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Abstract

This paper is concerned with the difference equation with several delays in the
L M

form of Ay + > pith—r, — > _ TiUn—p; | + f(n,yn—.) = 0 where f(n, u)

i=0 §=0
is continuous. We study the asymptotic behavior for nonoscillatory solution of the
equation, which improves some known results.
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1 Introduction and Preliminaries

In this work, we consider the nonlinear delay difference equation

L M
A (yn + Zpiynfki - Z 7Ajynpj> + f(n7 yn7L> =0 (11)

=0 j=0

with the initial conditions
Yn = On, fOrn € {—s,...,0}, (1.2)
wherep; > 0, k; € Z* (1) fori = 0,1,2,...,L,r; > 0, p; € Z" (1) for j =
+ — . _ . —

0,1,2,....M, . € Z7(0), k = o%g’i{k’}’ p = max {p;}, s = max{k,p,.} for
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n € Z*(0), and the continuous functiof(n, u) : N x R — R is increasing in: andn
and satisfieg'(n, u)u > 0 for u # 0.

Recently, many papers concerning asymptotic behavior for nonoscillatory solutions
of difference equations were published, see [1-5]. In [2], the authors investigated the
asymptotic behavior of linear difference equations of the form

L M
A (yn + Zpiyn—ki - Z 7Ajyn—pj> + ¢nYn— = 0. (1.3)
i=1 Jj=1
Our goal of the present paper is to consider the equation (1.1) which is nonlinear and
can be reduced to (1.3) by lettinfn, u) = g,u, and hence the results of this paper
are more general. We obtain the asymptotic behavior for nonoscillatory solutions of the
equation (1.1) under some hypotheses.
Throughout this paper, we shall use the following conditions:

(Hy) L>0andM = 0;
M
(Hy) L=0,M>0and0 <> r; <1
§=0
M
(Hy) L>0,M >0and0 <> r; <1
j=0
M
(Hi) L=0,M>0and) r; >1;

j=0

M
(Hs) L>0, M>0and) r; > L.

J=0

2 Main Results

Theorem 2.1. If one of the conditiongH,), (H,), and (Hs) is satisfied, then every
nonoscillatory solution of the problefd.1)and (1.2)tends to0 asn — oo. If (Hy) is
satisfied, then every nonoscillatory solution of the prob{érf) and (1.2) tends toco
or —oo asn — oo.

Proof. Without loss of the generality, we I€t,,} be an eventually positive solution of
the problem (1.1) and (1.2). Then there existsc Z* (1) such thaty, > 0 forn €
Z*(ny). It follows thaty, ., yn—,, andy,_, > 0forn € Z"(ny), i = 0,1,2,...,L
andj =0,1,2,..., M, wheren, = n; + s. Let

L M
20 = Yo+ D Pilhk, — O Tin—p, TOr 0 € Z7(0). (2.1)
=0 j

—0
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First, we consider condition (Hl, i.e.,L > 0 andM = 0. From (1.1) and (2.1), we have
Az, = —f(n,y,_.) < 0andz, > 0forn € Z(ny). (2.2)

In what follows, we shall show thalim y,, = 0. If it is not true, then there exists an

n—oo

infinite subsequencén®} c {n} such thatlim 1, , = b > 0. So, we can take

a sequence of subset§ C Z*(0) such thatn® € N; fori € Z*(0). We choose
b

i1 € Z(1) such that, € N, andy,,_, > 2 fori € Z"(iy). Thus,

fn,yn_) > f (n, g) forn € N;andi € Z*(iy). (2.3)

For anyn € Z*(n,), there exists, € Z*(i;) such thatup N;, < n < sup Ny, 4. It
follows from (2.2) and (2.3) that

b
Zn+1 — Zianl'Q S ZsupNiQJrl - Ziani2 S - E f (77,, 5 .

TLGNZ'Q

which implies that,, — —oco asn — oco. This is a contradiction. Hencéim y,, = 0.

M
Next, we consider condition @), i.e., L = 0,M > 0and0 < ) _r; < 1. From

7=0
(1.1) and (2.1), it is easy to see that (2.2) holds. If it is not true, theq 0 for n €
Z*(ny), and there exist; € Z*(ny) and3 > 0 such that,, < —g forn € Z*(n3).
That is,

M
Yn S _6 + erynfpj- (24)
j=0

In this situation, we consider the following two cases.
Case I.{y,} is unbounded, i.elimsupy, = oco. Thus, there exists a subsequence

n—oo

{ns}2, < {0,1,...} such thatn, > ny + p andn, — oo ass — oo andy,, =

s=1

max {y, }, wherep = JRAX 0. In view of (2.4), we find that

M M
Uns S _ﬁ + eryns—pj S _ﬁ + erer
7=0

J=0

which is a contradiction.
Case Il.{y,} is bounded, i.e.Jimsupy, = b < oo. Choose a subsequence

n—oo

{n:}2, c {0,1,..} with n} — co andy,: — bass — oo. Lety,, = max {y,_;}.
s 0<i<p °
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Thenr, — oo ass — oo andlimsup y,., < b. Then by (2.4), we get

S§—00

M M
“BAD Y0y S —BHD T,
=0 =0

Taking the superior limit as — oo, we get

b < ﬁ+2rj limsupy,,) < 5+Z7’j
which is also a contradlctlon. The remainder of the proof is similar to the first part, and
hence we omit it here.

M
We consider condition (k, i.e.,L > 0, M > 0 and0 < er < 1. From (1.1)
j=0
and (2.1), we can find that (2.2) holds. If it is not the case, ther 0 for n € Z*(n,).
So there exist; € Z*(ny) ands > 0 such that,, < —3 forn € Z*(n3), that is,

L M M
_6 - szynfkl + Z rjynfpj S _ﬂ + Z ijnfpj
=0 j=0 7=0

The proof of the following is the same as in the second part, and hence we omit it.
M

Finally, we consider condition (B, i.e., L = 0,M > 0 andz r; > 1. Without

loss of generality, we lej,, be an eventually positive solution of the problem (1.1) and
(1.2). We first show that it is impossible théditm y,, = 0. If it is not the case, then

lim z, = 0 by (2.1). ButAz, = —f(n,y,_,) < 0forn € Z*(ny). S0z, > 0
M
for n € Z*(ny). Thus, we havey, — Y rjyn_,, > 0forn € Z*(ny). We may let
=0
yn, = min {ynp.}. SO we havey, > z;rjym. Because 02 r; > 1, we have
J= J=

Yy, — 00 asn — oo. This is a contradiction.
In the following, we shall show thatim y,, = oco. If it is not the case, then there

n—o0

exists a sequence of poinfs”} ¢ Z*(0) such thatd < lim y,» , = b < oc.

, b
We choosens € Z*(ny) andi, € Z*(1) such thatn'” € Z*(ns) andy, o, > —

2
fori € Z*(i;). As in the proof of the first part, we havhm z, = —oo. Now, let
Yn—k = Oanix {Yn—p, }. Dividing both sides of (2.1) by,, , We have

M
T Yn— s
CE TR DS eSS _er forn € Z*(ny). (2.5)

Yn—k Yn—k Yn—k =0
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Taking {nV},n'Y € Z*(ns) fori € Z*(i,), we obtain thatlim O _ . This
100 Y ()

contradicts to (2.5). The proof is complete. O

Theorem 2.2. Assume thaf (n, u) > g,u” for all u > 0, wherea € (0, 1) is a ratio of
odd positive integer ang, > 0. Suppose that for any sequence of subdgts Z*(0)
such thatz gn = oo. Then for every nonoscillatory solutidm, } of the problen{1.1)

neN;
and (1.2)with (Hs), eitherlim inf y,, = 0 or lim sup y,, = oc.
Proof. Without loss of generality, we I€ty,,} be an eventually positive solution of the
problem (1.1) and (1.2). So, there existse Z* (1) such thaty, > 0 forn € Z*(n,).
It follows that y,,_x,, yn—p, andy,_, > 0, forn € Z%(ny), 1 = 0,1,2,...,L and
j=0,1,2,..., M, whereny = n; + s. Let

L M
Zn = Yn + Zpiyn,ki — Z TiYn—p; fOrn € Z%(0). (2.6)
i=0

=0
From (1.1) and (2.6), we have
Azy = —f(n,yn-1) < —Guyn_, < 0forn € Z*(ny). (2.7)

Therefore there exist two possibilities: §) > 0 eventually or (ii)z, < 0 eventually.
If (i) holds, as in the proof of Theorem 2.1, we can prave: y,, = 0; if (ii) holds,

then0 > lim 2, =1 > —oo.

First, vVe assume thatoo < [ < 0. So, we can take a sequence of subséts”
Z*(0) such than'¥ € N; fori € Z*(0). Foranyn € Z*(n,), there exists, € Z (i,)
such thasup V;, < n < sup N;, ;1. It follows from (2.7)

§ «
Zn+1 — Ziani2 S ZsupNi2+1 - ZianiQ S - qnyn—b’
TLGNZ'Z

(0%
ZTL+1 - Zinf]\]i2 S - E Qnyn—u
TLENZ‘Q

Z qny,_, < 00.

nENiQ

which implies that

For Z ¢n = 0o, we haveiminfy, = 0.
TLGNi2
Next, we assumé = —oco. Then by (2.6), we havBm sup y,, = oo. The proof is

complete. O
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