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Abstract

Consider the nonlinear difference equation
Tptl = f(Tn, . spn_g), kn=01,....

with real initial conditions. We investigate this equation when it has the lineariza-
tion of the form
k

Ty = Z 9i(Tnai—1s e k)T, n=0,1,...,01=1,2,....
i=1-1

We use the generalized identity to study the problem of existence and nonexistence
of periodic solutions of the considered equation.
We illustrate our results by numerous examples.

AMS Subject Classifications: Identity, linear, periodic, solution.
Keywords: 39A10, 39A11.

1 Introduction
We investigate the difference equation

Toi1 = [(Tnyo oy Tnok), k,n=0,1,..., (1.1)
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where the initial conditions are real numbers.
Our first objective is to bring (1.1) into the linearized form

k
Tast = D Gin-is n=0,1,..., (1.2)

i=1-1

where [ € {1,2,...} and the functions g; : R — R.
There are many ways to obtain a linearization of (1.1) such as the following “forced

linearization”. Assume that for j = 0,..., % the functions ¢; : R — R are such that
k
ch # 0. Then
5=0
cof(Tn, ..., Ty cuf(Tpy .o, Xy
tngr = 21 - LI il . e =01, . (13)
Tn D j—0C Tn—k Dm0 Cj

Define the functions

gi:Cif(-iEn;..-7xnfk’)7 Z:O,,k,nzo,l,

%

Tn—i D j=0Ci
Then (1.3) can be written as (1.2). If the linearization of (1.1) is not of the form (1.2),
then we can try iterates of (1.1) such as the first iterate

Tnro = [([(Tny ooy Tnek), Toy oo vyee ey Tgr1), n=0,1,....

From (1.2) we obtain a generalized identity so that we can study the relationship be-
tween the functions g; and the behavior of the solutions. Identities are often used to
study the behavior of the solutions of the difference equation. Usually they compare
two terms of the solution with each other or one term of the solution with a specific
constant, such as the equilibrium or term of periodic solution. Such identities are
building blocks of semicycle analysis, method of invariants and rate of convergence.
See [1-3,5-8,10-15,18,19]. In this paper we will generalize the identity by compar-
ing terms of the solution with an arbitrary constant. For example consider the linear
equation

Tpy1 = Axp + By, n=0,1,..., (1.4)

where the real valued constants A, B > (0. Let K be any real number. Then (1.4) has
the generalized identity

Tpy1 — (A+ B)K = A(x, — K) + Bz, — K), n=0,1,...,

Choosing K appropriately we can derive useful identities that will reveal local or global
behavior of solutions of (1.4). Similar holds for general nonlinear equation as is illus-
trated by Examples 2.3-3.7.

We can obtain the generalized identity for (1.1) by applying the following theorem
to the linearization (1.2) when the summation of the functions g; is constant for all n.
See [9].
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Theorem 1.1. Let K € Randletl € {1,2,...}. Suppose that on some interval I C R,
(1.1) has the linearization (1.2). Then (1.1) has the generalized identity

k
Tpy —aK = Z gi(xy_i — K), n=0,1,... (1.5)

i=1-1

if and only if
k

a= Zgi, n=0,1,....

i=1-1

k
A more direct method of obtaining a generalized identity for (1.1), where Z gi 18
i=1-1
a constant for n > 0, which the authors have used in [9], consists of algebraic manipu-
lation of
Tp1 — K= f(zp,...;xn k) — K, kn=01,..., (1.6)

or by manipulation of the iterates of (1.6) such as the first iterate

Tpio— K = f(f(xn, .., Tnk)y oy Tnp1—k) — K, n=0,1,.... (1.7)

2 Generalized Identities and Periodicity

In this section we find some properties of the linearization (1.2) that allows us to deter-
mine which periodic solutions of (1.1) are feasible.

Theorem 2.1. Let | € {1,2,...}. Suppose that on some interval I C R, (1.1) has the
k

linearization (1.2), where the functions g; are nonnegative for n > 0 and Z gi =

i=1-1
1, n=0,1,.... Assume that (1.1) has a periodic solution of minimal period p with a

unique minimum or a unique maximum. Then, for all i € {1 —1,... k}, if g; > 0 for
all n > 0, then p divides i1 + . Furthermore, 2 < p < k + . In particular, if k + | = 2,
then (1.1) may possess only period-two solution.

Proof. Since (1.1) has the linearization it has also the generalized identity (1.5) with
a = 1. Assume that (1.1) has periodic solution of prime period p. Then x,,4; = Tp41—mp
forn = 0,1,...; m = 1,2,.... Choose N sufficiently large such that for some
m=1,2,... N > mp — k and 24—y is either the unique minimum or the unique
maximum. Take K = .,y in (1.5) to obtain

k

0=2N4 — TNpI—mp = Z Gi(TN—i — TNt1—mp)- (2.1)
i—1—1
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Thus if ¢ # mp — [, then xny_; — Tn41—mp 7 0. Hence in view of (2.1) if ¢ # mp — {
then g; = 0. Thus fori € {1 —[,...,k} such that g; > 0 we have thati = mp — | < k

form = 1,2,.... Therefore foralli € {1 —1,... k} if g; > 0 for all n > 0, then
k41

p divides 7 + [. Since k& > ¢, then k + [ > mrl > pform = 1,2,.... Therefore
m

2<p<k+l. O

If we want to determine which minimal period p solutions of (1.1) with a unique
minimum or a unique maximum are possible, then we can iterate (1.1) until [ > p — k
and see if the hypothesis of Theorem 2.1 are satisfied.

Remark 2.2. An immediate consequence of Theorem 2.1 is that if there are ¢, m such
that ¢ + [ and m + [ are relatively prime and g; > 0, g,,, > 0, then (1.1) does not possess
periodic solutions.

The following examples illustrate Theorem 2.1, which can be used also to prove the
nonexistence of periodic solutions.

Example 2.3. The difference equation

Ax? + Ba? |+ Ca?_,
Az, + Bxyq + Cxpy_s’

n=0,1,... (2.2)

Tnt1 =

with all the parameters and initial conditions positive real numbers has the linearization

AlL‘n + an—l
Tyt = Ty Ty
1 Az, + Bz, 1+ Cxy,_s Az, + Bz, 1+ Cxy,_3 !
O:En—?)
+ Tp—g, n=0,1,....
Az, + Bx,_1+ Cx,_3 3
Observe that

gt+ag+gs=1, n=0,1,...

and £+ = 341 = 4. Thus by Theorem 2.1 all periodic solutions are of period p which
is a factor of 2, 3 and 4, which proves that (2.2) does not have any periodic solution.

Example 2.4. The difference equation

A + BQTn_Q

)
TpnTn—-1Tnp—2

Tyt = n=20,1,..., (2.3)

where A, B and the initial conditions are all positive real numbers has the linearization

BIn_Q A
Tpol + ———5——Tp—2= g1Tp_1 + §2Tn—2, n=0,1,....

Tnt2 = A + Bl’n_g A —|— BZL’n_Q "

Observe that
gl—l—ggzl, n:O,l,...
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and k41 = 242 = 4. Thus by Theorem 2.1 all periodic solutions are of period p which
is a factor of 2, 3 and 4. Thus, (2.3) does not have any periodic solution.
Theorem 2.1 can be also applied to the following k + 1-th order generalization of
(2.3) of the form:
A+ Bz,

Tpt1 = , n=0,1,...;k=2,3,..., 2.4)
Tpnlp—1...Tpn—k

where A, B and the initial conditions are all positive real numbers. This equation can
be embedded into the k + 2-th order linearization

an,k A

——Tnkt1l t 5 Tn—k = GkTn—k T Gr—1Tn—k+1
A+ Bz, _; ’

Tn = n
+2 A+ Bz,

forn =0,1,..., with

g+ gk—1=1, n=0,1,....
Thus by Theorem 2.1 the only minimal period p solutions (2.4) may possess are for p
which is a factor of 4,5, ...,k + 2 and so p = 1. Thus, (2.4) does not have any periodic
solution. In fact, more can be concluded. In view of [9, Theorem 5], we can conclude
that every positive solution of (2.4) converges to the unique positive equilibrium of that
equation.

Theorem 2.5. Leti € {1 —1,..., k} and let g; be real functions.

(a) Assume that g, = 1,9; =0,i=1—1,...,k—1forn=0,1,.... Then (1.1) has
the linearization (1.2) if and only if every solution of (1.1) is periodic with period
[+ k.

(b) Suppose that (1.1) has the linearization (1.2) with g; = 1 forj € {2 —1,..., k —
1},j#1—=1land g =0 foralli € {1 —1,...,k}, i # j. Then every solution of
(1.1) is eventually periodic with period | + j.

Proof. (a) Equation (1.1) has the linearization (1.2) if and only if

k
Tnsl = D Gilni = GrTn = Tnp, n=0,1,...
i=1—1
which is true if and only if z,,; = z,_y, that is if and only if every solution of (1.1) is

periodic with period [ + k.
(b) By (1.5) we get

k
Tptl = E GiTn—i = §jTn—j = Tp—j, n=0,1,...
1=1-1

Since we can not determine the initial conditions x_;_1, ..., z_j, then we can only say
that every solution of (1.1) is eventually periodic with period [ + ;. [



118 E. Janowski, M. R. S. Kulenovié¢, E. Sili¢

Example 2.6. The following equations illustrate Theorem 2.5. Equations

1
Tptl = —, Tpy1 = —Tn, n=0,1,...
:L'n

both have linearization
Tptl = Tp-1, n=0,1,...

which shows that all solutions of these equations are periodic of (not necessarily min-
imal) period two. Furthermore, the special case of well-known Lyness’ equation, see

[13,15]:

1+z,
Tpt1 = , n=0,1,...;20_1,29 >0
n—1

as well as its max analogue

max{1l,x,}
Tpy1 = ———, n=0,1,...;52_1,20 >0
n—1
both have linearization
Tptl = Tn—g, n=0,1,...

which shows that all solutions of Lyness’ equation are periodic of (not necessarily min-
imal) period five.

The following result describes the oscillatory character of solutions of linearizable
equations.

Theorem 2.7. Suppose that on some interval [ C R, (1.1) has the linearization (1.2),
k

where the functions g; are nonnegative for n > 0 and Z gi = 1. Then every solution
i=1-1
of (1.1) strictly oscillates about some L € 1.

Proof. Lety =1+ kand K € R. Define for N =0,1,...

My = max{Zynii—1, .-, Tyn—k}, My =min{Tyn i1, ., TyN_k]}, -

k
Since Z g; = 1, then (1.1) has the generalized identity (1.5) with a = 1. If for some
i=1-1
N, Tynt1-1 = ... = Tyn—p, then my = My. By using (1.5) witha = 1 and K = my
we get that z,n11; = my = My, 7 =0,1,... and so the solution of (1.1) is constant
solution. So for every N > 0 at least one term of zyn4—1,. .., Zyn—; Mmust be strictly
greater than my. Hence my < My for N = 0,1,.... Then there exists L € [ such
that for every NV > 0 one term of z,n i1, . - ., TyN— 1S above L and one term is below
L. ]
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3 Nonexistence of Periodic Solutions

In this section we present some results on nonexistence of periodic solutions. The results
presented here are surprisingly efficient as one can see from the examples included and
are different from discrete versions of classical nonexistence results of Bendixson and
Dulac, see [16, 17] and the similar results which hold for equations on time scales,

see [4]. Although some of these results follow from the theorems in [9] they also extend
k
them, for example when lim Z gi = 1.
=1—

n—00
7 l

Theorem 3.1. Let [ € {1,2,...}. Suppose (1.1) has the linearization (1.2), where the
real functions g; are such that g1_; > 0 foralln = 0,1,.... Ifforalli € {2—1,... ,k}
k

g; > 0 and Z gi < 1, then (1.1) does not have a periodic solution.
i=1-1

k
Proof. Assume that (1.1) has a periodic solution of period p. Let a,, = Z g; for

i=1-1
n=0,1,...and K € R. Then (1.1) has the generalized identity

k
Tpp1 — an K = g1 (0p_14 — K) + Z gi(rpi — K), n=0,1,... (3.1

1=2—1

First consider the case where the maximum term of the period p solution is strictly
positive. Choose n such that z,,4; is the maximum term of the period p solution and
Tptl 7 Tnyi—1. By using (3.1) with K = z,,4;4, we get

k
T4l — Opnlptidp = gl—l(xn—l-l—l - xn—&-l—i—p) + E gz(xn—z - wn+l+p) <0.
1=2—1

Hence z,,1; < a,2n4+; < 2,41, Which is a contradiction.

Next consider the case where the maximum term of the period p solution is nonpos-
itive. Then the minimum term is strictly negative. Choose n such that z,,; is the mini-
mum term of the period p solution and x,,4; # %4;—1. By using (3.1) with K = 2,44,
we get

k

Tn+1 — OnTnyi4+p = 9171($n71+l - xn+l+p) + E gz(xnfz - xn+l+P> > 0.
1=2—1

Hence z,,; > a,2n1; > ,4, Which is a contradiction. ]
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Example 3.2. Consider the difference equation

a(zd +x,) + bxd_,
a(x2 +1)+bx?_,’

n—1

Tptl = n=20,1,..., 3.2)

where a, b > 0. Equation (3.2) can be rewritten as

a(z? +1) ba?_,
L= 1 n 3 ne1 = GoTn w1, (33
S )b A )+ b, T e T e G)
forn = 0,1,..., where go + g1 = 1, 9o > 0 and so by Theorem 3.1 does not possess

periodic solutions of any period.
This example easily generalizes to more general equation of the form

a(x?* 1 4 x,) 4 b2 ]
a(x2k + 1) + ba?r
where a,b > 0, k,r,s € {1,2,...}.

Tpt1 = , n=0,1,...,

Example 3.3. In view of Theorem 3.1, the difference equation

N
Tpy1 = ZDk(xn,...,a:n_k)xn_k, n=20,1,..., (3.4)
k=0

where the functions Dy, are given by

ay 1if z}, 1s rational,

Dk(iL’n, ce ,{En,k) =
by, if x;, is irrational,

N
where ay, b, > 0,k = 0,1,..., N satisfy Z max{ag, br} < 1, has no periodic solu-

k=0
tions of any period.

Now, it is clear that the functions D; can even be random variables and so our result
applies to random difference equations.

Theorem 3.4. Let | € {1,2,...}. Suppose that (1.1) has the linearization (1.2), where

for all n either
k

g1-1>0,9, >0 and 1< 5 gi 3.5
i=1-1
or

k
g11<0,6:<0 and —1< > g (3.6)
i=1-1

Then (1.1) does not have a periodic solution whose terms are all nonpositive or all
nonnegative.
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k
Proof. Let a, = Z giforn = 0,1,... and K € R. Then (1.1) has the generalized
i=1-1
identity (3.1).
First, assume (3.5). First, assume that all terms of a periodic solution are nonposi-
tive. Choose n such that x,,; is the maximum term of periodic solution of period p and
Tptl 7 Tpyi—1. By using (3.1) with K = x,, 454, we getforn =0,1,. ..

anrl(l - an) = Tp+1 — AnTn+i+p

(2

k
= g1 1(Tn_141 — l’n+l+p) + Z 9i(Tn—i — $n+z+p) <0,
—2-1
which, in view of x,, .1 < 0 is a contradiction.
Second, assume that all terms of a periodic solution are nonnegative. Choose n such
that x,,; is the minimum term of periodic solution of period p and z,,; # x,+;—1. By
using (3.1) with K = z,, 44, we getforn = 0,1, ...

xn—l—l(]- - an) = Tp4+1 — AnTpti+p

k
= g1-1(Tp_141 — xn-‘rl—&-p) + Z 9i(Tn—i — xn—f—l-i-p) >0,
i=2-1
which, in view of z,,,; > 0 is a contradiction.
Next, assume (3.6). First, assume that all terms of a periodic solution are nonposi-
tive. Choose n such that x,,; is the maximum term of periodic solution of period p and
Tptl 7 Tnyi—1. By using (3.1) with K = z,,4;4, we getforn =0,1,. ..

xn—i—l(l + an) = Tpy1 + A Tn414p

gi(xn—i - $n+l+p) > O,
l

= g1 ($n—1+l - xn-{-H—p) +

-

(2

which, in view of z,,,; < 0 is a contradiction.

Second, assume that all terms of a periodic solution are nonnegative. Choose n such
that x,,,; is the minimum term of periodic solution of period p and x,,; # x,4;_1. By
using (3.1) with K = z,, 1,4, we getforn =0, 1, ...

-Tn—i-l(l + an) = Tpy1 + AnTn414p

k
= 9171($n71+l - l’n+l+p) + Z gi(%’nﬂ' - $n+l+p) <0,
i=2—1

which, in view of x,,.1 > 0 is a contradiction. O]
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Example 3.5. The difference equation

o+ Aynfl

] = ————————, =0,1,..., 3.7
Yn+1 A+ By, (3.7)

where a, A and B are positive constants and initial conditions are nonnegative, was
considered in [7, 13], where we have given global dynamics. Equation (3.7) possesses
the linearization

4 A? 4+ ABy, A2 4+ ABy,
Ynt2 = Un T p ABy,, + aB + AByn_lyn—i_1 A? + ABy, +aB + AByn_lyn_l’
(3.8)
forn = 0,1, ... and the obvious generalized identity
A% + ABy,
n - K= n — K n - K
Ynt2 Y A2+ ABy, + aB + AByn 1 (Wnt1 = K)
A% + ABy,
_ w1 — K), 3.9
A2 + ABy, + aB + ABy, 1 (o = K) (3-9)
where n = 0,1, ... and K is an arbitrary number. Here
A? + ABy,
g-1=—0 go=1

T A2 ABy,, + aB + ABy,_1’
and so g_1 + go + g1 = 1. Choosing K = y,, in (3.9) or rearranging terms in (3.8) we
obtain

B A? + ABy,
Ynt2 = Un = A? 4+ ABy,, + aB + ABy,,_1

(yn+1_yn—1)7 n:0717"-7 (310)

showing that both sequences {ys,,} and {y2,.1} are monotonic. Thus every bounded
solution converges to period-two solution. Indeed, one can show that (3.7) has infinitely
many period-two solutions of the form &, W, & W ... where B®V = « and that all
solutions are bounded. Consequently, every solution converges to period-two solution
which follows immediately from the identity (3.10).

Example 3.6. The difference equation

ay?  +1 . by? +1

Yn—1 Yn

Yntl = n=20,1,..., (3.11)
where a and b are positive constants which satisfy @ + b > 1 was considered in [9],
where we have shown that if a+b > 1, then every solution with positive (resp. negative)

initial conditions is asymptotic to oo (resp. —oo). Here we consider the generalization

of (3.11):
M

Apy? L +1
U (3.12)
k=0 Yn—k
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M
where Ag > 0,4, > 0,k = 1,..., M and ZAk > 1. In this case Theorem 3.4

k=0
implies that (3.12) has no periodic solution with all positive initial conditions. Indeed,
(3.12) has the following linearization:

M M
Ay +1
Yn+1 :Zg—kyn—k :ng’yn—k’v nzoala"' :
k=0 Yn—k k=0
Clearly
M M M M
Sg=d Ay YAzt
k=0 k=0 k=0 In—k =0
Example 3.7. The difference equation
ay?_, —1 y?—1
Ynt+1 = Ina + & ’ n:0717"'a (313)
Yn—1 Yn
where a < 0 and b < 0 has the linearization
2 2
ay;_ 4 —1 by: — 1
Yn+1 = 2—1yn—1+y—2yn7 TL:O,l,... )
Yn—1 Yn
which implies
1 1
Gtg=at+tb-—5——— <a+b<0,
Yn—1 yn

for every solution {y,,} which satisfies y_;y¢ > 0. In this case Theorem 3.4 implies that
(3.13) has no periodic solution of any period.
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