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Abstract

The main result in this paper is that every solution, {x,, yn }oc, of the system

x
Tpi1 = — and Ypy1 = T +YYn, n=0,1,...,
n
with positive initial conditions xy and yg, is bounded when v € (0, 1). Our proof
will be based on certain properties of convergence of double sequences. This result
confirms the longstanding conjecture, posed in [32], that every positive solution of
the difference equation

.%'2

L n=12,...

x =—"
i Tpo1(y + op)

is bounded. In the Appendix, we also present the boundedness characterizations
of all special cases of a rational system, which contains 98 special cases each with

positive parameters.

AMS Subject Classifications: 39A10.

Keywords: Boundedness, boundedness characterization, rational systems, double se-
quences.

1 Introduction

The main result in this paper is that every solution of the system,

T
Tnt1 = — and Ynt+l = T + VYn, N = 07 17 BRI (11)

n
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with positive initial conditions, is bounded when v € (0, 1). The component, {x,, }7>,
of every solution of this system, satisfies the second-order difference equation

LL’2

Tpp1=————— n=12,...,
! Tp1 (7 + )

for which it has been conjectured for a long time that every positive solution is bounded
when v € (0, 1). See [32].

The dynamics of System (1.1) in terms of boundedness, as it will be shown through-
out this paper, are equivalent with the dynamics of the system,

TnlYn

and ypo1 = —2" n=0,1,..., (1.2)

Tp — 5
Ty, v+ T,

when v € (0, 1] and the initial conditions are positive. Also, in Section 3, we will
prove that the two maps that correspond to the two systems are topologically conjugate.
System (1.2), up to an appropriate change of variables, is a special case of the system

T =y, — Yn+1
n+1 n I
, n=0,1,..., (1.3)
ATy | _
Yn+1 = Fyn(l + ?) g

with £ = 1. System (1.3) is the so-called May’s Host Parasitoid Model. See [34]. For
some local stability results of System (1.2), see [33].
By replacing z,, with y,, and y,, with x,,, in System (1.1), we obtain the “symmetric”
system
Tpt1 = YT + Yn and yn+1:&, n=201,.... (1.4)
x

n

System (1.4) is a special case of the rational system,

Int1 = O + ﬁlxn + Y1Yn

=0,1,... . L5
ot Botn 2y [0 T (1.5)

Ag + Boxy, + Coyp

Yn+1 =

If we assume that 51,7, > 0 and the remaining 7 parameters are nonnegative, System
(1.5) contains 98 special cases each with positive parameters. More precisely, it contains
49 special cases in which the first equation of the system is:

Tn+41 :len—i_ﬁ)/lyna n = 0717"'7

with 3; and 7, positive. In the numbering system introduced in [13], this equation
is numbered #25. The second equation of the system varies among the 49 “second”
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equations listed in the Appendix. So, for example, System (25,6), which is one of the
49 systems for which the first equation is Equation #25, is:

(257 6) : Tpt1 = 51xn + T1Yn and Ynt+1 = i_na n = 07 17 e (16)
It so appears that System (1.4), which is the “symmetric” system of (1.1), is a special
case of (1.6). However, we will show in Section 2 of this paper that the dynamics of
these two systems are equivalent.
In the remaining 49 special cases, the first equation of the system is:

Tn41 :a1+51$n+71yna TLZO,L...,

with aq, 51 and 7, positive, which in the numbering system introduced in [13], is num-
bered #40.

In the Appendix of this paper, we present the boundedness characterizations of all
98 special cases of System (1.5). Each one of them has exactly one of the following
three boundedness characterizations:

(U,B), (B,U), or (G,U).

A special case of System (1.5) has the boundedness characterization (U,B) means:
Given an arbitrary set with positive values which correspond to the parameters and the
initial conditions of the special case, the second component of the corresponding solu-
tion is bounded and also there exists at least one solution for which the first component
is unbounded. For the definitions of the boundedness characterizations (U,B) and (U,U)
see the Appendix.

Example 1.1. Consider the system

1

. n=01,....
B2xn+02yn

(257 12) ¢ Tpgl = 613:71 + 71Yn and Yn+1 =
Given an arbitrary set of positive values that correspond to 1, 1, Ba, Cs, g, and v, the
sequence {y, }.- o, which corresponds to the solution, {z,, y, }o., is bounded, because
from
BrZn + V1Y min{ﬁla 71}
Boxy, + Coy, ~ max{By, Cy}’

the two sequences {x, }o>, and {y,}.-, cannot both go to zero along the same subse-

quence. On the other hand, when 81 = v = By = Cy = 2 and zj, = gy, = 1, the values
of the sequence {z} }>°,, of the solution {z/,, v, }>°,, satisfy the inequality

Tnt1Ynt1 = forall n > 0,

x/ >2" forall n>0,

n —

and so, {z],}°° , is unbounded. Therefore, the boundedness characterization of System
(25,12) 1s (U,B).
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In Section 2, we establish that the boundedness characterization of System (1.1) is
(B,U) and that the boundedness characterization of the special case (25,6) of System
(1.5) is (U,B). For the proofs of the boundedness characterizations of the remaining 97
special cases of System (1.5), see [15]. For some results on difference equations and
systems of difference equations and applications, see [1-22,24,25,27-34].

The following will be useful in the sequel. A sequence of the form {¢(k,n)}7".—1.
where for each pair of positive integers (k,n), ¢(k,n) > 0, is called a double sequence
of positive real numbers. The double limit of the sequence, {¢(k, n)};",—;, exists and is
equal with M € [0, 00), if for every € > 0, there exists /N (¢) such that

|p(k,n) — M| <e, forall k,n> N.

Symbolically,
lim ¢(k,n) = M.

k,n—o00

The two limits
lim lim ¢(k,n) and lim lim ¢(k,n)

k—o00 n—00 n—00 k—00
are called iterated limits. For the proof of the next theorem, which gives sufficient
conditions for the existence of the double limit of a double sequence, see [26, p. 80].

Theorem 1.2. If the double sequence of positive real numbers, {¢(k,n)}",_,, is in-
creasing in n, for each k, and if there exists a sequence of positive real numbers,
{wy}p2,, such that

lim ¢(k,n) < wg, forall k,

n—oo
with
lim wy = lim lim ¢(k,n) € [0, 00),

k—o0 n—00 k—00

then the double limit exists and

lim ¢(k,n) = lim lim ¢(k,n) = lim lim ¢(k,n).

kn—o0 k—00 n—o00 n—00 k—00

2 The Proof of Boundedness

In this section we establish that the boundedness characterization of the system,

Tn
Tpt+1 = — and Ynt1 = Tp + VYp, N = 07 17 SRR (21)

n

where v is positive and the initial conditions zy and g, are positive real numbers is
(B,U).

Clearly, the dynamics of System (2.1) are equivalent with the dynamics of the “sym-
metric” system

Tt = VTn 4 yp and Yoy = 22 n=0,1,... . (2.2)
x

n
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When the values of the parameters are positive, the dynamics of System (2.2) are equiv-
alent with the dynamics of System (25, 6), that is the system

(25,6): @1 = Buzn + ayn and gopy = 25, n=0,1....  (23)
To see this observe that, by setting 3; =  and given a solution {x,,, y,, } o, of System
(2.3), the sequence {x,, Y1yn}oe satisfies (2.2) and also given a solution {z,, y, }oo

of System (2.2), the sequence {x,, &}Z":O satisfies (2.3). In past articles we would have

referred to (2.2), as: the “normadized1 form” of (2.3). The conclusion of this analysis is:
The dynamics of System (2.1) are equivalent with the dynamics of System (25,6) and
provided that the boundedness characterization of System (2.1) is (B,U), the bounded-
ness characterization of System (25,6) is (U,B).
Now, when
v > 1,

the component {y,, } >, of the solution {x,,, y, }.=, of System (2.1), increases to infinity
and the component {z,,},°, decreases to zero. This establishes the U characterization
of the component {y,, }>°,. When v = 1, every solution {z,, y, }»o, of System (2.1),
with positive initial conditions x( and vy, satisfies the identity

2041 forall n>o0.
Yo

Ty 1
Ty +Yp+— +— =20+ Yo+
Y Yo

n n

From this together with,
Yn+l = Tpn + Yp > Yn, forall n >0,

it follows that, {y, }-, increases to a positive and finite limit, which depends on the
initial conditions x, and y,, while the component {x,}>° , goes to zero, and so, the
solution is bounded. For the remaining of the sequel we assume that

0<y<l

Remark 2.1. Note that the question on the boundedness characterization (B,U) is not
on the letter U but on the letter B, that is, we only need to establish that the component
{z,}72, is bounded when v € (0,1). The boundedness behavior of the component
{yn}o2y, when v € (0, 1), with respect to the boundedness characterization, is immate-
rial. That is, even if the sequence {y, }.°, is bounded for all v € (0, 1), which we prove
to be the case, the second letter of the boundedness characterization remains U.

In view of the remark above and in order to prove that the boundedness characteri-
zation of System (2.1) is (B,U), it suffices to establish the statement of the next theorem.

Theorem 2.2. Assume that 0 < v < 1. Then every solution {x,,, y, oo, of System (2.1),
with positive initial conditions xq and 1o is bounded.
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The following lemmas will be useful in the proof of Theorem 2.2.

Lemma 2.3. Given a solution {x,,y,}.", of System (2.1), with positive initial condi-
tions xo and o, it holds:

LIS (2.4)
/yn

Proof. Clearly, from the second equation of System (2.1), we have

Yn+1 L Yn
= + =, forall n >0,
7n+1 7n+1 Wn

and so, the sequence {y—Z}j;O:O, is strictly increasing. Assume, for the sake of contradic-
Y

tion, that
lim 2% = L € (0, 00).

n—ﬂmfyn

Then, for every 0 < e < 1, there exists /V sufficiently large, such that
Yo < (L +€)y", forall n > N.

Clearly,
lim y, =0,

n—oo

and so, for 0 < €; < ¢, there exists /NV; such that,

Ty Tn

Yn < €1 and xz,.1 = — > —, forall n > N;.
Yn €1
Thus,
lim x, = oo.
n—oo
On the other hand,
= lim y,41 = lim (2, +yy,) = lim z, = oo,
n—00 n— 00 n—o0
is a contradiction. The proof of the lemma is complete. [

Lemma 2.4. Given a solution {x,,y,}.", of System (2.1), with positive initial condi-
tions xo and yo, the sequence {x,,wy,},° o, with

_ Yt

Wy, n=20,1,...,
Yn
satisfies the system
Tpa1 = xiw;n and Wy = 5 znxn’ n=0,1,.... (2.5)
Also,
Wy, = ! and w,_ 1 = x, +yw,, forall n>1.

Yn—1
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Proof. The proof is based on straightforward calculations and the details are omitted.
O

Lemma 2.5. Given a solution {x,,, y,}."o of System (2.1), with positive initial condi-
tions xo and vy, it holds:

1
il = I forall n> 1. (2.6)
Yn—1 7 + Tn
Proof. The proof is based on straightforward calculations and the details are omitted.
O]

Lemma 2.6. Given a solution {x,,y,}.", of System (2.1), with positive initial condi-
tions xqy and v, it holds:

Z’y Thinil = Y In = Wy, forall n> 0. 2.7)
Yn
Proof. First we establish the result for n = 0, that is,
> Aap = 0 — wy. (2.8)
n=0 Yo

In view of Lemma 2.4, we have that for all [ > 0,

7+ %o
Yo

l
= wp = &1 +ywi = T1 + YTz + 7wy = .. ZV T + 7w
k=0

From Lemma 2.3 and from Lemma 2.4,

WH{
71+1wl+1 = \lf 07 as [ T 00,
Yi

and so, the result follows. For an arbitrary n > 0, set
Ty = Tn, Yo = Yn, and wy = w,.

Then, forall [ > 0,

17 k I4+1, 7
= wo § 7 $k+1 YW, = § :7 Thgnt1 T 7 Wiy
k=0

From this together with,

- I+1

+1, 0 _

Y wp, = —— — 0,

Y

we have

[e9) l
YV Thnt1 = 11 YV Thktn+l = Wn.
l—o00
k=0 k=0

The proof of the lemma is complete. ]
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Next, we present a lemma which is essential for the proof of our main theorem, but
is also interesting on its own right.

Lemma 2.7. Let {,,, y,}r"o be a solution of (2.1), with positive initial conditions x
and yo. Assume that for an infinite sequence of indices {k;};°,, {x, }ioq and {yx, }324
converge to finite limits and that

lim Tt lim wy, = M € (0,00).

Then, the double limit and the two iterated limits of the double sequence

o(ki,n) = Zykx;ﬁkﬁl, i=1,2,..., n=0,1,...,
k=0

are all equal. More precisely,

lim ¢(k;,n) = lim lim ¢(k;,n) = lim lim ¢(k;,n) = M.

4,N—>00 1—00 N—+00 n—00 1—00

Furthermore,
lim xy, € (0, 00).
1— 00

Proof. For eachi > 1, Lemma 2.6 implies that,

o

lim (b(kza n) = Z ’ykmki+k+1 = Wi,

n—00
k=0

and so,
lim lim ¢(k;,n) = lim wy, = M € (0, 00).

1—00 N—+00 1—00

In view of the hypothesis, set

lim zy, = Iy € [0,00) and lim y;, = mg € (0, 00).
1—00 1—00

Then,

[
lim 2,41 = — =13 € [0,00) and lim v, 41 = lo + ymo = my € (0, 00).
1—00 myo 100

By induction, it can be shown that, for each n > 0,

l
lim 2, a1 = 0 =lpi1 €10,00) and lim yg, 11 = My € (0,00).
1—00 mog:---My 1—00
2.9)
For each n > 0, set

1—00
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Then,
1—00 12— 00

and since, for each given n > 0, L,, is bounded from above by sup wy, plus a constant,
i>1
we have
lim L, =L € [0,00).
n—oo

Furthermore, it can be shown inductively that for a fixed n, ¢(k;,n) is a continuous
function of xy,, wy,, and xy, 1, and its domain is [0, 00) X [0,00) x [0, 00). To see this
observe for example that

Thit1Whi+1 _ Thkit1 Wk,

Thi+2 — - .
,y+mk‘i+1 7+$kl+17+$k,

In view of the fact, that for every e > 0 the values of x,, wg,, T, 11 are eventually within
the intervals (0,1 + €), (0, M + €), and (0, [; + €), respectively, ¢(k;, n) is uniformly
continuous. In addition, there exists iy such that

|2k, — xk,| <€, |wy, — M| <€, |wy, —wy| <€, |[Th41—Th;11] <€, forall i,j > .
Thus, for a given n and for every € > 0,
o(kj,n) —e < ¢(ki,n) < ¢(kj,n) +¢€, forall i > i.

In addition, there exists /N sufficiently large such that for every given n > N, there
exists j; > ig such that
W, — € < P(kjy,m) < wy,
and so
wy, — 26 < ¢(ki,n) <wy, +e forall i > .
Furthermore,
]\/[—e<w/1le < M +e€

and so, as 7 — oo, we have
M —3e< L, <M+ 2, forall n> N

from which it follows that
lim L, = M.

n—oo

Thus, the conditions of Theorem 1.3 are satisfied and the proof follows. Finally, one
may easily see that

lim L, =M € (0,00) = lim xy, € (0,00).

n—00 1—00

This completes the proof. ]
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Now we present the proof of Theorem 2.2.

Proof of Theorem 2.2. Let {x,,y,} be a solution of System (2.1). First we establish
that the second component of the solution is bounded from below by a positive constant.
Assume for the sake of contradiction that there exists a sequence of indices {n; }:°, such
that

Yni41 = Tny + VYn, — 0.

Clearly,
ZTp,—t — 0 and y,,_, — 0, forall t=0,1,... .

In addition, there exists a sequence of indices {k;}:°; such that
k; <n;, forall 1,
and
(Yg,—1 > land y, < 1) and (y; < 1, forall t € {k;+1,...,n;}). (2.11)

Otherwise,
Zo
Ty, = ———— > X,

Z H?L?)l Yj

which is a contradiction. Also,
Yk, = Thy—1 T VYk,—1 and yg, 1 > 1, forall 4,

implies that
U, € [v,1), forall i.

When r € {kl—i—l,,nz},

Tr—1

Ty =

— > Tp—1,
Yr—1

and more precisely,
Ty < Tpya1 < .o < Ty,

from which it follows that x;,, — 0. By utilizing,
Yk; € h/v 1)a for all 2
we may select a further subsequence of {k;}, still denoted as {k;}, such that

yki—>m0andwki:7+xki _>l:M€[7,1]

Yk, mo

Since, the conditions of Lemma 2.7 are satisfied, we have

lim xg, > 0,
1—+00
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a contradiction. This contradiction establishes our claim that the component {y,, } of the
solution is bounded from below. In view of (2.6) and the fact that {y,, } is bounded from
below by a positive constant, we find that the component {x,,} is bounded from above
by a positive constant. Since, the component {z,, } is bounded from above by a positive
constant, the second equation of the system implies, that the component {y,,} is also
bounded from above by a positive constant. The proof of Theorem 2.2 is complete. []

3 Final Remarks

Given a solution of System (1.2), with positive initial conditions zy and ¥, the sequence

{xnv n=0 — {xm n=0>
Yn Yn+1
satisfies System (2.1). On the other hand, given a solution of System (2.1), with positive
initial conditions x( and vy, the sequence

{Inv w 720:1 = {xnv L ?:17
n n—1
satisfies System (1.2).

Furthermore, the dynamics of the two systems, in terms of boundedness are equiv-
alent provided that v € (0, 1] and the initial conditions are positive. Actually, when
v € (0,1] both systems have the boundedness characterization (B,B). Indeed, given a
Y+ o

pair of positive initial conditions, (¢, wy) and by choosing y, = , the compo-

nent {x,} >, of the solution {x,,,w,} >, of System (1.2), is also the %rst component
of the solution {z,,, y,, } 7, of System (2.1) and so in view of Theorem 2.2 is bounded.
From the results established in Section 2, the component {y,}>>, of the solution of
System (2.1) is bounded from above and from below by positive constants, and so, it
follows that {w, },~ , is also bounded from above and from below by positive constants.
However, the boundedness characterizations of the two systems are not the same for all
positive values of . More precisely, as it was established in Section 2 the boundedness
characterization of System (2.1) is (B,U). However, the boundedness characterization
of System (1.2) is (B,B). The difference in the two boundedness characterizations is due
to the parameter range,
v € (1,00).

In this case, tt can be easily shown that, every solution {x,, w,}.>, of System (1.2),
with positive initial conditions, converges to (0,0) and so is bounded. The conclusion of
this analysis is described by the theorem.

Theorem 3.1. /. When
v € (0,1],
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every solution of System (1.2) and also every solution of System (2.1), with positive
initial conditions, is bounded.
2. When
v >1,

every solution of System (1.2) converges to (0,0) and every solution of System (2.1) goes
to (0, 00).

Finally, we show that the dynamics of the two maps that correspond to the two
systems are topologically conjugate, provided that the initial conditions are positive and
that v € (0, 00).

The following is a definition of topologically conjugate maps from (0, co) x (0, 00)
to (0, 00) x (0, 00). For another definition see [23].

Definition 3.2. Let L, U be two maps, such that:
L,U :(0,00) x (0,00) = (0,00) x (0,00).
Then L and U are topologically conjugate if there exists a homeomorphism 7’
T :(0,00) x (0,00) = (0,00) x (0,00)

such that
T(L(z,y)) = U(T'(z,y)), forall z,y € (0,00).

The homeomorphism 7" is called topological conjugacy.

Let us establish that the two maps that correspond to the two systems (1.2) and (2.1)
are topologically conjugate. The map associated with System (2.1) is:

X
L(z,y) = (g,x +7y), z,y € (0,00)

and the map associated with System (1.2) is:

Ty Y
U(x,y) = , , x,y € (0,00).
(z,y) (7+x7+x) y € (0,00)
Define,
Y+
T(x,y) = (x, ), z,y € (0,00).

Then, it can be easily verified that:
1. L and U are homeomorphisms of (0, 00) x (0.00) onto itself.
2.
L(U(z,y)) = U(L(x,y)) = (z,y), forall z,y € (0,00),

that is
L=U""
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3. T' is a homeomorphism of (0, c0) x (0.0c0) onto itself and
T(T(z,y)) = (x,y), forall z,y,€ (0,00),

that is,

T=T""

T(L(z,y)) =U(T(z,y)), forall z,y,€ (0,00).

Thus, L and U are topologically conjugate and the map 7" is the topological conjugacy.

Appendix

The Boundedness Character of the Rational System:

Tp4+1 = O + len + Y1Yn

=0,1,... 3.1
Qo+ Botn + Yoy (7 G-1)

Ay + Boxy, + Coyy,

Yn+1 =

where 1,7, > 0, the remaining parameters are nonnegative and the initial conditions
are positive real numbers.

The boundedness characterization (B,U), next to a special case of System (3.1)
means, that given an arbitrary set of positive values which correspond to the parameters
and the initial conditions of the special case, the first component of the corresponding
solution is bounded and there exists at least one solution for which the second compo-
nent is unbounded.

The boundedness characterization (U,B), next to a special case of System (3.1)
means, that given an arbitrary set of positive values which correspond to the parameters
and the initial conditions of the special case, the second component of the corresponding
solution is bounded and there exists at least one solution for which the first component
is unbounded.

The boundedness characterization (U,U), next to a special case of System (3.1),
means that there exists at least one solution for which the first component is unbounded
and also at least one solution for which the second component is unbounded.
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(25 —40,1) : Tpy1 = a1+ B1%n +Y1Yn, Ynitl = @2 (U,B)
az
(25 —40,2) : Tpt1 = a1+ B1%n +Y1YUn, YUnt1l = — (U,B)
Yn
ag
(25 —40,3) : Tpt1 = a1+ B1%n +Y1YUn, YUnt1 = — (U,B)
Tn
(25 —40,4) : Tpi1 = a1+ B1%n +V1Yn, YUnitl = V2Yn (U,U)
(25 — 40, 5) : Tpy1 = a1+ B1%n +Y1Yns Yni1 = B2 (U,B)
Y2Yn
(25 — 40, 6) : Tpg1 = a1 + B1Tn +V1Yns Ynitl = z (U,B)
Tn
(25 —40,7) : Tp41 = a1 + B1Tn + V1Yns Ynit1 = B2Tn [LAY)]
T
(25 — 40, 8) : Tpt1 = a1 + B1Tn + V1Uny Ynt1 = — U,U)
Yn
(25 —40,9) : Tpt1 = a1+ B1%n +V1Yn, YUnitl =72 (U,B)
a2
(25 —40,10) :  zpy1 = a1+ B1Zn + V1Yns Yntl = (U,B)
Az + yn
az
(25 —40,11) :  zpy1 = a1+ B1Zn + V1Yns Ynil = (U,B)
1+zn
az
(25 —40,12) 1 zp41 =1 + B1Zn +V1Yn, Yntl = (U,B)
Tn + Yn
) Y2y
(256 —40,13) :  zpq1 =a1 + B1Tn + V1Yns Ynt1 = — (U,B)
A2 + yn
Y2y
(25 —40,14) 1 @iy = a1 + B1Zn + V1Yns Yntl = —— (U,B)
1+axn
Y2y
(25 —40,15) :  zpy1 = a1+ B1Tn + V1YUns Yng1 = ——— (UB)
Tn + Yn
B2xn
(256 —40,16) :  zpq1 = a1+ B1Tn + V1Yns Ynt1 = (U,0)
1+ yn
. Baxn
(25 —40,17) 1 Zp41 =1+ B1Zn +V1Yn, Yngl = —— (U,B)
14 xpn
- Baxnp
(25 —40,18) :  zp41 = a1+ B1Zn +V1Yn, Yngl = ———— (U,B)
Tn + yn
Bi1zn
(256 —40,19):  zpy1 = ——, Ynit1 = @2 +72Yn (U,U)
Yn
az +72Yn
(25 —40,20):  zpq1 =a1 +B1Zn +V1Yns Yny1 = ————  (UB)
Yn
az + 72y
(25 —40,21) :  @py1 = a1 +B1%n + V1Yns Ynt1 = ~ o (UB)
Tn
(25 —40,22) 1 Zpp1 = a1+ B1Zn +V1Yn, Ynil = a2 + Tn U,U)

Elias Camouzis
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Bizx ag +x
(25-40,23) 1 @py1 = —, ypp1 = —— )
Yn Yn
ag + Tn
(25 —40,24) :  zpy1 =a1 + B1Tn + V1Yns Yntl = ——— (U,B)
T
(25 —40,25) :  xpy1 = a1+ B1Tn + Y1YUn, Yn+t1 = B2Tn + V2Un 0
Tn +
(25— 40,26) 1 @ny1 = o1 + Bion + NUny Ungl = 20 L)
Yn
B2Tn + Y2Yn
(25 —40,27) 1 @pi1 = a1 + B1&n + Yn, Yni1 = ———— (U,B)
Tn
az +72Yn
(25 —40,28) 1 zp41 =1 +B1ZTn +MYn, Yntl1 = ————— (U,B)
A2 + yn
az +v2Yn
(25 —40,29) 1 zpy1 =1+ B1Tn +V1Yn, Ynifl = —————— (U,B)
1+axn
az +72Yn
(25 —40,30) 1 zp41 = a1 +B1Tn +V1Yn, Ynpl = ————— (U,B)
Tn + Yn
. az + xTn
(25 —40,31):  zp41 = a1 +B1Tn +V1Yn, Ynt1 = ——— ©,0)
Az + yn
a2 + Tn
(256 —40,32) :  zpy1 =a1 + B1Tn + V1Yns Yngl1 = ————— (U,B)
Az +zn
. az + B2
(25 —40,33) 1 @pq1 = a1 + 1T + V1Yns Yntl = —— (U,B)
Tn + Yn
B2zn + V2Yn
(256 —40,34) :  wpy1 =a1 + B1Tn +V1Yn, Yngl1 = —————— (LA Y)]
Az + yn
Baxn + V2Un
(25 —40,35) :  xpp1 =1+ B1n +V1Yn, Yntl = ———— " (U,B)
1+xn
B2xn + Y2Yn
(25— 40,36) :  Tpy1 =01+ B1Tn + V1Yn, Yng1 = ————— " (U,B)
ZTn + Yn
asg
(25 —40,37) :  apt1 = a1+ B12n +V1Yn, Yntl = e —— (U,B)
Y2y
(25— 40,38) :  @pq1 =01+ P10 +MYns Yng1=———  (UB)
Az + xn + Yn
. Bazn
(25 —40,39) ¢ zp41 =1 +B1Tn +V1Yn, Ynt1 = —————— (U,B)
Az +xn + yn
(25 —40,40) :  zp41 = a1 +B12Zn +V1Yn, Yntl = a2 +Tn +v2yn  (GU)
ag + Tn + Y2Yn
(25 —40,41) :  @pq1 = a1 + B1&n + VMYn, Ynt1 = ——————— ()
Yn
az + Tn + Y2y
(25— 40,42) :  @pq1 =01+ 120 + MYny Yng1 = —————  (UB)
Tn
. az + 72y
(25-40,43) :  @pi1 = a1+ B1%n + M1Yn, Yngl = —————— (UB)
Az +an + yn
ag + Tn
(25 —40,44) :  zpq1 =a1 + B1Zn +V1Yns Yntl1 = — (U,B)
Az +Tn +Yn
Bazn + Y2y
(25 —40,45) :  zpq1 =a1 + B1Tn + V1Yns Ynit1 =T =" (U,B)

Az +zn +yn

15



16

Elias Camouzis

az +Tn + v2Yn

(25 —40,46) :  wpy1 =a1 +B1%n +V1Yn, Ynp1 = ———————— U,U)
Az + yn
g + Tn + Y29,
(25 -40,47) 1 @pi1 = a1+ B1%n + NYn, Ynp1 = ——————— (UB)
Az +xn
ag + Bazn + v2YUn
(25 —40,48) 1 @pi1 = a1 + B1Tn + V1Yn, Yni1 = ———— =" (UB)
Tn + Yn
az +xn + v2y
(25 —40,49) :  @p41 = a1 + f1Zn + V1Yn, Yngl = —————— " UB)

Az +zn +yn
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