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Abstract

In this paper we investigate the oscillation of a second order nonlinear func-
tional dynamic equation. Our results extend and improve many known results for
oscillation of second order dynamic equations. Some examples are given to illus-
trate the main results.
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1 Introduction

Not only does the theory of so-called “dynamic equations” unify the theories of differ-
ential equations and difference equations, but also extends these classical cases to cases
“in between”, e.g., to so-callegidifference equations wheéh =¢'"°, ¢ > 1 (which has
important applications in quantum theory (see [26])) and can be applied on different
types of time scales lik& =hZ, T = NZ andT = {H,,} the set of harmonic numbers.

In this work a knowledge and understanding of time scales and time scale notation is
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assumed; for an excellent introduction to the calculus on time scales, see Bohner and
Peterson [6, 7].

We are concerned with the oscillatory behavior of the solutions of the second order
nonlinear functional dynamic equation

(a(t) (=55))" + 3 0%, (= (:(6))) = 0, (L1

on an arbitrary time scal&, wherey is a quotient of odd positive integers afd(u) =
lul® sgnu, ¢ > 0 with ag = v and wherez is a positive rd-continuous function dh
andp;, © = 0,1,2,...,n are nonnegative rd-continuous functions®rsuch that not
all of the p;(¢) vanish in a neighborhood of infinity. The functiops: T — T, i =
0,1,2,...,n SatiSfytliI&gi(t) =o00,1=0,1,2,...,n. Both of the two cases

< At
/to —al/W(t) = 00, (1.2)

and N
/to al/—'y(t) < 00, (13)

are considered. Equation (1.1) can be viewed as a perturbation of the important equation

(a(t) (#*(1))")" + poa”(go(t)) = 0,

by nonlinear terms which may be superlinear or sublinear.

Since we are interested in the oscillatory behavior of solutions near infinity, we
assume thatup T = oo, and define the time scale intenjal, oo)r by [to, 00)r =
[tp,00) N'T. By a solution of (1.1) we mean a nontrivial real-valued functiore
C[T,, 00)r, T; > to which has the property that(z*)” € C,[T,, 00) andz satisfies
equation (1.1) on7,, oo)r, whereC,, is the space of rd-continuous functions. The
solutions vanishing identically in some neighborhood of infinity will be excluded from
our consideration. A solution of (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative. Otherwise it is said to be nonoscillatory.

We note that (1.1) includes a large class of differential equations/difference equa-
tions with delay term. For example,qif = 0, anda, = ~ then the equation becomes
the second order superlinear, linear, or sublinear equation with delay for which there
are many oscillation criteria. In the last few years, there has been increasing interest in
obtaining sufficient conditions for the oscillation/nonoscillation of solutions of different
classes of dynamic equations, we refer the reader to the papers [1-3,5,8-18,20-24] and
the references cited therein.

Before stating our main results, we begin with the following lemma which will play
an important role in the proof of our main results.
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Lemma 1.1. Let(ay, ao, . .., o) be ann-tuple satisfyingy; > as > ... > ap, > v >
Qmy1 > ... > ap > 0. Then there exists am-tuple (1,72, ...,1m,) With0 < n; < 1
satisfying

doami=v, Y m=1 (1.4)
i=1 i=1

The proof of Lemma 1.1 is as in [22, Lemma 2.1].
Throughout this paper, we assuge) := min {t, ¢1(¢), g=(t),...,g.(t)} and, for
all sufficiently largeT; € [to, co)r,

B (t,T})

A BGm Ty

for g(t> 7& T17

where v A
S
B (u,Tl) Z:/ T
T a (S>
We also assume; > as > ... > ay > 7 > Qpy1 > ... > a, > 0.

2 Oscillation Criteria for (1.1)when(1.2) holds

In this section, we establish oscillation criteria for equation (1.1) when (1.2) holds. In
the next theorem, we assumgt) = 7(¢), : = 1,2,...,n, 7(t) < t, and we assume
thatr is a nondecreasing and delta differentiable function with = o7 ontg, 0o)7.

This condition is satisfied for a number of important time scales (.¢:,R orT = Z

or any isolated time scales). In fact, many of the results dealing with delay dynamic
equations for the case whéhis an isolated time scale are stated for the case when
7(t) = p*(t) and in this case, the above assumptions clearly hold. In the first result we
use the notatiod;, = max{d,0}.

Theorem 2.1.Letg;(t) = 7(t),i = 1,2,...,n, 7(t) < t, and letr be nondecreasing
and delta differentiable with (o(t)) = o (7(t)) on [to, oo)r. Assume thafl.2) holds,
and assume for any given positive differentiable function and all sufficiently large
T, we have

| T D G ey

lim sup As = 00, (2.1)

t—oo

[ ((04),)" ar(s))

where

Pi(t) == o(t)

polt) + H (n; 1pi(t))7“] -

Then every solution of equatigh.1)is oscillatory.
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Proof. Assume (1.1) has a nonoscillatory solutioon [¢y, oo)r. Then, without loss of
generality, there is & € [to, co)r, sufficiently large, such that(¢) > 0 andx (7(¢)) >
0 on [t1, 00)r and not all of thep;(¢) are identically zero oif¢;, co)r. From (1.1), we
have

(a(t) (+2(0)")" = = D pilt)a™ (1)) < 0. 2.2)

Thena(t) (z*(t))" is strictly decreasing oft, co)r. As in [10, Lemma 2.1], we get
22 (t) > 0 on[t;, 00)r. Consider the generalized Riccati substitution

a(t) (z2(t))"
o (1) |

By the product rule and then the quotient rule

Ay 9) a(8) (22 )
w3 (t) = e (T(t))( (t>( (t>) )

+{ o 1%,

w(t) == ¢(t) [

From (1.1), we have

n

wi(t) = —o(t) Y pi(t)a™ 7 (7(1))

a(t) (z2(0))"]"
7 (7 (1))

Using the arithmetic-geometric mean inequality [4, Page 17]

+68(1) [ S T oy ) (20) )

Zniui > Hu?’, whereu; > 0,
=1 i=1
we get, fort > T

Zpi(t)fcaﬂ(T(t)) = Zn (mi i) 7 (7 (1))

> [T (o)™ @@= (1)) E T (o palt) ™

i=1 =1
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which implies

W) < —P1<t>+¢ﬁ<t>[ :

TG P
) e OO

Sincex andr are differentiable functions, andis nondecreasing ando ¢ = o o 7 0n
[to, o0), We havex o 7 is a differentiable function anf: (7(¢)))% = z2 (7()) 72(t).
Then, by the Btzsche chain rule (see [6, Theorem 1.90]), we obtain

(@7 (1) = ’Y/O [ (7(8)) + hp() (@ ()] dh (2 (7(1)))
= 7/0 (1= Ry (r(t) +h(zor)” (O] dh a® (r(8)) T2(t)
{ 7 (@or) 7 ()2 (7(1) TA (), 0<y<l

v (r(1) 2% (7(1) T2 (1), 7= L

If 0 <~ <1, we have that

v

W) < —Pi(t) + 62 (t) [

—(t)z® (1(1)) 72(t)

(a(t) (=2(1))")" <(w or)” (t))7 |

(20 7)™ (1

whereas ity > 1, we have that

w™(t) < —Pi(t) + o™ (1) [w]
(a(t) («2(1))")7 (z o 7)7 (t)

T T T e ) ()

Using the fact thai:* () > 0 on[t,, co)r, we obtain, fory > 0,

wit) £ —Ri(t)+0() [(t)(—ff)))]

—6(t)a™ (r(t) T2(t) (2.3)



180 Lynn Erbe, Taher Hassan, and Allan Peterson

Then using the fact that(t) (z*(t)) is strictly decreasing oft;, oo)r, we get that

A o1/
a® (7 (1) > [(a(t)a((a;(g;) ) ] Cfor ¢34, (2.4)

From (2.3) and (2.4), we obtain

w(t) < —Pl(t)+¢A(t)[

) [ (at) (=
A 7@) | @or)

1 -
where\ := i. From the definition ofuv(¢), we get

v

(e2(1),
PO

DefineX > 0 andY > 0 by

o))
a7 (7(t)) o2 (¢)

w?(t) < —Py(t) + w (t), for t>t,. (2.5)

S0 L O NS o O) il G )

X = (T(t)) P (t) ’ O A(e@TAE)Y
and using the inequality (see [19])
AXYAM XA < (A= 1)YH, (2.6)
we have
(O30, oy 0T (<¢A<t>>+)ma“<t>>_
¢ (t) a'/7 (7(t)) 9 (t) (v + 1) (8(8)72(1)"

From this last inequality and (2.5), we have

A P<>_((¢A<S>)+)w““(3” As < wih)
A R T N TS FN P R

which contradicts assumption (2.1). This completes the proof. O
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Example 2.2. Consider the nonlinear delay dynamic equation

((B0))* + 755" (7(0) + s (o ()

+t(’y+—1)/’yq)o‘2 (I (T(t))) = O, fort € [to, OO)T , (27)

wherey > 1 is a quotient of odd positive integers, afidn, 12, a; anda, are positive
constants withy; > ~v > as. We have

B m 1
a(t) =1, po(t) = Py pi(t) = TCEENER p2(t) = preEEy Y
Let
Qg — —
m = 21 and N2 = ! o
Q9 — Q4 Qg —
so that condition (1.4) is satisfied. It is clear that condition (1.2) holds, since
to a ’Y(t) to

For a time scal&, we can choose(t) such that-(t) < ¢, andr>(t) > 1 andr(o(t)) =
o(7(t)), for example whefl =R or T = Z, we chooser(t) =t —7, 7 > 0, (Tisa
nonnegative integer, if = Z). For any isolated time scale we can che$g = p*(1),
etc. Let us takev(t) = t7, then, by the Btzsche chain rule

030 = (0% = [ (¢4 hue) " dh < 9070,

Thus, we assum® is a time scale satisfying(t) < kt, for somek > 0, ¢t > T, > T..
Therefore

lim sup

t—o0

Y T G ()|

> lirnsup/ n_ <L>
t—o0 T |S v+ 1 S

) v+1 tA
= |n-— (L) 1) lim sup —S,
P)/ + 1 t—o00 Tk S

-1 v+1 )
wheren = 5+ n,” . Therefore, condition (2.1) is satisfiedrjif> <%> kL
8

We conclude that ift,, co) is a time scale where(t) < kt, for somek > 0, t > T},

v+1
then, by Theorem 2.1, every solution of (2.7) is oscillatory if (L) KL
Y

[ ((2).) " alr(s)

As

+1
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Theorem 2.3. Assume thafl.2) holds. If, for any given positive differentiable function
¢(t) and all sufficiently largel’; € [ty, co)r, there is &I’ > T} such thaty(t) > Ty, for
t>T and

Ql <87 Tl) -

: G | e @9

lim sup

t—o0

/t ((¢A(s))+)y+1 a(s)

where

n

po()A% (& 1) + [ | (' pat) A (&, 7)™

1=1

Q1 (t,Th) = ¢(t)

)

then every solution of equatidf.1)is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutioon [¢y, oo)r. Then, without loss of
generality, there is & € [ty, co)r, sufficiently large, such that(t) > 0 andx (g;(t)) >
0,i=1,2,...,n0n[t;,oco)r and not all of they;(¢)’ s are identically zero oft;, co)r.
As in the proof of Theorem 2.1, we get

22(t) >0, and (a(t) (z2(t))")* <0, onfty,co)r.

Consider the generalized Riccati substitution

_ o |20 @2 @)
wlt) —¢<t>[ . ]
As in the proof of Theorem 2.1, we get
wi(t) < —¢(t)zn:pi(t)xa;+(it<)m
w290
FOA (Hw () — Jl Ok ()
< —o ) n(
Py )
+¢J(t)w ®) al/v(t)gbxa(t)w (t). (2.10)

Using the fact thati(t) (v*(¢))” is strictly decreasing oft;, co)r, we get

o fa(s) (22(s))1
o) atoy = [ DT,

(t) al/(s)

< [olo) (e0)]" [ As

9(t) al/(s)’
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and so

[alg(t) (=*(9)"]"" " As
<1+ ) /g(t) () (2.11)
We can chooseé, > t; so thatg(t) > t;, fort > t,. Then, we obtain
9® Ta(s) (z2(s)]” 1/
o) > alo) -y = [ Oy

1/~ g(t) s
> [ato0) ()] [ a

1/ g(t -1
ea) a0 S( [ As) Cfortsh (@42)

Therefore, (2.11) and (2.12) imply

x(t) t Asg 9t Ag _1_
o <, 7 (/ —a1/7(3)> = Altn).

and hence we get the desired inequality

2(9(t) = At ) 2(t),  onltz, o0)r. (2.13)

Using (2.13) in (2.10), we get

n A
A < _ ) a; a;—y ¢ (t) o . ’ng(t) Ao
W) < —0(0) D pOA(E )" 0) + S (8) = Crs s
and the rest of the proof is the same as the proof of Theorem 2. Jpwithreplaced by
pz(t)Aaz(t, tl) L]

Example 2.4. Consider the nonlinear dynamic equation

tl/(7+1)1147(t, to)xv (90(2)) + ;pi(t)(bai (z(9:(1))) =0, (2.14)

(¢ (a:A(t))W)A +

fort € [ty,00)p, andg(t) # to, Wherey is a quotient of odd positive integers;, : =
1,2,...,n are positive constants anpg, i = 1,2, ...,n are nonnegative rd-continuous
functions onT. Here

1

— 71 —
=17 2 = e o (e )
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Suppose there exists antuple (71,72, ...,n,) With 0 < n; < 1 satisfying (1.4). The
condition (1.2) holds since

/°° At /°° At
_— —_— OO’
t aUV(t) t -1/~

by [7, Example 5.60]. Also, by choosingt) = 1, we have

v+1

. ‘ (02(s)),) als)
lim sup/T Py (s,Th) — ( 0T 1)v+>1¢7(3) As

t—o0

¢
> limsup/po(s)Aao(s,Tl)As

t—o0 T

t 1
= 1imsup/ ——As = 00,

LoWP | SGED

. > _ A(t, T,
smce/ Tt(t = oo implies lim (t.11) = 1. Then by Theorem 2.3, every solu-
a

o Sy ato(t) t—oo A (t, 1)
tion of (2.14) is oscillatory.

Under condition (1.2) and whef(¢) = 1, we get the following oscillation criterion.

Theorem 2.5. Assume(1.2) holds anda(t) is a (delta) differentiable function with
a®(t) > 0. Supposé > 0 and, for all sufficiently largel} € [ty, 0o)r, there is a
T > T such thaty(T) > T} and

Y oo

ot 7!
lim inf — Q2(s,T1)As > —;

S 2.15
t—oo a(t) Joum D (y + 1)+ (213)

where

n

Q2 (t,T1) == po(t) A (£, T1) + [ | (n ' pi(t) A% (£, T1))"

=1

t . . . .
and/ := lign inf m Then every solution of equati@h.1)is oscillatory.
—00 g

Proof. Assume (1.1) has a nonoscillatory solutioon [¢y, oo)r. Then, without loss of
generality, there is & € [ty, co)r, sufficiently large, such that(t) > 0 andz (g;(t)) >
0,7=1,2,...,n0n[t;,c0)r and not all of thep;(¢) are identically zero oif¢;, co)r.
As in the proof of Theorem 2.1, we get

z2(t) >0, and (a(t) (:EA(t))V)A <0, onlt;,o0)r,

and, as in the proof of Theorems 2.1 and 2.3, we get

w?(t) < —Qq(s, Ty) — al/z(t) (wd(t))(’H-l)/’Y, (2.16)
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where
a(t) (z2(1)"

R0

Using the fact thata(¢) (z*(¢))” is strictly decreasing oft;, o)z, it can be shown that

w(t) < (/tlt al/AT?S))V’ for ¢ € (t1,00)r.

Then from (1.2), we have th?.tm w(t) = 0. Integrating (2.16) fromv(¢) to oo and
usingtlim w(t) = 0, we have

0 0 (® /Yo
t) > / ) Qa(s,T1)As + / ) (w (2327 (:)” () ps (2.17)

It follows from (2.17) that

tYw(t) [ % (w(s)) Y w(s)
oo | Qe T)as 4 / e s

Lete > 0. We can pick, € [t;, 0o)r, sufficiently large, so that, fare [t,, 0o)r

t /°° Y (t)
— Q2(s,T1)As > Q, — ¢, and > ay — €, (2.19)
a®) oy @5 )
o o tYw (t)
where@, := liminf QQ s, T1)As anda, := h{nmf 0 From (2.18)
t—o0 CL —00 a
and (2.19) and using the fa@% > 0, we get that
we (t) [ s (w(s) sw(s)
> (Q, — A
w2 @t [ SR A
% yal(s)
> . L 1+1/~/_/ g A
- (Q* 6) + (a 6) a(t) a(t) S’Y+1 S
_ _ e
> (Qr— )+ (an — )T /0 et (2.20)

Using the @®tzsche chain rule (see [6, Theorem 1.90]), we get

C—DA - ”/01 RS

1
Y 7
< /0 (8%1)%_—8%1. (2.21)
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Then from (2.20) and (2.21), we have

> Q-9+ — 0 ()

tYw (t)
a(t)

Taking thelim inf of both sides ag — oo we get that

a, > Q. — e+ (a, — e)lH/7 .
Sincee > 0 is arbitrary, we get

Q* S Ay — ai\lwa

1 . . . .
where) = 272 By using the inequality (2.6) with
/)/

1
XY =a" and YM!i= —,
AlX
we get
/V'Y
P —
which contradicts (2.15). O

Theorem 2.6. Let g(¢) be nondecreasing ofty, co)r. Assume thafl.2) holds. If, for
all sufficiently largeTy, there is al’ > T; such thaty(7") > 77 and

limsup B7(g(t), T1)R(t) > 1, (2.22)

t—o0

where
00 n 00 i
R(t) := / po(s)As + H (ni_l/ pi(s)A3> ,
t i=1 t
then every solution of equatidf.1)is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutioon [t,, co)r. Then, without loss of
generality, there is & € [t, co)r, sufficiently large, such that(t) > 0 andz (g;(t)) >
0, i =1,2,...,n0nJt;,co)r and not all of thep;(¢) are identically zero off;, co)r.
As in the proof of Theorem 2.1, we get

() >0, and (a(t) (z2(t))")* <0, onft;,c0)r.

Integrating both sides of the dynamic equation (1.1) fecimoo and then using:(t) is
strictly increasing ang(t) is nondecreasing, we obtain

S a(o(t) [ pie)as < att) (+2() (2.23)
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Sincea(t) (z*(t))" is strictly decreasing oft;, oo)r, we get

als) (#2(5)"]”

z(t) > x(t)—x(tl):/t a7 (3) As

and so
a7(t) > BY (t, 1) [at) (z2(1))"], fort>t. (2.24)

Pickt, > t, sufficiently large, so thaj(t) > t;, fort > t,. Then from (2.24), we get,
fort >ty

2(g(1)) = B (9(t),t1) [a (%) (9(1)] = BY (9(t),t2) [a(t) («2(1))"] .  (2.25)
Using (2.25) in (2.23), we find, far > t,,

S > x(g(t 7
gyww»[m@m@(aﬁgg),
which yields from the fact®(¢) > 0 on [ty, oo)r that

/too po(s)As + Zxai’w (g(t)) /too pi(s)As < m

As in Theorem 2.1, we obtain

BY(g(t),t1)Q(t) <1, fort > t,.

Then
lim sup B (g(t), 1)Q(t) < 1,
t—oo
which leads to a contradiction to (2.22). m

Under the condition that(¢) is a (delta) differentiable function with

a®(t) >0 and i/oopi(t)gai(t)At = 00. (2.26)
i=0 Y10

we get the following oscillation criteria for equation (1.1).

Theorem 2.7. Assume thafl.2) holds. If, for any given positive differentiable function
¢(t) and for all sufficiently large”, we have

[ |ms - ((¢*6).)" ats

As = 00 2.27
. G Do) ’ (2:27)

lim sup

t—o00
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where i . o
Py(1) = (1) [po(t) SHRRGICS )] ,

then every solution of equatidf.1)is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutioon [¢y, oo)r. Then, without loss of
generality, there is & € [ty, co)r, sufficiently large, such that(t) > 0 andx (g;(t)) >
0,i=1,2,...,n0n[t,c0)r and not all of thep;(t)’ s are identically zero oft;, co)r.
As in the proof of Theorem 2.1, we get

xA(t) >0, and (a(t) (:L'A(t))V)A <0, onlt;,o0)r,

and, as in the proof of Theorems 2.1 and 2.3, we have

W) < —on)> plty )

i=0 27(t)
1) o — L(t)w)\a
" ¢° (1) w?(t) al/ (1) Ao (t) (t). (2.28)

From (2.26), we get (see [15, Lemma 2.1])
A
(@) <0, onfty,o0)r,
o)

g9(t)

z(g(t)) > Tx(t), fort € [t1, 00)7. (2.29)
It follows from (2.28) and (2.29) that

n

WA(t) < —o(t) > pilt) (@)“ixam(t)

=0
¢2(t) o 10 e
o aEmeem
and the rest of the proof is as in the proof of Theorem 2.1 and hence is omitted.]

Theorem 2.8. Assume(1.2) holds anda(t) is a (delta) differentiable function with
a®(t) > 0.1fl > 0and

+

fiminf—— [ Pis)As > —
h @/,(t) s(s)As > 2 (y + 1)1

it =m0 (40) "+ 1T (i (42) )

t : . . .
and! := litm inf W then every solution of equatid¢f.1)is oscillatory.
—00 g

where
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Theorem 2.9. Let g be nondecreasing offy, o). Assume thafl.2)and (2.26)hold.
If

lim sup {@}VR@) > 1, (2.30)

t—o0

then every solution of equatidf.1)is oscillatory.

3 Oscillation Criteria for (1.1)when (1.3)holds

Before stating our next results, we begin with the following lemma.

Lemma 3.1. Assume that

/: [ﬁ ; /totpz‘(s)ﬁ?(s)As

*©  As
holds, wheres;(t) := / —_
0= o @76)

(3

solutionz on [ty,00)r. Then there exists & € [ty, c0)r, sufficiently large, so that
z2(t) > 0on|T, o0)r.

2=

At = 0o (3.1)

1 = 0,1,2,...,n and that(1.1) has a positive

Proof. Pickt; € [tg, 0o)r such thate(g;(t)) >0, i =1,2,...,n0n[t;,00)r. Asinthe
proof of Theorem 2.1, we ge(t) (z*(t))” is strictly decreasing oft;, co)r. We claim
thatz®(t) > 0 on [t;,00)r. If not, then there exists > ¢, such that:®(¢,) < 0. We
choose; > t, so thatg;(t) > to, fori = 0,1,2,...,n andt > ¢3. Using the fact that
a(t) (z*(t))" is decreasing, we obtain

el < alo0)—statn) = [ COEID
< Gl o)) [ e
< (ol (R)) [ SRS = 1A,

SO
x®(g;(t)) > LB (t), fori=1,2,...,nandt > ts,

whereL := —(a(ty) (xA(tQ))Wﬁ > 0. From (1.1), we get, for > t;

(a(®) (+2(0))* == Dm0 (0:(0) < = Y Lpi(F (1)
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Hence, fort > ¢3, we have
a(t)(@2(1))" < alts) (2 (t3))" - ZL” /t pi(u) B (u)Au.

It follows from this last inequality that

n Lo s .
[Z = | mwas

i=0 t3

~

As.

2(t) — a(ts) < — /t

t3

Hence by (3.1), we havthm x(t) = —oo, which contradicts the fact thatis a positive
solution of (1.1). Thug®(t) > 0 on[t;, co)r. O

From Lemma 3.1 and Theorems 2.1, 2.3, 2.6, 2.7 and 2.9, we get the next five
oscillation criteria for equation (1.1).

Corollary 3.2. Letg,;(t) = 7(t),i = 1,2,...,n, 7(t) < t, andT be nondecreasing and
delta differentiable withr o 0 = o o 7 on [tg, co)r. Assume thafl.3), (2.1)and (3.1)
hold. Then every solution of equati¢h1)is oscillatory.

Corollary 3.3. Assume thatl.3), (2.9)and(3.1) hold. Then every solution of equation
(1.1)is oscillatory.

Corollary 3.4. Leta(t) be a (delta) differentiable function. Assume tfaB), (2.26)
(2.27)and (3.1) hold. Then every solution of equati@hl)is oscillatory.

Corollary 3.5. Let g(t) be nondecreasing ofty, oo)r. Assume tha€l.3), (2.22)and
(3.1)hold. Then every solution of equati¢h1)is oscillatory.

Corollary 3.6. Let g(t) be nondecreasing ofty, co)r. Assume tha¢l.3), (2.30)and
(3.1)hold. Then every solution of equati¢hl)is oscillatory.

Example 3.7. Consider the nonlinear dynamic equation
((to®) (z2(1)")" + D pilt)®a, (2 (5:()) = 0, (3.2)
=0

wherey is the quotient of odd positive integers gndt¢) := ¢”, whered < v =ap < 1
is a quotient of odd positive integers;, i = 1,2,...,n are positive constants ang,
i = 1,2,...,n are nonnegative rd-continuous functions®mand wherey,(t) < ¢ on
[to, 00)p. Let (n1,m2, ..., mn) With 0 < n; < 1 be ann-tuple satisfying (1.4).

Itis clear thatu(t) = (to(t))” satisfies

At © q © /7 1\2
/ g/ —At:/ — ) At < oo,
w a(t) T )y, to(t) o \ 1
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for those time scalelgy, co)r, tp > 0. To see that (3.1) holds note that

. [%Z/“W s a0 2 [ lwwr /t:“ﬁ(’(s)msrm

> [ ] o

oo [e’e] o0 . A
O I=r ey | (—1> As— L 1
) av(s)  Jaow 50()  Jgu \ golt) — 1

We can find) < £ < 1 such that — t, > kt, fort > t, > to. Therefore, we get

2=

since

v [ee] At
At > ki/ n =00
e t'o(t)

A l% > [ nemoas

for those time scales (see [7, Theorem 5.68]) where this last integral diverges. To apply
Corollary 3.3, it remains to prove that condition (2.9) holds. Then by putiing= 1,

: (62().) " als) t
/T Q1 (s,T1) — ( T 1);?%”/(5) As > liltriiljp/T sTAs = oo.

lim sup

t—o0

We conclude that ifty, co)r, to > 0 is a time scale interval with

< A
/ - lt =00, for0<~vy<1. (3.3)
0w t70(t)

Then, by Corollary 3.3, every solution of (3.2) is oscillatory.

Remark3.8. The results in this paper are extendable to the neutral case and to the
damped case, see [10, 11].
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