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Abstract
In this paper some dynamic equations with oscillatory decreasing coefficients

on time scales are studied. We show that the small perturbation of the initial time
scale may cause the parametric resonance phenomenon.
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1 Introduction

The phenomenon of unbounded oscillations arising in dynamical system under an arbit-
rarily small periodic (or almost periodic) perturbations of some parameters is known as
parametric resonancdt is known that parametric resonance occurs when the frequency
of perturbation is close to the so-called resonant frequencies defined by the intrinsic
properties of the system. We can observe the parametric resonance phenomenon not
only in continuous systems but in discrete systems as well. Consider, for example, the
following differential equation:

2

d
d—tf—l—wz[l—l—af(t)]x:(), teR, (1.1)

wherew is a real parametet, is a small parameter anf{¢) is a periodic or almost
periodic function. A “natural” discrete analog of (1.1) is the following second order
difference equation:

z(t +2) — 2(cosw)z(t + 1) + [1 + e f(t)]=(t) =0, teN, (1.2)
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where) < w < .

In equations (1.1), (1.2) the parametric perturbation is small what is reflected by
the presence of small parameter There are physical models in which the external
influence is small in some other sense. Namely, the influence decreases as the indepen-
dent variable (time or space variable) goes to infinity. The examples of such systems
are given by equations (1.1), (1.2)¢if= ¢(t) — 0 ast — oo. In the latter case these
equations are callealdiabatic oscillators

In physics and engineering the parametric resonance phenomenon is often used to
amplify the small oscillations. To produce large amplitude oscillations we only need to
choose an appropriate frequency of parametric perturbation. Suppose we are unable to
change the frequency of perturbation to get resonance. Moreover, we assume that we
have no possibility to manipulate the natural oscillations of the system. As it is shown
below even in this situation we still can amplify the oscillations using the parametric
resonance phenomenon.

In this paper we consider the discrete systems with oscillatory decreasing coeffi-
cients (see Eq. (1.2), where= ¢(t) — 0 ast — o). We show, that parametric
resonance in these models occurs if we arrange the elements of physical system at the
definite points (i is a space variable) or if we influence the elements of physical system
at the definite moments (ifis a time variable).

The problem we consider here can be formulated in terms of the theory of time
scales [2]. Actually, we use the evident fact that the structure of time scale can influence
greatly the qualitative behaviour of the solutions of dynamic equations on time scale.
The aim of this paper is to construct the example of the dynamic system on time scale
that demonstrates the qualitative change in dynamics under a small perturbation of initial
time scale. In the example considered below the small perturbation of time scale gives
rise to parametric resonance phenomenon.

We are ready to state the problem using the time scales terminologyl'; Lt a
time scale (i.e., a closed nonempty subseRpthat contains only isolated points. We
assume thdl; is bounded below and unbounded above. Hence,

T, = {tn eR, neN (i.e.,n =1,2,3,.. )}, tn < tnti, (13)

andt,, — oo asn — oo. Consider the following linear system of dynamic equations on
time scal€eT,; that, due to the structure @f;, can be written in the form

7 = A(t)x, t e Ty, reC™ o(t,) =thr- (1.4)

HereC is the set of all complex numbers a@idl’ is m-dimensional complex arithmetic
space. Moreoveg () is the forward jump operator

o(t)=inf{se€T: s>t, t e T}

whereT is some time scale and the notatioh denotesz o 0. In what follows we
assume that the entries of matrilXt) are defined not only for points df; but for all
teR.
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Suppose now that the time scdleis perturbed to the form of time scédlg
T? = {Tn7 nc N}a Tn < Tn41, (15)

wherer,, — oo asn — oo. We assume that this perturbation is small in the following
sense:

lim (¢, — 7,) = 0. (1.6)

n—oo

Therefore system (1.4) on time scaletakes the form
z’ = A(t)x, t € Ty, reC™ o(m) = Tat1. (1.7)

In this paper we construct time scalBg T, with an assumption (1.6) and matit)
having the following properties: all solutions of system (1.4) are bounded, however, sys-
tem (1.7) has an unbounded solution. Actually, we start with the second order dynamic
equation and this will be done in Section 3. In the next section we present some prelim-
inary results concerning the asymptotic behaviour of solutions of systems of difference
equations with oscillatory decreasing coefficients.

2 Some Preliminaries

To analyze the behaviour of solutions of difference equations that appear further in this
paper we need to use some special technique. The method we apply here was devel-
oped for construction the asymptotic formulas for solutions of systems of differential
equations with oscillatory decreasing coefficients (see, e.g., [4, 6, 7]). We use here the
difference analog of this method that was introduced in paper [3] and in more general
form in forthcoming paper [5].

The method we refer to, utilizes two basic ideas: the averaging changes of variable in
systems with oscillatory decreasing coefficients and the difference analog of Levinson’s
fundamental theorem [1]. We will describe now this method in more detalils.

Consider the following system of difference equations:

2(t+1) = (I+ZAi(t)fui(t) + R(t))x(t). 2.1)

i=1
Here A;(t),..., An(t), R(t) are(m x m) square matrices anblis (m x m) identity
matrix. Moreovery,(t), ..., v,(t) are scalar functions;(¢) € C™ andt € N. Through-

out the paper we will use the following notation. We will writét) € ¢, (f(t): N — C)
if {f(t)}2, € by, €.,

o170 < o0,
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Similarly we will write R(t) € ¢,, whereR(t) is a square matrix, if (t) = || R(t)|| € {;
and|| - || is some matrix norm. LeE denote the set of all square matrices whose entries
are trigonometric polynomials

N
t) — ijei)\jt,
j=1

wherep; are complex numbers ang are real numbers. The subsetafconsisting of
matrices with zero mean value, i.e.,

MIA(H)] = Jim =S A(k) =0,

T—oo T'
will be denoted by:,. Finally, symbolA will stand for the forward difference operator
Af(t) = ft+1) = f(1).
We return now to system (2.1). Let the following conditions be satisfied.
(1°) v1(t) — 0,v9(t) — 0,...,v,(t) — 0 ast — oo.
(2°) Awy(t), Avg(t),. .., Av,(t) € ¢4.
(3°) vi(t)v;(t) € ¢, for each pair of indicesi, j).
(4°) MatricesA;(t),...,A,(t) belong toX.
(5°) R(t) € 4.
Let assumption$l®)—(5°) hold. Then the following theorem is valid.

Theorem 2.1. Systen{2.1)for sufficiently larget by the change of variable

= [1+ Y- viu ). (2.2)

where matrice¥(¢), ..., Y,(t) belong toX, is reduced to the form
:(I+2Av, + Ru(t ) (), teN, (2.3)

with constant matricesly, . .., A, and with R (¢) € ;.
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Proof. We substitute (2.2) into (2.1) and use (2.3). We obtain

P+z}w+nmr+]P+§:A% + Ry(t }U
- [1 + Z Ai(t)vi(t) + R(t)} [1 + Z m(t)vi(tﬂ y(t). (2.4)

Substituting
vi(t+ 1) = Avi(t) + vi(t), i=1,...,n, (2.5)

we collect terms of the clags on both sides in (2.4). We have

[ZYt+ )Aui(t HHZM }%—En:Yi(t—Fl)Ajvi(t)vj(t)

i,j=1

P+ZYH¢MM%& P+ZYU1]

=1

+ Z Ayt (t)v;(t). (2.6)

i,7=1

Since, by virtue of conditioifl®) and the boundedness of the matri¢g&), . . ., Y, (¢)
(which will be defined below), the matrix

I+§iﬁ@+nw@+m

i=1

is invertible and the inverse is bounded for> ¢, it follows that the matrixR; (¢)
can be expressed from (2.6) and obviously belongs to the €&lagéow we match the
terms containing (t), .. ., v,(t), on both sides in (2.4), taking into account (2.5). By
matching the free terms, we obtain the trivial identity

I=1.

By matching the coefficients af(¢) in (2.4), we obtain the following inhomogeneous
difference equations for the matriceg¢) and A;:

Vit + 1)~ Yi(t) = Ait) — 4,  i=1,....n. 2.7)

We find the matrix4; from the condition that the mean value of the right-hand side in
(2.7) is zero; namely,
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We seek a solutioi;(¢) of equation (2.7) in the form
N .
Vi(t) =Y BNt N £2mM, M€z, (2.9)
j=1

Whereﬁj(i) are constant matrices to be determined. We substitute the expression (2.9)
into (2.7) and use the fact that the entries of the matritgs) are trigonometric poly-
nomials; then we match the coefficients of like exponentials. We obtain the matrix
equations:

N.

Y

BN — 180 =10 =1,
Hence, )
/BJ(Z) — T(Z).

ei)\j _ 1 J
The proof is complete. m

System (2.3) is much simpler than system (2.1) since it does not contain oscillating
coefficients. To get the asymptotic representation for the fundamental matrix of system
(2.3) we can apply the discrete analog of Levinson’s fundamental theorem. In what
follows we will construct the asymptotics for solutions of system

y(t+1) = (1 A 4 Rl(t)>y(t), teN, (2.10)

where A; is a constant matrix) < «; < 1 andR;(t) € ¢;. Let us now state the
asymptotic theorem, that follows from the results of paper [1].

Theorem 2.2. Suppose thatl; is a diagonizable matrix. Then the fundamental matrix
®(t) of system{2.10)has the following asymptotics as— oo :

cp(t):[Pm@)ff[A(z), t>t, teN,

I=t1

where P is a constant matrix, whose columns are the eigenvectors of the mtrix
corresponding to the eigenvalugs, . . ., \,,, and

A(t) = diag (1 4+ A\t™ 1+ At ™).

3 Dynamic Equation and Time Scale Perturbation

Consider the following second order dynamic equation:

77 — 2(cosw)x? + (1 + w> z(t) =0, (3.1)
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wheret belongs tdl’; or T,. We choose parameters in (3.1) as follows
1
0<w<m, §<p§1, a,N€R, MN#O. (3.2)

Evidently, we can rewrite equation (3.1) in the form of the system (1.4). Let time scale
T, be the set of all natural numbess i.e.,

T, ={t,=n, néeN} (3.3)
We define time scal&, in the following way:

a cos(pwn)
Awnf 7

where0) < g < landa,u € R, a # 0. Itis clear that assumption (1.6) is fulfilled

for every choice of parameters. Moreover, without loss of generality, we may assume
thatr,.; > 7, for all n € N. Otherwise we can simply replace the first pointfety

Ty = N.

To={r =n+ n € N}, (3.4)

3.1 The Asymptotic Analysis of Equation(3.1)on Time ScaleT,

Equation (3.1) on time scalg, is actually a discrete adiabatic oscillator of the form

asin(Awn)

z(n+2) —2(cosw)z(n+ 1) + (1 + ) z(n) = 0. (3.5)

nP

We write equation (3.5) as a system
(%ED - K—Ol 2cisw> —a(n) ((1) 8)} @Z;) (3.6)

o(n) = asin(Awn) ‘

where

np
Using the change of variable

i) =ee=(b )= ()

we obtain system

Sn41) = {diag(ei“’,e_i“) _ ) (_11 11)]z(n). 3.7)

Using transformation
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in (3.7), we obtain the system

zi(n+1) = [+ Ai(n)n""| z1(n), (3.8)
where
a e—iw(ei)\wn . e—i)\wn) e—iw(ei()\—2)wn . 6—i()\+2)wn)
1(’”) 4sinw (_ew(ex()\—l—Q)wn _ 6—1(>\—2)wn) _euu(et)\wn _ 6—1)\um)
(3.9)

By the change of variable (see Theorem 2.1)
z1(n) = [1 + E(n)n_p] z2(n),
we bring system (3.8) to the averaged form
an+1) = [I 4 A+ O(n*2ﬂ)} 2 (n), (3.10)
whereA; = M[A;(n)]. From now on we assume that

(A+2)w #0 mod 27. (3.11)

This yields that4d; = 0. Sincep > 1/2 we can apply Theorem 2.2 to construct the
asymptotic formulas for solutions of system (3.10). We leave it to the reader to verify
that linearly independent solutions of (3.5) have the following asymptoties-asoo:

z12(n) = e (1 + 0(1)). (3.12)

Thus, under condition (3.11) all solutions of equation (3.1) are bounded.

3.2 The Asymptotic Analysis of Equation(3.1)on Time Scal€eT,

In this case equation (3.1) on time sc@letakes the following form:

(Tha2) — 2(cosw)x(Tny1) + (1 + M) x(1,) =0, neN. (3.13)
Tn
Writing z(n) = x(7,) we get the difference equation

T(n+2) —2(cosw)Z(n+ 1)+ (1 4+ g(n))z(n) =0, n €N, (3.14)

where

q(n) = an"’sin ()\wn + M) + O(n_(”#}“)), n—oo. (3.15)

nB
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The task is now to show that equation (3.14) with functjon) of the form (3.15) may
have unbounded solutions if the parameters, ;. are appropriately chosen.
We note that

q(n) = an™" |sin(dwn) + a cos(hwn) cos(,uwn)} + O(n_(p+26)> + O(n_(”+ﬁ+1)>

nB
asn — oo. We assume further that
1-28<p<1-0, (3.16)

and therefore

a cos(Awn) cos(pwn)

q(n) = an™" lsin()wn) +

} + {0},

nB

where{/, } denotes the terms frof.
As in the previous case we reduce equation (3.14) to the following system of diffe-
rence equations:
z1(n+1) = [I + Ay (n)n=? + Ay(n)n~P+9) 4 R(n)] z1(n), (3.17)

whereR(n) € ¢,. Here, matrixA, (n) is defined by formula (3.9) and

As(n) =

8sinw

iaa e—iwei()\—i-u)wn e—wei()\+u—2)wn

_ewet()\+u+2)wn _euuel()\—i-u)wn
efu.uel(/\fp)wn efu.uel()\f,ufZ)wn

+ iw i A—p+2)wn w _i(A—p)wn

—e € —€
N e—we—l(k—u)wn e—we—t()\—u+2)wn
_ewefl()\f,qu)wn _ewefx()\f,u)wn

—iw  —i(A+p)wn —iw ,—i(A+p+2)wn
+(6 c © )} (3.18)

_ewemiOtp—2wn  _ jiw —id+p)en
Using Theorem 2.1, we make the averaging change of variable in system (3.17)
zi(n) = [I+Yi(n)n ™" + Yao(n)n™ 9] z5(n).
Taking into account (3.2), (3.11) and (3.16) we get system
2(n+1) = [[ + Agn~ P+ 4 Ry (n)] zo(n), (3.19)

whereA, = M[Ay(n)] andR;(n) € 4.
The following cases should be considered further:
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e 1. AN—pw=0 mod2r (or(A+ p)w=0 mod 27).
It follows from the definition of time scal&, (see formula (3.4)) that we should
consider only the case= p.

e 1.1. 2 w#0 mod 2w, 2(A+ 1)w # 0 mod 27.
We have .
laae fe™™ 0
Ay = w |-
7 4sinw ( 0 —e‘“)

We apply Theorem 2.2 to construct the asymptotics for the fundamental naatriy
of system (3.19) as — oo. We obtain

Zy(n) = [I + o(1)] diag(exp{&(n) +ip(n)}, exp{&(n) — ip(n)}), (3.20)
where
aco ao cot w {lnn, p+5=1,
{(n)=—-0(n), »n)= O(n), O(n)=1{ nl-(+H)
4 4 m, p+ 3 <1
(3.21)

To obtain the asymptotic representation (3.20), we used the asymptotic formula
n—1
Z k=P8 = 0(n) 4 c(ng) + o(1), n— oo,
k=ng

wherec(ng) is some constant term. If we return to equation (3.14), we get the following
asymptotics for the linearly independent solutions:

T12(n) = exp{&(n)} exp{£i(wn + go(n))}(l + 0(1)), n — oo. (3.22)
So, we conclude that in the considered case equation (3.13) has unbounded solutions, if

ac > 0. (3.23)

e 1.2. 2w =0 mod 27.

In this case .
iao e 0
Ay = .
7 2sinw < 0 —e““>

We, thus, get the asymptotic formula (3.20) for the fundamental m&tiix) of system
(3.19), where instead of functiog$n) andy(n) (these functions are defined in (3.21))

we should write2¢ (n) and2¢(n) respectively. Hence, for the fundamental solutions of
(3.14) we obtain the asymptotic formulas (3.22), where the analogous changes should
be made.

e 13. 2 w#0 mod 27w, 2(A —1)w =0 mod 27, 2(A+ 1)w # 0 mod 2.
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We have

A4 iaoe  [2e7W W
27 Qsinw \ —e¥ —2¢¥ )"
The elgenvaluegc.L—a (1.2 Of matrix A, are defined from the characteristic equation:
Sin w

p? 4 disinwp — 3 = 0.
The discriminant of this equation has the form
D =12 — 16sin® w.
So the asymptotic representation of the fundamental matrix) will be different in
each of the following cases:

e 131 D>0, ((0<w< g)U(Q—” <w<m)).
We get the asymptotic formula

Zo(n) = [P +o(1)] diag(exp{&(n) +ip(n)}, exp{€(n) —ip(n)}),  n— oo,

for the fundamental matri¥,(n) of system (3.19). Herd? is a constant matrix, whose
columns are the eigenvectors of the mattix the functionst(n) andy(n) are defined
by formulas:

£(n) = %Q(n), o(n) = 8;‘;‘w (3 — 4sinw) O(n).

Finally, functiond(n) is described by formula (3.21). We will not write out the asympto-
tic formulas for solutions of (3.14) in this case. Obviously, all nonzero solutions of this
equation are unbounded provided the inequality (3.23) holds.
s 2w
e D <O, (§<w<?).
In this situation we have the following asymptotics for the fundamental mzgix)
asn — oo.

Zy(n) = [C + o(1)] diag(exp{&(n) + ¢(n)}, exp{g(n) — ¢(n)}),

where
£(n) = % 0(n),  o(n) = ———1/(4sin?w — 3) ().

8sinw

So we remark that under condition (3.23) equation (3.14) has unbounded solutions
in all the cases considered above.

e 14, 2)\w#0 mod 27w, 2(A —1)w =0 mod 27,2(A+ 1)w =0 mod 2.
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Clearly, this situation occurs only df = g In this case

A — iaq e W Qe _ o 1 1
27 Qginw \—2e%“ —2¢% ) 4 \1 1/

The eigenvalues of the matri, are:

ac
2 Y
The fundamental matri¥,(n) has the following asymptotics as— oc:

Zs(n) = [P+ o(1)] diag(exp{&(n)}, 1),

= p2 = 0.

where
€)= 5 0(n),  P= G _11) . (3.24)

So this is again the case when equation (3.14) has unbounded solutions, provided in-
equality (3.23) holds.

e 2. A—p—2w=0 mod2r (Or (A4 p+2)w=0 mod 27).

Note, that we should only consider the case- A — 2. We may reduce all other
situations to this case. As an example, we will now show how tq.get A — 2 from
A= —u— 2. We have

a cos(pwn)

nb

an~?sin (/\wn +
G

) — an~*sin ((—u — 2)wn +

— —an~—"sin ((M 4 2)wn + (—a) CoS(MM’O) _ anPsin (:\wn n Ozcos(,uwn)) 7

acos(,uwn)) _

nf np
whered = —a, @ = —a andp = X — 2.
e 21 2 w#0 mod 27, 2(A — 1)w # 0 mod 27, 2(A — 2)w # 0 mod 2.

o 211 w# g
We have

ao 0 e W
Ay = : )
7 Ssinw <—e“" 0 )

We get the following expression for the eigenvalues of the matsixu, » = + aa

Ssinw’
The fundamental matri¥,(n) of system (3.19) has the following asymptotic repre-

sentation as — oo:

Zy(n) = [P + o(1)] diag(exp{&(n) }, exp{—€(n)}), (3.25)

where
£(n) = O(n). (3.26)
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Therefore, this is the case when equation (3.14) has unbounded solutions for all nonzero
values of parametersanda.

s
2.1.2. = —.
° w 5

We obtain ,
A — iax 0 e W _aa (0 1
27 Ysinw \—€¥ 0 ) 4 \1 0)"

We, thus, get the asymptotic formula (3.25) for the fundamental matix), where
we should write2¢(n) instead of¢(n) and the functiorg(n) is defined in (3.26). The
matrix P has the form (3.24).

e 22. 2 w=0 mod 27, 2(A —2)w # 0 mod 27.

o 221. w#g-

We get the same matri®, as in the casg.1.2.
e

222 w=—.
[ w 2

We obtain ‘
A — 3lac 0 ev _Sa_a 0 1
27 Qsinw \—e* 0 )~ 8 \1 0/)°

Hence, we get the asymptotic formula (3.25) for the fundamental méi(ix), where
we should write3¢(n) instead of (n) and the functiorg(n) is defined in (3.26).

e 23. 2 w=0 mod 27, 2(A —2)w =0 mod 27.
It is easily seen that this situation occurs only it g We have

4 — _laa 0 e™\ _aa /0 1
7 2sinw \—€¥ 0 2 \1 0)°
Again we get the asymptotics (3.25) for the fundamental matsix ), where we should
write 4¢(n) instead of(n) and the latter one is defined in (3.26).

o 24, 2 w#0 mod 27, 2(A — 1)w =0 mod 27, 2(A — 2)w # 0 mod 2.

o 241, w#g-

We get the same matri®, as in the casé.3.
s

We get the same matri®, as in the casé.4.
e 25 2 w#0 mod 27, 2(A—1)w # 0 mod 27, 2(A — 2)w =0 mod 2.

e 251. w%g-

We get the same matri®, as in the cas@.1.2.
e

o 252 w= 5
We get the same matri®, as in the cas@.2.2.
e 3. A—pu+2w=0 mod27r (or( A+ p—2)w =0 mod 27).
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We remark that we should consider only the case ;. — 2. It easy to show that
this case may be reduced to the situafoithis is done as follows:

P sin ( \om 4+ M) — an—Psin (( i Dmt acos(uwn)) B

. (—a)cos(—pwn)\ . . [+ & cos(fiwn)
=—an Psin | (—p + 2)wn + =an” "sin | Awn+——m—5 |,
ns ns
wherea = —a, @ = —a, A= —p+2andi = —pu. Thus, we get the resonance

A=+ 2,i.e., the case.

Finally we note that if none of the cas&s3 occurs, then the matrid, is a zero
matrix and the linearly independent solutions of (3.14) have the asymptotics (3.12) pro-
vided the conditions (3.2), (3.11) and (3.16) hold. Hence, in this nonresonant case all
solutions of equation (3.13) are bounded.

4 Conclusion

In the equations considered above the parametric resonance phenomenon occurs if the
parameters of the dynamic equation are appropriately chosen. Unlike the standard defi-
nition of this phenomenon, in our example the cause of the parametric resonance is not
the perturbation of the parameters but the perturbation of the time scale on which the
dynamic equation is defined.

Finally, we remark that in the examples considered above the small perturbation of
the time scale causes the qualitative change in the dynamics of solutions. Therefore,
when we study the dynamic equations on time scales the structure of the time scale may
play the significant role.
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