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Abstract

Here we define a Caputo like right discrete nabla fractional difference and we
produce a right discrete nabla fractional Taylor formula for the first time. We
estimate the remainder. Then we derive related right discrete nabla fractional Os-
trowski, Poincaré and Sobolev type inequalities.
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1 Introduction and Background

Here we work on the time scale T = a + Z, where a € R. We consider functions
f:(a+7Z) — R. If a function f is defined on a subset of a + Z, then one can extend it
to all of a + Z, by assigning zero values to f on the complement, with respect to a + Z,
of that subset. For ¢ € R, the rising factorial is defined as

t"=tt+1)(t+2)...(t+n—-1),neN
and t° = 1. For o € R, define in general

o [t +a)
- I

wheret € R — {..., —2,—1,0}, 0% = 0, where I' is the gamma function;

['(v)= / e 't tdt, v > 0.
0
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Note that -

V(%) = at*?
where Vy(t) = y(t) — y(t — 1) (= y"(t), the time scale nabla discrete derivative if
t € (a+ Z)). Also Vy(t) is called the backward difference. We further define the

falling factorial
tt =t(t—1)...(t—n+1),n €N,

and in general

a_ L+
S T(t+1—a)
Notice that
9= (t4+a—1)@ (1.1)

From time scales theory [4, p. 333] we know that
b* b*
fOVE= > ft), a* <V’ (1.2)
a* t=a*+1
where a*,b* € (a+ Z). Also for f : (a + Z) — R we define the higher order backward

difference i

w0 =1 (§) -0 = 17w, ke,

=0

the kth order time scale nabla derivative of f. If f runs on [a*,b*] N (a + Z), then f¥"
runs on [a* + k, b*] N (a + Z). For a general time scale T, see [2,4], we define

hi : T>= R, k € Ny = NU {0},

ho(t,s) =1, s,t €T,

M (L, s) = /t hi(r, s)VT, 5,t € T, (1.3)
We have that the nabla derivative S
hy (t,s) = h,_(t,s), k€N, t €Ty,
(for Ty, T* see [2,4]) and izl(t, s)=t—s,s,t € T. Notice here that
(a+7Z)=(a+Z) = (a+ 7). (1.4)

Lemma 1.1. We have that

i) == et (1.5)
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Lemma 1.2. It holds on a + 7 that

1) Vi E
(t—s t—s
{ (k+)1)! } - k!) , k&R, (1.9
V. means nabla derivative with respect to 1.
Proof. We have
- 1 - -
((k+1)!> N (k+1)!{(t_s) —(t=s= 17}
1
= m{(t—s)(t—s+1)(t—s+2)...(t—s+k:)
—(t—s—1({t—-s)t—s+1)...(t—s+k—1)}
_ ﬁ{(t—s)(t—s—l—l)...(t—s+k—1)}
{t=s+k)—(t—s—1)}
- %{(t—s)(t—s—k1)...(t—s+k—1)}
_ (-9
ko
The proof is complete. ]

Proof of Lemma 1.1. We see that

ho(t, s) = (t=s) _ 1, s,t € (a + 7).

Assume (1.5) is correct. Then

) £ tr—s)
hiy1(t,s) = hi(1,8)VT = i \%s

This completes the proof. 0

Again here we consider f : (a + Z) — R and let m € N. By the nabla time scales
Taylor formula, see [2] and Lemma 1.1, applied to (a+7Z), we obtain the Taylor formula

f(t)=ika(8) ( ;!S> +/ %V"ﬁfv)vm (1.7)
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for all ¢, s € (a + Z). Here V°f = f. We specialize (1.7) for t € [a*,b*] N (a + Z) and
s=b"e€(a+Z),a" € (a+7Z), where a* < b*. Hence we have

ﬂw=§iVW®U@;F)+/P@%£§%%;vmﬂﬂvr (1.8)
e ! . !

That is,

B 0 MY S e
0= vy - [ e a9

Using (1.2), we can write (1.9) as

m—1
t—w
V(b - S _ —1w }: t—s+1)"V"F(s).  (1.10)
k=0 s=t+1

We call the remainder of (1.10) as

R(t) == — _1'§: — s+ 1)V f(s), (1.11)

forallt € [a*,0") N (a + Z).
We need the following auxiliary result.

Lemma 1.3. We have

1

t—s+1)" = (=) s—t—m+1)" . (1.12)
Proof. Notice that

t—s+1)"" = (t—s+Dt—s+1+D)E—s5+1+2)...
(t—s+1+m—-1-1)
(—(s=t)+1)(=(s—=t)+2)(—(s—t)+3)...
(—(s—t)+m—1)
(L) s— 1) (s —t—2)(s—{—3)...
(s—t—m+1)
(1" (s —t—m+1)...
(s—t—=3)(s—t—2)(s—t—1)

(—

(—

D™ Y s—t—(m—1)""

Y s—t—m+1)" "
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Indeed we have

The proof is complete. ]

Because of (1.12), we obtain

R(t) = % S (s—t—m+1) V() (1.13)
T s=t+1
:Z%g&ij@—m—HJWWWﬂQ
s=t+1

forallt € [a*,b"|N(a+Z). Here s > t + 1, thatis s — ¢ > 1, and b* = (¢ + 1)mod(1).
Remark 1.4. We notice that

m—1

A=m+1)" " =\+1-m)
= A+1-mA+1-m+1)A+1-m+2)(A+1-m+3)...
A+1—m4+m—-3)A+1—m+m—2)
= A=m-=1)A=(m=2))(A=(m=3)A—=(m-4)...
(A=2)(A=1),

forany A € N. So, when A =1,2,...,m — 1, we get that

A—m+1)"" =0.

Therefore
t+m—1 L
> (s—m—t+1)" V"f(s) =0, (1.14)
s=t+1
since s —t =1,2,...,m — 1. In conclusion, we get that
R*(t) = =" i (s—(m+1t)+1)" " V"f(s) (1.15)
(m —1)! e ’ '

which requires ¢ < b* — m. Since

(s—m—t+1)"" = (s—m—t+1+m—2)mD (1.16)
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= (s—t—1)mY,
we can rewrite (1.15) as
R*(t) = =" i (s —t —1)m=Dy™f(s) (1.17)
(m o 1)' s=t+m ’

where t € [a*,0" —m] N (a + Z), m € N. Here we restricted f on [a*,b*] N (a + Z),
which implies that V™ f is restricted on [a* + m, b*] N (a + Z).

We need the following definition.

Definition 1.5 (See [3]). If v > 0, the right fractional sum is given by

> (s—t=1)"Vf(s), (1.18)

(Ap (1) = (1),

where f is restricted on [a*, b"] N (a 4+ Z). Here (A,.” f) is defined on
{a* —v,a"—v+1,a"—v+2...0"—v}.
Here one can take a* = —o0.
We also need the following result.
Theorem 1.6 (See [5]). Let i, v > 0. Then
(A A F)(E) = (A (1), (1.19)
wheret € {a* — (u+v),a" — (u+v)+1,....0" = (u+v)}.
We have now established the following theorem.
Theorem 1.7. We have
R (1) = (=1)"™(A" (V™" ))(1), (1.20)

wheret € {a*,a" +1,...,b" —m}, a* < b —m, when f is restricted on [a”,b*| N (a +
Z),a*,b" € (a+ 7).
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2 Main Results

We give the following definition.

Definition 2.1. Let © > 0, m — 1 < p < m, m € N, m = [u]| (ceiling of number),
vi=m — u,thatis p + v = m.
The p-th order nabla right fractional difference (Caputo way) is given by

(VPO = (AT e
m b*
= S Y -t 0w,

wheret <b* —v, b € (a+Z),t € (a—v+7Z),a € R If y=m € N, then

(Vi N)(&) = (=1)" (V" /)(1)-

Remark 2.2. If we restrict f : (a +Z) — Ron [a* — m,b*], where a*,b" € (a + Z),
a* < b*,m € N, then V" f is defined on [a*,b*] N (a + Z), and then V). f is defined
on{a" —v,a*—v+1,...,0" —v}.

We present the following results.

Theorem 2.3. Let a*,b* € (a+Z),a" < b"—m,andt € {a",a" +1,...,0" —m}.
Then
R (t) = (A", (Vh_f)) (t), (2.2)

where f is restricted on [a*,b* | N (a +Z),and p > 0,m — 1 < p <m,m € N.

Proof. Let m — 1 < p < m. With the help of (1.19) and (1.20), we see that

(A, (Ve f)) () = (=)™ (A0 (V7)) (1)
= ()" (A" (7))
= (=)™ (A (V) ()
= R*(t).
If 4 = m, then (2.2) is trivial. [

We have proved the following nabla right discrete fractional Taylor formula.

Theorem 2.4. Leta € R, f: (a+Z) - R. Let u >0, m —1 < pu <m, (m=[ul]),
m € N, v=m—pu. Leta*,b* € (a+Z) : a* < b" —m. Here a* could be —cc. Let
te{a*,a"+1,...,0" —m}. Then

(UL (2.3)
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where the remainder

R(t) = (A, (VE_f))®) (2.4)
L ey o
— FUUSE;L@ t— DD (VE_f)(s).

Remark 2.5. Using (1.1) we get that

(s—t—1)WF YV =(s—t—p+1) . (2.5)
Therefore by (2.4) we also derive
1 b*—v =y
R() = 3 (s—t—p+1) (Vi_f)s). 2.6)
P 27,

Corollary 2.6. Suppose the hypotheses of Theorem 2.4 hold. Assume further that

VEFB*) =0, fork=0,1,...,m — 1.

Then "
1 «— .
fO) =50 D (5=t =" (VE_f)(s). 27)
F(HJ) s=t+pu
We need the following result.
Proposition 2.7. We have
" w (b= =)W
ds—t-1)"T=——"—>0 (2.8)
s=t+pup p
Proof. We proved in [1, p. 579] that
Lx+1) 1 Iz+2) I+l
Nr—k+1) (k+D)\INe—k+1) T(x—-Fk))’

x>k, x, ke R, k>—1,x> —1. We have that

b*—v b*—v

(1) I'(s—1t)
Z(s—t—l)
s=t+u st+urs_t_'u+1)
b*—v
[(s—t)
— I'(w).
Fs—t—u+1)+ (1)

s=t+u+1
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Here p > O0andt+pu+1<s<b"—v.Seethatx :==s—t—1>pu, k:=pu—1> —1,
x> k,and x — k = s —t — u. Therefore

[(s—t) ~ T@+1)  T(@+1)
I(s—t—p+1)  T(x+1-k) T@—k+1)
1 ['(z+2) [z +1)
B ;(r(x—kﬂ)_r(x—k))
_ l( Is—t+1)  D(s—1) )
C op\I(s—t—p+1) T(s—t—p))"
Consequently we have
= T(s—t) B — T(s—t+1) T(s—t)
S§+1F(s—t—u+1) B 8;ﬂ(f‘(s—t—l—l—u)_f‘(s—t—u))

(s—t > p+1) (telescoping sum)

[(T(p+2) =T(p+1)) +

EFM+3 )+
(5
("

T(p+4) +3
1 u )+

Fu+5 u+4)

(sofors = b"— V—t—i—,u+1+)\ AeN)
FW+1+A+)_FW+1+M}

T2+ \) T(1+ M)
_ Te+A+2) T(e+1)
o plP2+ ) u

Byb"—v = t+pu+1+X thend"—v+1=t+pu+2+ Xand
b*"—v+1—t = p+24 A thatis A\ +2=0"—v+1—t—p.

Alsow = D'(w).)
B rp*—v—t+1)
B /,LF(b*—u—thl—pJ)_F('u)
*_ oy — )W)
— %_p(u)‘

So we have proved
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The last is positive because
b*—v—t—pu—1>0

and
b*—v—t—pu+12>2,

alsob* —v—t+1>p+2>0,andb* —v —1t > 0. O]
We give the following estimate.

Theorem 2.8. In the assumptions of Theorem 2.4 we have that

m—1 %
fO) =2 Ve >(T) = (2.9)
k=0 .
. (b* — v —t)® )
t < X~ - ]
ROl S 50D ™, V5O
Proof. By (2.4) and (2.8) we get
1 b*—v ( :
’ < N " "
Bl < 5, S;M(s =)t max |V FG)
1 (b —v—t)®
= vu*
T e, Ve SG)]
- (b* — v — t)(u) )
C(p+1) se{tf,lﬁ%};)*_y} |Vb**f(5)|
O

We need the following auxiliary result.

Lemma 2.9 (See [1, p. 580]). Leta > v, a,v > —1,a,v € R, a < b. Then

b (v+1)
b 1 (v+1) _
S = << th 7 —a ) _ (2.10)

We give a related Ostrowski inequality.

Theorem 2.10. Leta € R, f : (a+Z) - R. Let p > 0,m —1 < pu < m, m € N,
v=m—pu Let a*,b* € (a +7Z) : b* —a* > m + 1. Assume that V* f(b*) = 0,
k=1,....,m —1.Then

e S0 )

(b* —v —a* 4 1)#+D) (
C(p+2)b*—m—a*+1)

(2.11)

max ’fo*_f(s)’) .

se{a*+pu,....b*—v}
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Proof. Using (2.3) and (2.4), since V¥ f(b*) =0,k =1,...,m — 1, we get

Then we observe that

E

IN

f@) = f(07) = R*(1).

1

(b—m a*+1) Zf

t=a*

(b* —m —a*+1)

S )

b*—m

(b* —

1
(b* —m —
(by (2.9))

1

L0l

t=a*

(b* —m —a*+1)

= :(%).

Call 7 :=b"—v—t.Herea" <t <b*—m,and a* > —t > m — b*, which implies

that y <7 <b"—v —

We calculate

b*—m

S -v—t) =

t=a*

(notice b* — a*

b*—m
Z (5 — v — ) MAX e (a+p,... 00—} | Ve f(5)]
t=a* I(p+1)

a*. Also ™ = T'(u+ 1).

b*—v—a*
E (1)
T=u

b*—v—a*

®) + Z 7—(#)
T=p+1
b*—v—a*
I'(p+1) Z s
T=p+1
m + 1 by assumption, hence y+ 1 < b* — v — a*)

(by (2.10))

(b* —v—a*+ 1)(u+1) — (u+ 1)(#+1))
I(p+1)+
)+ ( -
b* —v—a*+ 1)WY T 2
p+1 w41

(b* —v —a* + 1)+D)
e

D(p+1)+ —T(p+1)
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(b* — v —a* 4+ 1)#+D)
41 '

So we have proved that

bf(b* _yopm o Wmvod s D
1 '

t=a*

Therefore
) 1 (b* —v —a* + 1)k
%k =
(b*—m —a*+1) p+1
maXse{a*Jru ..... b*—v} ‘Vg*_f(s)‘
I(p+1)
That is,
< (b* —v—a'+ 1)(“+1) MmaXse{a*+u,....b*—v} }vg*ff(s)}
- C(p+2)(b*—m—a*+1) ’
which establishes the theorem. O]

A related Poincaré type inequality follows.

Theorem 2.11. Suppose the hypotheses of Theorem 2.4 hold. Assume

VEF(b*) =0, k=0,1,...,m — 1.

1 1
Let p,q > 1 be such that — + — = 1. Then

p g
b*—m 1
H? < —— 2.12
t; IO < Foay (2.12)
b*—m b*—v %
> (3 i)
t=a* s=t+p
b*—v
( 2. \vs*_f<s>\q) -
s=a*+u
Proof. Noticehere s —t > pu>0ands—t—pu>0ands—t—pu+1> 0, so that
I'(s—t
(s—t— 1)k = L=t

I'(s—t—p+1)
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By (2.7) we get
fOl < ibw(s—t—lw‘”ww ()]

- T 4, "
1 b*—v % b*—v %

< ) <St+u(s —t- 1)““‘”) (;ﬂ |(Véf*f)(8)|q>
1 b*—v % b*—v %
- _ 4 _ 1\pr-1) 13 q

< o (( t-1) ) (S:;J(vb*_f)(sn) .

1 b*—v ) % b*—v . . %
|f<t)lsm<2<s—t—1>p<“ >> (Z \(Vb*_fxs)!) L@13)

s=t+u s=a*+u
Hence
1 b*—v % b*—v
o < S s—t=e ) Y [(ene)l). e
(F(’u))q s=t+u s=a*+u
b*—m
Applying Z to both sides of (2.14) we derive (2.12). ]
t=a*

We finish with a related Sobolev type inequality.
Theorem 2.12. Suppose the hypotheses of Theorem 2.11 hold. Let r > 1. Then

(2_: |f(t)|’“> < ﬁ 2.15)

t=a*

S =

b*—m b*—v %
Z ( Z (S—t— 1)17(#—1))
t=a*

s=t+u
b*—v %
(Z IVéi_f(s>|q> .
s=a*+u

Proof. Raising (2.13) to the power of r, we obtain

@) < m < Z (s—t—l)“”) ( Z !(vzt_fxs)!q) .

s=t+p s=a*+pu
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Hence we have

b*—m
UL e

r

b*—m b*—v P
Z ( Z (s—t— 1)p(u—1)>
( ) !<vz;a_f><s>!q> .

s=a*+pu

1
Raising (2.16) to the power of —, we derive (2.15). L]
r
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