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Abstract

This paper is concerned with the difference equation with several delays in the

form of ∆

yn +
L∑

i=0

piyn−ki
−

M∑
j=0

rjyn−ρj

 + f(n, yn−ι) = 0 wheref(n, u)

is continuous. We study the asymptotic behavior for nonoscillatory solution of the
equation, which improves some known results.
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1 Introduction and Preliminaries

In this work, we consider the nonlinear delay difference equation

∆

(
yn +

L∑
i=0

piyn−ki
−

M∑
j=0

rjyn−ρj

)
+ f(n, yn−ι) = 0 (1.1)

with the initial conditions

yn = φn, for n ∈ {−s, . . . , 0} , (1.2)

wherepi ≥ 0, ki ∈ Z+ (1) for i = 0, 1, 2, . . . , L, rj ≥ 0, ρj ∈ Z+ (1) for j =
0, 1, 2, . . . ,M , ι ∈ Z+ (0), k = max

0≤i≤L
{ki}, ρ = max

0≤j≤M
{ρj} , s = max {k, ρ, ι} for
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n ∈ Z+ (0), and the continuous functionf(n, u) : N ×R → R is increasing inu andn
and satisfiesf(n, u)u > 0 for u 6= 0.

Recently, many papers concerning asymptotic behavior for nonoscillatory solutions
of difference equations were published, see [1–5]. In [2], the authors investigated the
asymptotic behavior of linear difference equations of the form

∆

(
yn +

L∑
i=1

piyn−ki
−

M∑
j=1

rjyn−ρj

)
+ qnyn−ι = 0. (1.3)

Our goal of the present paper is to consider the equation (1.1) which is nonlinear and
can be reduced to (1.3) by lettingf(n, u) = qnu, and hence the results of this paper
are more general. We obtain the asymptotic behavior for nonoscillatory solutions of the
equation (1.1) under some hypotheses.

Throughout this paper, we shall use the following conditions:

(H1) L > 0 andM = 0;

(H2) L = 0, M > 0 and0 <
M∑

j=0

rj ≤ 1;

(H3) L > 0, M > 0 and0 <
M∑

j=0

rj ≤ 1;

(H4) L = 0, M > 0 and
M∑

j=0

rj > 1;

(H5) L > 0, M > 0 and
M∑

j=0

rj > 1.

2 Main Results

Theorem 2.1. If one of the conditions(H1), (H2), and (H3) is satisfied, then every
nonoscillatory solution of the problem(1.1)and (1.2) tends to0 asn → ∞. If (H4) is
satisfied, then every nonoscillatory solution of the problem(1.1) and (1.2) tends to∞
or −∞ asn →∞.

Proof. Without loss of the generality, we let{yn} be an eventually positive solution of
the problem (1.1) and (1.2). Then there existsn1 ∈ Z+ (1) such thatyn > 0 for n ∈
Z+(n1). It follows thatyn−ki

, yn−ρj
andyn−ι > 0 for n ∈ Z+(n2), i = 0, 1, 2, . . . , L

andj = 0, 1, 2, . . . ,M , wheren2 = n1 + s. Let

zn = yn +
L∑

i=0

piyn−ki
−

M∑
j=0

rjyn−ρj
for n ∈ Z+(0). (2.1)
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First, we consider condition (H1), i.e.,L > 0 andM = 0. From (1.1) and (2.1), we have

∆zn = −f(n, yn−ι) < 0 andzn > 0 for n ∈ Z+(n2). (2.2)

In what follows, we shall show thatlim
n→∞

yn = 0. If it is not true, then there exists an

infinite subsequence{n(i)} ⊂ {n} such thatlim
i→∞

yn(i)−ι = b > 0. So, we can take

a sequence of subsetsNi ⊂ Z+(0) such thatn(i) ∈ Ni for i ∈ Z+(0). We choose

i1 ∈ Z+(1) such thatn ∈ Ni andyn−ι >
b

2
, for i ∈ Z+(i1). Thus,

f(n, yn−ι) > f

(
n,

b

2

)
for n ∈ Ni andi ∈ Z+(i1). (2.3)

For anyn ∈ Z+(n2), there existsi2 ∈ Z+(i1) such thatsup Ni2 ≤ n ≤ sup Ni2+1. It
follows from (2.2) and (2.3) that

zn+1 − zinf Ni2
≤ zsup Ni2

+1 − zinf Ni2
≤ −

∑
n∈Ni2

f

(
n,

b

2

)
.

which implies thatzn → −∞ asn →∞. This is a contradiction. Hence,lim
n→∞

yn = 0.

Next, we consider condition (H2), i.e.,L = 0, M > 0 and0 <
M∑

j=0

rj ≤ 1. From

(1.1) and (2.1), it is easy to see that (2.2) holds. If it is not true, thenzn ≤ 0 for n ∈
Z+(n2), and there existn3 ∈ Z+(n2) andβ ≥ 0 such thatzn ≤ −β for n ∈ Z+(n3).
That is,

yn ≤ −β +
M∑

j=0

rjyn−ρj
. (2.4)

In this situation, we consider the following two cases.
Case I.{yn} is unbounded, i.e.,lim sup

n→∞
yn = ∞. Thus, there exists a subsequence

{ns}∞s=1 ⊂ {0, 1, . . .} such thatns ≥ n2 + ρ andns → ∞ as s → ∞ andyns =
max {yn}, whereρ = max

0≤j≤M
ρj. In view of (2.4), we find that

yns ≤ −β +
M∑

j=0

rjyns−ρj
≤ −β +

M∑
j=0

rjyns ,

which is a contradiction.
Case II.{yn} is bounded, i.e.,lim sup

n→∞
yn = b < ∞. Choose a subsequence

{n∗s}∞s=1 ⊂ {0, 1, ...} with n∗s → ∞ andyn∗s → b ass → ∞. Let yrs = max
0≤i≤ρ

{
yn∗s−i

}
.
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Thenrs →∞ ass →∞ andlim sup
s→∞

yrs ≤ b. Then by (2.4), we get

yn∗s ≤ −β +
M∑

j=0

rjyn∗s−ρj
≤ −β +

M∑
j=0

rjynrs
.

Taking the superior limit ass →∞, we get

b ≤ −β +
M∑

j=0

rj(lim sup
s→∞

yrs) ≤ −β +
M∑

j=0

rjb,

which is also a contradiction. The remainder of the proof is similar to the first part, and
hence we omit it here.

We consider condition (H3), i.e.,L > 0, M > 0 and0 <
M∑

j=0

rj ≤ 1. From (1.1)

and (2.1), we can find that (2.2) holds. If it is not the case, thenzn ≤ 0 for n ∈ Z+(n2).
So there existn3 ∈ Z+(n2) andβ ≥ 0 such thatzn ≤ −β for n ∈ Z+(n3), that is,

yn ≤ −β −
L∑

i=0

piyn−ki
+

M∑
j=0

rjyn−ρj
≤ −β +

M∑
j=0

rjyn−ρj

The proof of the following is the same as in the second part, and hence we omit it.

Finally, we consider condition (H4), i.e.,L = 0, M > 0 and
M∑

j=0

rj > 1. Without

loss of generality, we letyn be an eventually positive solution of the problem (1.1) and
(1.2). We first show that it is impossible thatlim

n→∞
yn = 0. If it is not the case, then

lim
n→∞

zn = 0 by (2.1). But∆zn = −f(n, yn−ι) < 0 for n ∈ Z+(n2). So zn ≥ 0

for n ∈ Z+(n2). Thus, we haveyn −
M∑

j=0

rjyn−ρj
≥ 0 for n ∈ Z+(n2). We may let

yni
= min

0≤s≤M
{yn−ρs}. So we haveyn ≥

M∑
j=0

rjyni
. Because of

M∑
j=0

rj > 1, we have

yn →∞ asn →∞. This is a contradiction.
In the following, we shall show thatlim

n→∞
yn = ∞. If it is not the case, then there

exists a sequence of points{n(i)} ⊂ Z+(0) such that0 < lim
i→∞

yn(i)−ι = b < ∞.

We choosen3 ∈ Z+(n2) and i1 ∈ Z+(1) such thatn(i) ∈ Z+(n3) andyn(i)−ι >
b

2
for i ∈ Z+(i1). As in the proof of the first part, we havelim

n→∞
zn = −∞. Now, let

yn−k = max
0≤j≤M

{yn−ρj
}. Dividing both sides of (2.1) byyn−k, we have

zn

yn−k

=
yn

yn−k

−
∑M

j=0 rjyn−ρj

yn−k

≥ −
M∑

j=0

rj for n ∈ Z+(n2). (2.5)
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Taking{n(i)}, n(i) ∈ Z+(n3) for i ∈ Z+(i2), we obtain thatlim
i→∞

zn(i)

yn(i)−k

= −∞. This

contradicts to (2.5). The proof is complete.

Theorem 2.2.Assume thatf(n, u) ≥ qnu
α for all u > 0, whereα ∈ (0, 1) is a ratio of

odd positive integer andqn > 0. Suppose that for any sequence of subsetsNi ⊂ Z+(0)

such that
∑
n∈Ni

qn = ∞. Then for every nonoscillatory solution{yn} of the problem(1.1)

and (1.2)with (H5), eitherlim inf
n→∞

yn = 0 or lim sup
n→∞

yn = ∞.

Proof. Without loss of generality, we let{yn} be an eventually positive solution of the
problem (1.1) and (1.2). So, there existsn1 ∈ Z+(1) such thatyn > 0 for n ∈ Z+(n1).
It follows that yn−ki

, yn−ρj
and yn−ι > 0, for n ∈ Z+(n2), i = 0, 1, 2, . . . , L and

j = 0, 1, 2, . . . ,M , wheren2 = n1 + s. Let

zn = yn +
L∑

i=0

piyn−ki
−

M∑
j=0

rjyn−ρj
for n ∈ Z+(0). (2.6)

From (1.1) and (2.6), we have

∆zn = −f(n, yn−ι) ≤ −qny
α
n−ι < 0 for n ∈ Z+(n2). (2.7)

Therefore there exist two possibilities: (i)zn > 0 eventually or (ii)zn ≤ 0 eventually.
If (i) holds, as in the proof of Theorem 2.1, we can provelim

n→∞
yn = 0; if (ii) holds,

then0 > lim
n→∞

zn = l ≥ −∞.

First, we assume that−∞ < l < 0. So, we can take a sequence of subsetsNi ⊂
Z+(0) such thatn(i) ∈ Ni for i ∈ Z+(0). For anyn ∈ Z+(n2), there existsi2 ∈ Z+(i1)
such thatsup Ni2 ≤ n ≤ sup Ni2+1. It follows from (2.7)

zn+1 − zinf Ni2
≤ zsup Ni2

+1 − zinf Ni2
≤ −

∑
n∈Ni2

qny
α
n−ι.

zn+1 − zinf Ni2
≤ −

∑
n∈Ni2

qny
α
n−ι,

which implies that ∑
n∈Ni2

qny
α
n−ι < ∞.

For
∑

n∈Ni2

qn = ∞, we havelim inf
n→∞

yn = 0 .

Next, we assumel = −∞. Then by (2.6), we havelim sup
n→∞

yn = ∞. The proof is

complete.
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