T was)

For any pair of nonnegative initial conditions x_1, x, every solution to Eq. (1.4) con-
verges.

Tpyl = ,n=201,.... (1.5)

Introducing periodic coefficients in rational difference equations has been studied
previously, for example, see [12,17].

Comparing the limiting behavior of difference equations with periodic coefficients
to the corresponding autonomous equations where constant coefficients are the average
of their periodic counterparts is of interest. A nonautonomous difference equation with
periodic coefficients is said to be advantageous if the average of the periodic limits of the
corresponding nonautonomous case is more than the limit of the autonomous equation
with average coefficients. For more insight on deleterious and advantageous difference
equations, see [17,19].

For some basic results in the area of difference equations and systems, see [3—11,
15,16,20-29].

In this paper, we consider several special cases of Eq. (1.1), assuming nonnegative
periodic coefficients. A sequence of coefficients {a,,} -, is said to have period p if
Qv = Qi for all n. We follow the numbering system used in [1, 2].

2 Equation #1

In this section, we consider the special case of Equation (1.1) given below.
Qnp

" n=01,.... 2.1
1+xn1:n71’n (2.1)

Tpt+1 =
The case for o, = « for all n, was studied by Amleh, Camouzis and Ladas in [1],
where it was shown that every solution of this equation converges for « < 2. There
is was conjectured that the convergence holds for all positive values of «, which is a
special case of Conjecture 1.4.
In this section we confirm Conjecture 1.4 for £ = 2. Furthermore, we investigate
the behavior of Eq. (2.1) when the coefficients have a periodic nature.
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When «,, = « for all n, then Eq. (2.1) can be written as follows:

o
np1 = ———, n=0,1,.... 2.2
Tntl 1 + TpTn_1 " ( )
According to [1], Eq. (2.2) has a unique equilibrium point Z, which is the unique positive
root of the cubic equation
?+r—a=0,

and is locally asymptotically stable for all values of the parameter a.

Theorem 2.1. Let o > 0. Then the unique positive equilibrium point x of Eq. (2.2) is a
global attractor of all positive solutions of Eq. (2.2).

Remark 2.2. Theorem 2.1 completes the proof that Eq. (2.2) converges for all values of
a > 0.

Proof of Theorem 2.1. Our proof is based on the global character of the rational system

2
O U nd vy = M =01, 2.3)

n /UTL

Up+1 =

with the parameter « positive and both initial conditions wuy and v, positive. This system
has the boundedness characterization (B,B), which means that both components of every
solution of System (2.3) are always bounded. See [6, 10]. Actually, for System (2.3) it
holds that both components are also bounded from below by positive numbers. In [10]
it was shown that every solution of System (2.3) converges to a finite limit. Based on
that proof we establish that every positive solution of Eq. (2.2) converges to & for all
values of o > 0.
The equilibrium points of System (2.3) are the points (#,7) € (0,00)* that are
solutions of the system
o +u
v
from which it follows that # is the unique positive root of the cubic equation

S|

U = and v =

W — 1 —20u—a® =0,
and v is the unique positive root of the cubic equation
-2 —a®=0.

Thus System (2.3) has a unique equilibrium point (@, v).
By substituting the value of v,, from the first equation of System 2.3 into the second,
we see that the component u,, satisfies the second-order rational difference equation
(0 + un)(0® + un)

Upt1 = ,n=12,.... 2.4)
UpUp—1
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Similarly, by substituting the value of wu,, from the second equation of the system into
the first, we see that the component v,, satisfies the second-order rational difference
equation
2
gy = Ul g 2.5)
UnUp-1
Both Egs. (2.4) and (2.5) have unique equilibrium points which are % and v respectively.
By iterating the value of u,, in the denominator of Eq. (2.4) we have
Up—2

Up+1 = (@2+Un)m,n:2,3,.... (26)

The function associated with Eq. (2.6) increases in all of its arguments and every point
of Eq. (2.6) is an equilibrium point. Thus, Theorem 1.2 applies, implying that every
solution of Eq. (2.6) has a finite limit. Therefore, the unique equilibrium point % of

2
Eq. (2.4) is a global attractor of every solution of Eq. (2.4). Then, since v,, = o Un ,
Un41
we have that ,
vy o XY 5 2.7)
U

This shows that v is a global attractor for every solution of Eq. (2.5). The change of
variables

T (2.8)
In
transforms Equation (2.5) into Equation (2.2) from which the result follows. [

Theorem 2.3. Assume that {«,,},", is a periodic sequence of prime period p. Then,
every solution to Equation (2.1) is bounded.

Proof. The case when p = 1 has been shown in [1]. Thus, we assume p > 2, and that

{an}i2 is a sequence with prime period p. Let us define M/ = max{«o,...,®,_1} and
m = min{ay, ..., ap_1}. We can see that
M cq, <M (2.9)
Tpy1 = ——— < a, < M, :
i 1 + TnTh1
and o m
= n_ > , 2.10
Tt 1+ x,x,_y 1+ M?2 (210
Thus, the sequence is bounded. L]

Convergence of Equation (2.1) with Period-2 Coefficients

We now consider the case when {«, }7°, is a prime period-two sequence. That is,

{an}ey = {ao, a1, 00,1, ...},
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with g # aj.
For any solution of Eq. (2.1), the odd and even terms satisfy the following equations:

Qo
T = ——0  p—01,..., 2.11
e (2.11)
Tomrg = s n=01,.... (2.12)

)
1+ zont172,

We can see that if one of the coefficients is zero, say «y, then x5,.1 = 0 for all n > 0,
and x5,12 = oy for all n > 0. The case for a; = 0 and oy > 0 follows similarly. In the
sequel, we assume that o - a; > 0.

Let us define

Zn+1 = Ton+1 * Lop+2-

And further, set A = o - «;. Then,

A
Zna1 = . 2.13
T A+ 21+ 20) 2.13)
Lemma 2.4. Every solution of Eq. (2.13) converges to a finite limit.
. VA .
Proof. The change of variables z,, = — 1 transforms Eq. (2.13) into
Yn
VA
Yny1 = ———. (2.14)
1+ YnYn—1
Therefore, by Theorem 2.1, the result follows. OJ

Theorem 2.5. When {«,,};>, is a periodic sequence with prime period two, every so-
lution of Eq. (2.1) converges to a prime period-two sequence.

Proof. It follows from Lemma 2.4 that lim z,x, 1 = L, where L is the unique positive
n—oo

equilibrium of Eq. (2.13). Thus, the subsequences of odd and even terms of every
solution of Eq. (2.1) converge to 1 (_T_O 7 and 1 ?_1 7 respectively. [

Theorem 2.6. When {«.,};>, is a prime period-two sequence, Eq. (2.1) is advanta-
geous.

Proof. Let oy, o1 be given, and let a = il —; a1‘
We consider the equation
a
Untl = n=20,1,.... (2.15)

1 + YnYn—1 ,
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According to Theorem 2.5, every solution to Eq. (2.15) converges to ¥, the unique pos-
itive solution to §* + 7 — a = 0. Let us define the following function, which is strictly
increasing on (0, 00).
fly) =y’ +y—a
The unique positive equilibrium point, z, of Eq. (2.13) is the unique positive root of the
cubic equation
22 +22° + 7 — agay = 0.

From Theorem 2.5, we have that the subsequence {241}, converges to 1% — and
the subsequence {z2, }oo, converges to Oj: —. We define
z
l — 10j|?2 + 10;12 — a
2 1+z
We claim that [ > 3. It suffices to show that f(I) > 0. We have
a? a
l) = -
1) (1+a3+1+2 ¢
4(1+ 2)3
This completes the proof. [
3 Equation #2
In this section, we consider the special case of Eq. (1.1) given below.
On
Tpy1 = ———, n=0,1,... 3.1
+ (1 + xn)xn_l ( )

When «,, = « for all n > 0, it was shown in [1] that Eq. (3.1) possess the invariant

1
Tpno1+ Ty + Tpn_1T, + ( + —) = constant, foralln > 0, 3.2)

Tpn—1 Ty
from which it follows that every positive solution is bounded from above and from
below by positive constants.

Amazingly, when {«,, };° , is a prime period-two sequence, Eq. (3.1) also possesses
an invariant, which is as follows:

Qp Ant1
+

Tn-1 T,

Tn1+ Tp+ Tp1T, + = constant, foralln > 0. 3.3)

The proof of the following theorem is a consequence of (3.3).

Theorem 3.1. Assume {a,},° is a prime period-two sequence. Then, every positive
solution of Equation (3.1) is bounded from above and below by positive constants.
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4 Equation #3

In this section, we consider the special case of Eq. (1.1) given below.

annmnfl
nt+l = —, =0,1,.... 4.1
Tpt1 [ n 4.1)
The case for 5, = [ was studied in [1], where it was established that every positive
solution to Eq. (4.1) converges to a finite limit.

In the nonautonomous case, we have established the following results.

Theorem 4.1. Let {(,}.° be a periodic sequence with period p > 1. Then every
solution to Eq. (4.1) is bounded.

Proof. The case when p = 1 has been shown in [1]. Thus, we assume p > 2 and that
{Bn}o2, is a periodic sequence with prime period p. Let b = max{fy,...,5,—1}. We
can see that

annxnfl
—_— <, < b 4.2
1 + TpThn_1 - 6 - ( )

The proof is complete. 0

Tnt1 =

Convergence of (4.1) with Period-two Coefficients
We now consider the case when {3, }.°, is a prime period-two sequence. That is,

{Bn}zo:o = {607 Bl? 507 ﬁla .- }

with 8y # (3;. For any solution of Eq. (4.1) the odd and even terms satisfy the following
equations:

BOxananl
Topy1 = ——2m2nml 01, .., 4.3
ant 1 + TonTon—1 ( )
Tonss = M n=0,1,.... (4.4)

)
1 + Ton41T2n

Clearly, if one of (3, or f3; is equal to zero, then z,, = 0 for all n > 1. In the sequel, we
consider [, - 51 > 0.
Let us define

Zntl = Tond1 " L2n42,
and furthermore, set B = (3 - 51. Then,

Bz, 2,1
=  n=01,.... 4.5
n+1 1+ 22)(L+ 201) n (4.5)
Clearly,
Bz,z,_
0< 24y = “nn-l < B, foralln > 0. (4.6)

(14 2,)(1+ 2z,-1)
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Lemma 4.2. Every solution of Eq. (4.5) converges to a finite limit.

Baxy
(1+2)(1+vy)
both variables. Therefore, by Theorem 1.1, the subsequences {22, } o o and {29541} e g
of every solution are eventually monotonic. Since {z,}.°, is bounded, they must con-
verge to a finite limit. Furthermore, Eq. (4.5) does not have any prime period-two solu-
tions, thus both subsequences must converge to the same equilibrium of Eq. (4.5). [l

Proof. The function f(z,y) = associated with Eq. (4.5) is increasing in

For Eq. (4.5), Z = 0 is always an equilibrium solution. Furthermore, Eq. (4.5) can
have at most two additional equilibria, which are given by

Z:(B—2)j:2B(B—4). @7

In view of Eq. (4.7), if B = 4, then we have one additional equilibrium point, z = 1.
If B > 4 then we have two additional equilibrium points, say z; < 2. Finally, when
B <4, z = 0 1s the only equilibrium point.

Lemma 4.3. When B < 4, the equilibrium point Z = 0 of Eq. (4.5) is globally asymp-
totically stable.

Proof. The proof follows directly from Lemma 4.2 and the fact that when B < 4,z =0
is the unique equilibrium point of Eq. (4.5). [l

Lemma 4.4. When B = 4, in addition to the zero equilibrium, we also have a unique
positive equilibrium zZ = 1. Furthermore, Z = 0 is locally asymptotically stable and
z = 1 is non-hyperbolic. Furthermore, we have,

(i) if for some N > 0, zy_1,2zx € [0,1), then

2, € 10,1) foralln > N, (4.8)
and
lim z, = 0.
n—oo

(ii) if for some N > 0, zy_1, 2y € [1,00), then

zn € [1,00) foralln > N, 4.9)
and
lim z, = 1.
n—oo

(iii) if the subsequences {za, 11} and {z2,} lie one in the interval [0, 1] and the other
in the interval [1,00), then

lim z, = 1.
n—o0
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Lemma 4.5. When B > 4, in addition to the zero equilibrium we have exactly two

positive equilibria, namely

. (B=2)x/B(B—1)

2

where Zy is the smaller root and Zs is the larger. Furthermore, we have,

(i) if for some N > 0, zy_1,zn € [0, Z1), then
zpn €10, 21) foralln > N,
and

lim z, = 0.
n—oo

(ii) if for some N > 0, zy_1, zn € (21, Z2), then
2n € (21, Zo) foralln > N,
and
lim z, = Z,.
n—oo
(iii) if for some N > 0, znx_1, 2y € [Z2,00), then
Zp € [Z,00) foralln > N,
and

lim z, = Z.
n—oo

(4.10)

(4.11)

(4.12)

(iv) if the subsequences {zan11} and {22, } eventually lie one in the interval [0, z;] and
one in the interval |Z1, Z,), then the lim z, = z;. And if the subsequences lie one
n—oo

in the interval (Zy, Z5] and one in [Z5, 00) then the lim z, = Z.

n—o0

The proof of Theorem 4.6 follows from the lemmas above.

Theorem 4.6. Let {3}, be a periodic sequence with prime period-two. Then for
B = By - B1 < 4, every solution of Eq. (4.1) converges to 0. For B > 4, every solution

of Eq. (4.1) converges to a period-two solution.
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5 Equation #5

In this section, we consider the special case of Eq. (1.1) given below.

Ty = "L 01, (5.1)

14 2,2Tp_1
For the case when v,, = ~y for all n, it was shown in [1] that every positive solution to
Eq. (5.1) is bounded.
In the sequel, we consider the case when {~,}>, is a positive, prime period-two
sequence. That is,
{mtnzo = {707}
with vy # 1, and 7 - 71 > 0. In this case, we have the following main result.

Theorem 5.1. If {7, }.°, is a periodic sequence with prime period-two, then there exists
unbounded solutions of Eq. (5.1).

For any solution of Eq. (5.1), the odd and even terms satisfy the following equations:

YoZT2n—1
Ton, = ———— n=0,1,..., 5.2
241 [ (5.2)

Y1T2n

)
1+ zopt122,

n=01,.... (5.3)

Ton+42

Let us define
Zn+1 = T2n4+1L2n+2
from which it follows that
Y0V1%n—1
n
L+ 2,)(1 4 2zp-1)

=0,1,.... (5.4)

Zn+1 = (

Lemma 5.2. When
YN S 17
zero is a globally asymptotically stable equilibrium of Eq. (5.4).

Proof. Consider the monotone character of the function
Yoy
x? = —7
ey = araa+y

which is decreasing in x and increasing in y. Therefore, Theorem 1.3 applies,and be-
cause Eq. (5.4) has no period-two solutions when vy - 77 < 1, it follows that every
solution of Eq. (5.4) converges to a finite limit. Furthermore, the equilibrium points, Z,
of Eq. (5.4) satisty the following equation:

Z2(14 22 + 2%) = yom %, (5.5)

which has the unique solution z = 0 when 77, < 1. Since z = 0 is locally asymptoti-
cally stable, the result follows. O]
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With Lemma 5.2 in place, we proceed to prove Theorem 5.1.

Proof of Theorem 5.1. Choose initial conditions z_; and x( and the parameters 7, and
~1 such that the following conditions are satisfied:

To1 <Y < 1< Y < X, (56)
Yo -1 = 1. (5.7)
We see that
Yol -1
=— 1. 5.8
T 1+ 2oz Yol -1 (5.8)

Thus, by induction, we see that the subsequence of odd terms {x5, 1} is decreasing,
and converges to zero.

Furthermore, by Lemma 5.2 we know that there exists some /N > 0 such that for all
n>N,z, x,_1 <7 — 1. Thus,

Tont1Tony < 71— 1 (5.9)
M > 1+ mzonpizan (5.10)
N
- > 1, (5.11)
1+ zonit17on
and so,
TT2N il
T = = Ton- 5.12
T4 TIN4+1T2N <1 + $2N+1$2N) 2N (>12)
By induction, it follows that lim x5, = oco. ]
n—o0

Theorem 5.3. If
Yo, 71 € [07 1)7

then every positive solution of Eq. (5.1) converges to zero.

Proof. We know that Eq. (5.1) is bounded from below by zero. Further,

Tt = — 2L g, (5.13)
1 4+ z9pxon1
and
Lon
Topyo = Nt < Y1T2p- (5.14)

1+ xopi1T2p

Thus, by induction, both of the sequences of even and odd terms of Eq. (5.1) converge
to zero, and the result follows. OJ
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6 Equation #15

In this section we consider the special case of Eq. (1.1) given below.

(7% + Tp—1
9
+ ann)xnfl

= =0,1,.... A
Tnt1 (1 n 07 ) (6 )

In the autonomous case, that is when «,, = « and B,, = B for all n > 0, Amleh,
Camouzis, and Ladas, in [1], showed that every solution of Eq. 6.1 is bounded. Inter-
estingly enough, periodicity destroys boundedness for this equation, as the following
theorem shows.

Theorem 6.1. Assume that {«, Yoo, and { B, };°, are period-three sequences such that
asp, =0, agpi1 =1, aspio =2, foralln > 0,

and
Bgn = 1, B3n+1 = 2, B3n+2 = 1, for alln Z 0.
Then

T3y — 00, Tany1 — 0, and T3, — 1.

Proof. We see that

1
T3ny1 = 1+I3 7n:0717"'7 (62)
1+[L‘3n
n ,n=01,..., 6.3
L3n4-2 (1+2$3n+1)$3n n (6.3)
2 n
P Fonl 01, (6.4)

(1 + Z3p42)Tan1

It suffices to show that lim x3,.3 = co. By substituting the values of 3,1 and z3,
n—oo
from Egs. (6.2) and (6.3) into Eq. (6.4), we see that Eq. (6.4) can be written as

1 + 933371 + 2(.1'3”)2
T3n+3 (1 ¥ Bas, + 2(:83”)2 X3 (6.5)

In view of Eq. (6.5), we see that x3, 3 > x3, for all n > 0. Observe that the function

B 9 + 9y + 2u?

= >1
14+ 5u + 2u?

f(u)

for all w > 0. Thus Eq. (6.5) has zero as the unique equilibrium point, from which the
result follows. O
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