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Abstract

Given an initial function we show by means of fixed point theory that the
unique solution of nonlinear difference equations of the form

∆x(t) = g(x(t))− g(x(t− L))

converges to a pre-determined constant or a periodic solution. Then, we show the
solution is stable and that its limit function serves as a global attractor.
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Keywords: Nonlinear difference equations, constant solution, periodic solution, con-
traction mapping, global attractor.

1 Introduction
Let Z be the set of integers and for t ∈ Z, we use the contraction mapping principle to
study the convergence of solutions of nonlinear difference equations of the form

∆x(t) = g(x(t))− g(x(t− L)), (1.1)

where g : R → R and is continuous in x with R denoting the set of all real numbers.
In the continuous case, equation (1.1) has been studied, for the first time by the pa-
per of Cooke and Yorke [4]. In that paper they presented three models that described
the growth of a population. They used Lyapunov functionals to arrive at their results.
Recently, in the paper [1], Burton utilized the notion of fixed point arguments and re-
laxed some of the conditions that Cook and Yorke were faced with as the result of using
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Lyapunov functionals. For more on the studies of stability and periodicity in discrete
systems, we refer the reader to [5–8]. This paper is motivated by the papers of [1–3].

In addition to considering (1.1), we analyze the two equations:

∆x(t) = g(x(t− L1))− g(x(t− L1 − L2)), (1.2)

∆x(t) = g(t, x(t))− g(t, x(t− L)), g(t+ L, x) = g(t, x) (1.3)

where L,L1 and L2 are positive integers. We note that every constant is a solution of
equations (1.1), (1.2) and (1.3).

Equations (1.1), (1.2) and (1.3) play major roles in populations models. For exam-
ple, suppose x(t) is the number of individuals in a population at time t. Let the delay L
be the life span of each individual. Then the birth rate of the population is some function
of x(t), say g(x(t)) and the function g(x(t − L)) can be thought of as the number of
deaths per unit time at time t. Then the difference term g(x(t)) − g(x(t − L)) repre-
sents the net change in population per unit time. This implies that the growth of the
population is governed by (1.1).

In the next section, we will use the contraction mapping principle to determine that
constant. First, we state what it means for x(t) to be a solution of (1.1). Note that since
(1.1) is autonomous, we loose nothing by starting the solution at 0.

Let ψ : [−L, 0] → R be a given bounded initial function. We say x(t, 0, ψ) is a
solution of (1.1) if x(t, 0, ψ) = ψ on [−L, 0] and x(t, 0, ψ) satisfies (1.1) for t ≥ 0.

One may use the method of Lyapunov functionals to show that all solutions are
bounded by a constant. However, such a method does not tell us what the constant is.
It is of importance to us to know such constants since all of our models have constant
solutions.

2 Equation (1.1)

In this section we use the notion of fixed point theory to determine the constant that all
solutions converge to. For the next theorem we make the following assumptions. The
function g is globally Lipschitz. That is, there exists a constant q > 0 such that

|g(x)− g(y)| ≤ q|x− y|. (2.1)

Also we assume that
qL ≤ ξ for some 0 < ξ < 1. (2.2)

Let ψ : [−L, 0] → R be a given initial function. By summing (1.1) from s = t − L to
s = t− 1 and for any constant c we arrive at the expression

x(t) =
t−1∑

s=t−L

g
(
x(s)

)
+ c. (2.3)
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If x(t) is given by (2.3), then it solves (1.1). Since (2.3) holds for all t ≥ 0, we have

c = ψ(0)−
−1∑

s=−L

g
(
ψ(s)

)
. (2.4)

Substituting c of (2.4) in expression (2.3) yields

x(t) = ψ(0)−
−1∑

s=−L

g
(
ψ(s)

)
+

t−1∑
s=t−L

g
(
x(s)

)
. (2.5)

In the next theorem we show that, given an initial function ψ(t) : [−L, 0] → R, the
unique solution of (1.1) converges to a unique determined constant.

Theorem 2.1. Assume (2.1) and (2.2) hold and let ψ : [−L, 0] → R be a given initial
function. Then, the unique solution x(t, 0, ψ) of (1.1) satisfies x(t, 0, ψ) → r, where r
is unique and given by

r = ψ(0) + g(r)L−
−1∑

s=−L

g
(
ψ(s)

)
. (2.6)

Proof. For | · | denoting the absolute value, the metric space (R, | · |) is complete. Define
a mappingH : R→ R, by

Hr = ψ(0) + g(r)L−
−1∑

s=−L

g
(
ψ(s)

)
.

For a, b ∈ R, we have∣∣Ha−Hb∣∣ ≤ L|g(a)− g(b)| ≤ L q|a− b| ≤ ξ|a− b|.

This shows that H is a contraction on the complete metric space (R, | · |), and hence H
has a unique fixed point r, which implies that (2.6) has a unique solution. It remains to
show that (1.1) has a unique solution and that it converges to the constant r.

Let || · || denote the maximum norm and let M be the set bounded functions φ :
[−L,∞) → R with φ(t) = ψ(t) on [−L, 0], φ(t) → r as t → ∞. Then (M, || · ||)
defines a complete metric space. For φ ∈M, define P : M→M by

(Pφ)(t) = ψ(t), for − L ≤ t ≤ 0,

and

(Pφ)(t) = ψ(0)−
−1∑

s=−L

g
(
ψ(s)

)
+

t−1∑
s=t−L

g
(
φ(s)

)
, for t ≥ 0. (2.7)
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For φ ∈ M with φ(t) → r , we have
t−1∑

s=t−L

g
(
φ(s)

)
→ g(r)L as t → ∞. Then, using

(2.6) and (2.7), we see that

(Pφ)(t)→ ψ(0)−
−1∑

s=−L

g
(
ψ(s)

)
+ g(r)L = r.

Thus, P : M→M. It remains to show that P is a contraction.
For a, b ∈M, we have

∣∣(Pa)(t)− (Pb)(t)
∣∣ ≤ t−1∑

s=t−L

|g(a(s))− g(b(s))|

≤ qL||a− b|| ≤ ξ||a− b||.

Thus, P is a contraction and has a unique fixed point φ ∈M. Based on how the mapping
P was constructed, we conclude the unique fixed point φ satisfies (1.1).

Remark 2.2. For any given initial function, Theorem 2.1 explicitly gives the limit to
which the solution converges to. That limit is the unique solution r of (2.6).

Remark 2.3. For an arbitrary initial function, say η : [−L, 0]→ R, Theorem 2.1 shows
that x(t, 0, η)→ r. Thus, we may think of r as being a global attractor.

Remark 2.4. We may think of Theorem 2.1 as a stability result. In general, we know
that solutions depend continuously on initial functions. That is, solutions which start
close remain close on finite intervals. However, under the conditions in Theorem 2.1
such solutions remain close forever, and their asymptotic respective constants remain
close too.

The next theorem is a verification of our claim in Remark 2.4.

Theorem 2.5. Assume the hypotheses of Theorem 2.1. Then every initial function is
stable. Moreover, if ψ1 and ψ2 are two initial functions with x(t, 0, ψ1) → r1, and
x(t, 0, ψ2)→ r2, then |r1 − r2| < ε for positive ε.

Proof. Let ||ψ||[−L,0] denote the supremum norm of ψ on the interval [−L, 0]. Fix an
initial function ψ1 and let ψ2 be any other initial function. Let Pi, i = 1, 2 be the
mapping defined by (2.7). Then by Theorem 2.1 there are unique functions θ1, θ2 and
unique constants r1 and r2 such that

P1θ1 → θ1, P2θ2 → θ2, θ1(t)→ r1, θ2(t)→ r2.
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Let ε > 0 be any given positive number and set δ =
ε(1− qL)

1 + qL
. Then

|θ1(t)− θ2(t)| = |(P1θ1)(t)− (P2θ2)(t)|

≤ |ψ1(0)− ψ2(0)|+
−1∑

s=−L

|g
(
ψ1(s)

)
− g
(
ψ2(s)

)
|

+
t−1∑

s=t−L

|g
(
θ1(s)

)
− g
(
θ2(s)

)
|

≤ |ψ1(0)− ψ2(0)|+ qL||ψ1 − ψ2||[−L,0] + qL||θ1 − θ2||.

This yields

||θ1 − θ2|| <
qL+ 1

1− qL
||ψ1 − ψ2||[−L,0] < ε,

provided that

||ψ1 − ψ2||[−L,0] <
ε(1− qL)

1 + qL
:= δ.

This shows that

|x(t, 0, ψ1)− x(t, 0, ψ2)| < ε, whenever ||ψ1 − ψ2||[−L,0] < δ.

For the rest of the proof we note that |θi(t)− ki| → 0, as t→∞ implies that

|r1 − r2| = |r1 − θ1(t) + θ1(t)− θ2(t) + θ2(t)− r2|
≤ |r1 − θ1(t)|+ ||θ1 − θ2||+ |θ2(t)− r2| → ||θ1 − θ2||, (as t→∞)

< ε.

This completes the proof.

Next we study the periodicity of solutions of (1.3)

∆x(t) = g(t, x(t))− g(t, x(t− L)),

where,
g(t+ L, x) = g(t, x) (2.8)

for all x. Condition (2.8) allows us to put (1.3) into the form

∆x(t) = g(t, x(t))− g(t− L, x(t− L))

= ∆
t−1∑

s=t−L

g(s, x(s)). (2.9)

Again, we assume that he function g(t, x) is globally Lipschitz. That is, there exists a
constant q > 0 such that

|g(t, x)− g(t, y)| ≤ q|x− y|,

where (2.2) holds.
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Theorem 2.6. Assume conditions (2.8) and (2.2). If (1.3) has an L-periodic solution,
then that solution is constant.

Proof. First, conditions (2.8) and (2.2) give the existence of a unique solution of (1.3).
By summing (2.9) from u = −1 to u = t− 1 we arrive at the expression

x(t) = x(−1) +
t−1∑

s=t−L

g(s, x(s))−
−1∑

s=−L

g(s, x(s)). (2.10)

Set
G(t) := g(t, x(t)).

Since x(t + L) = x(t), we have by (2.8) that G(t) satisfies G(t + L) = G(t). This
implies that the sum of G over any interval of length L is constant. In other words,

t−1∑
s=t−L

g(s, x(s)) =
t−1∑

s=t−L

G(s) =
−1∑

s=−L

G(s) =
−1∑

s=−L

g(s, x(s)).

It then follows from (2.10) that x(t) = x(−1) for all t ≥ −L. Hence x is constant.

3 Equation (1.2)

In this section we extend the results of the previous section to Equation (1.2). The term
L1 of Equation (1.2) can be seen as a lag time between conception and birth. Then the
term g(x(t − L1)) can be considered as the number of births at time t. Again, we will
make use of the contraction mapping principle to show the behavior of the solutions of
Equation (1.2) is the same as of Equation (1.1) and that there are no periodic solutions,
except constants.

As before, we rewrite Equation (1.2) in the summed form

x(t) =

t−L1−1∑
s=t−L1−L2

g
(
x(s)

)
+ c, (3.1)

where c is to be specified shortly. Note that if c = 0, then the summation term in (3.1)
represents the number of individuals born in the past generation [t−L2, t−1] (conceived
in [t− L1 − L2 − 1, t− L1]).

To fully describe the solutions of (1.2) we need to ask for an initial function ψ :
[−L1 − L2, 0]→ R. By assuming condition (2.1) and the contraction condition

qL2 ≤ ξ, ξ < 1, (3.2)

Equation (1.2) has the unique solution x(t, 0, ψ) satisfying

x(t) = ψ(0)−
−L1−1∑

s=−L1−L2

g
(
ψ(s)

)
+

t−L1−1∑
s=t−L1−L2

g
(
x(s)

)
. (3.3)

We have the following result.
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Theorem 3.1. Assume (2.1) and (3.2) hold and let ψ : [−L1 − L2, 0] → R be a given
initial function. Then, the unique solution x(t, 0, ψ) of (1.2) satisfies x(t, 0, ψ) → r,
where r is unique and satisfies

r = ψ(0) + g(r)L2 −
−L1−1∑

s=−L1−L2

g
(
ψ(s)

)
. (3.4)

Proof. For | · | denoting the absolute value, the metric space (R, | · |) is complete. Define
a mappingH : R→ R by

Hr = ψ(0) + g(r)L−
−L1−1∑

s=−L1−L2

g
(
ψ(s)

)
.

For a, b ∈ R, we have∣∣Ha−Hb∣∣ ≤ L2|g(a)− g(b)| ≤ L2 q|a− b| ≤ ξ|a− b|.

This shows that H is a contraction on the complete metric space (R, | · |) and hence H
has a unique fixed point r. Consequently, (3.4) has a unique solution. It remains to show
that (1.2) has a unique solution and that it converges to the constant r.

Let || · || denote the maximum norm and let M be the set of bounded functions
φ : [−L1−L2,∞)→ R with φ(t) = ψ(t) on [−L1−L2, 0], φ(t)→ r as t→∞. Then
(M, || · ||) defines a complete metric space. For φ ∈M, define P : M→M by

(Pφ)(t) = ψ(t), for − L1 − L2 ≤ t ≤ 0,

and

(Pφ)(t) = ψ(0)−
−L1−1∑

s=−L1−L2

g
(
ψ(s)

)
+

t−L1−1∑
s=t−L1−L2

g
(
φ(s)

)
, for t ≥ 0. (3.5)

For φ ∈ M with φ(t) → r , we have
t−L1−1∑

s=t−L1−L2

g
(
φ(s)

)
→ g(r)L2 as t → ∞. Then,

using (3.4) and (3.5), we see that

(Pφ)(t)→ ψ(0)−
−L1−1∑

s=−L1−L2

g
(
ψ(s)

)
+ g(r)L2 = r.

Thus, P : M→M. It remains to show that P is a contraction.
For a, b ∈M, we have∣∣(Pa)(t)− (Pb)(t)

∣∣ ≤ t−L11∑
s=t−L1−L2

|g(a(s))− g(b(s))|

≤ qL2||a− b|| ≤ ξ||a− b||.

Thus, P is a contraction and has a unique fixed point φ ∈M. Based on how the mapping
P was constructed we deduce the unique fixed point φ satisfies (1.2).
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It is worth mentioning that a parallel theorem to Theorem 2.6 can be easily stated
and proved for Equation (1.2).

We end this paper by adding an L-periodic function to the right hand side of Equa-
tion (1.3). Particularly, we consider

∆x(t) = −g(t, x(t)) + g(t, x(t− L)) + h(t), t ≥ 0, (3.6)

where
g(t+ L, x) = g(t, x) and h(t+ L) = h(t), (3.7)

−1∑
s=−L

h(s) = 0, (3.8)

and
|g(t, x)− g(t, y)| ≤ q|x− y|, (3.9)

for some positive constant q. We remark that Equation (3.6) has no constant solution,
unless h(t) is identically zero for all t ∈ Z.

Let ψ : [−L, 0]→ R be a given initial function and put (3.6) in the form

x(t) = ψ(0) +
−1∑

s=−L

g
(
s, ψ(s)

)
−

t−1∑
s=t−L

g
(
s, x(s)

)
+

t−1∑
s=0

h(s). (3.10)

We define the constant c by

c = ψ(0) +
−1∑

s=−L

g
(
s, ψ(s)

)
. (3.11)

We have the following result.

Theorem 3.2. Assume (2.2) and (3.7)–(3.9) and let ψ : [−L, 0] → R be a given initial
function. Then, the unique solution x(t, 0, ψ) of (3.6) satisfies x(t, 0, ψ)→ r(t), where
r(t) is the unique L-periodic function satisfying

r(t) = c−
t−1∑

s=t−L

g
(
s, r(s)

)
+

t−1∑
s=0

h(s). (3.12)

Proof. Let || · || denote the maximum norm and let M be the set of L-periodic sequences
φ : Z→ Z. Then (M, ||·||) defines a Banach space of L-periodic sequences. For φ ∈M,
define P : M→M by

(Pφ)(t) = c−
t−1∑

s=t−L

g
(
s, φ(s)

)
+

t−1∑
s=0

h(s).
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It is clear from conditions (3.7) and (3.8) that P maps M into M.Also, due to conditions
(2.2) and (3.9), the mapping P is a contraction. Hence, Equation (3.12) has a unique
fixed point r in M, which solves (3.6). It remains to show that (Pφ)(t)→ r(t).

Let C be the complete metric space of sequences φ : [−L,∞) → R satisfying
φ(t) = ψ(t) on [−L, 0], φ(t)→ r(t) as t→∞. Define a mapping P : C→ C by

(Pφ)(t) = ψ(t) on [−L, 0],

and

(Pφ)(t) = c−
t−1∑

s=t−L

g
(
s, φ(s)

)
+

t−1∑
s=0

h(s), t ≥ 0.

It is clear from the definition of P that (Pφ)(0) = ψ(0) and hence P : C→ C. Also, by
(2.2) and (3.9) P is a contraction. Since r(t) is a periodic sequence of period L, there
exists a positive constant K such that −K ≤ r(t) ≤ K. Since g is periodic in t and is
uniformly continuous in x and since φ(t)→ r(t), it follows that

∣∣ t−1∑
s=t−L

g
(
s, φ(s)

)
−

t−1∑
s=t−L

g
(
s, r(s)

)∣∣→ 0, as t→∞.

This implies that

∣∣(Pφ)(t)− r(t)
∣∣ =

∣∣ t−1∑
s=t−L

g
(
s, φ(s)

)
−

t−1∑
s=t−L

g
(
s, r(s)

)∣∣→ 0,

as t→∞.
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