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Abstract

In this paper we investigate the oscillation of a second order nonlinear func-
tional dynamic equation. Our results extend and improve many known results for
oscillation of second order dynamic equations. Some examples are given to illus-
trate the main results.
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1 Introduction

Not only does the theory of so-called “dynamic equations” unify the theories of differ-
ential equations and difference equations, but also extends these classical cases to cases
“in between”, e.g., to so-calledq-difference equations whenT =qN0, q > 1 (which has
important applications in quantum theory (see [26])) and can be applied on different
types of time scales likeT =hZ, T = N2

0 andT = {Hn} the set of harmonic numbers.
In this work a knowledge and understanding of time scales and time scale notation is
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assumed; for an excellent introduction to the calculus on time scales, see Bohner and
Peterson [6,7].

We are concerned with the oscillatory behavior of the solutions of the second order
nonlinear functional dynamic equation

(
a(t)

(
x∆(t)

)γ)∆
+

n∑
i=0

pi(t)Φαi
(x (gi(t))) = 0, (1.1)

on an arbitrary time scaleT, whereγ is a quotient of odd positive integers andΦc(u) =
|u|c sgnu, c > 0 with α0 = γ and wherea is a positive rd-continuous function onT
andpi, i = 0, 1, 2, . . . , n are nonnegative rd-continuous functions onT such that not
all of the pi(t) vanish in a neighborhood of infinity. The functionsgi : T → T, i =
0, 1, 2, . . . , n satisfy lim

t→∞
gi(t) = ∞, i = 0, 1, 2, . . . , n. Both of the two cases

∫ ∞

t0

∆t

a1/γ(t)
= ∞, (1.2)

and ∫ ∞

t0

∆t

a1/γ(t)
< ∞, (1.3)

are considered. Equation (1.1) can be viewed as a perturbation of the important equation(
a(t)

(
x∆(t)

)γ)∆
+ p0x

γ(g0(t)) = 0,

by nonlinear terms which may be superlinear or sublinear.
Since we are interested in the oscillatory behavior of solutions near infinity, we

assume thatsup T = ∞, and define the time scale interval[t0,∞)T by [t0,∞)T :=
[t0,∞) ∩ T. By a solution of (1.1) we mean a nontrivial real-valued functionx ∈
C1

rd[Tx,∞)T, Tx ≥ t0 which has the property thata
(
x∆
)γ ∈ C1

rd[Tx,∞) andx satisfies
equation (1.1) on[Tx,∞)T, whereCrd is the space of rd-continuous functions. The
solutions vanishing identically in some neighborhood of infinity will be excluded from
our consideration. A solutionx of (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative. Otherwise it is said to be nonoscillatory.

We note that (1.1) includes a large class of differential equations/difference equa-
tions with delay term. For example, ifn = 0, andα0 = γ then the equation becomes
the second order superlinear, linear, or sublinear equation with delay for which there
are many oscillation criteria. In the last few years, there has been increasing interest in
obtaining sufficient conditions for the oscillation/nonoscillation of solutions of different
classes of dynamic equations, we refer the reader to the papers [1–3,5,8–18,20–24] and
the references cited therein.

Before stating our main results, we begin with the following lemma which will play
an important role in the proof of our main results.
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Lemma 1.1. Let (α1, α2, . . . , αn) be ann-tuple satisfyingα1 > α2 > . . . > αm > γ >
αm+1 > . . . > αn > 0. Then there exists ann-tuple (η1, η2, . . . , ηn) with 0 < ηi < 1
satisfying

n∑
i=1

αiηi = γ,

n∑
i=1

ηi = 1. (1.4)

The proof of Lemma 1.1 is as in [22, Lemma 2.1].
Throughout this paper, we assumeg(t) := min {t, g1(t), g2(t), . . . , gn(t)} and, for

all sufficiently largeT1 ∈ [t0,∞)T,

A (t, T1) :=
B (t, T1)

B (g(t), T1)
, for g(t) 6= T1,

where

B (u, T1) :=

∫ u

T1

∆s

a1/γ(s)
.

We also assumeα1 > α2 > . . . > αm > γ > αm+1 > . . . > αn > 0.

2 Oscillation Criteria for (1.1)when (1.2)holds

In this section, we establish oscillation criteria for equation (1.1) when (1.2) holds. In
the next theorem, we assumegi(t) ≡ τ(t), i = 1, 2, . . . , n, τ(t) ≤ t, and we assume
thatτ is a nondecreasing and delta differentiable function withτ ◦σ = σ◦τ on [t0,∞)T.
This condition is satisfied for a number of important time scales (e.g.,T = R or T = Z
or any isolated time scales). In fact, many of the results dealing with delay dynamic
equations for the case whenT is an isolated time scale are stated for the case when
τ(t) = ρk(t) and in this case, the above assumptions clearly hold. In the first result we
use the notationd+ = max{d, 0}.

Theorem 2.1. Let gi(t) ≡ τ(t), i = 1, 2, . . . , n, τ(t) ≤ t, and letτ be nondecreasing
and delta differentiable withτ (σ(t)) = σ (τ(t)) on [t0,∞)T. Assume that(1.2) holds,
and assume for any given positive differentiable functionφ(t) and all sufficiently large
T , we have

lim sup
t→∞

∫ t

T

P1(s)−

((
φ∆(s)

)
+

)γ+1

a (τ(s))

(γ + 1)γ+1 (φ(s)τ∆(s))γ

∆s = ∞, (2.1)

where

P1(t) := φ(t)

[
p0(t) +

n∏
i=1

(
η−1

i pi(t)
)ηi

]
.

Then every solution of equation(1.1) is oscillatory.
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Proof. Assume (1.1) has a nonoscillatory solutionx on [t0,∞)T. Then, without loss of
generality, there is at1 ∈ [t0,∞)T, sufficiently large, such thatx(t) > 0 andx (τ(t)) >
0 on [t1,∞)T and not all of thepi(t) are identically zero on[t1,∞)T. From (1.1), we
have (

a(t)
(
x∆(t)

)γ)∆
= −

n∑
i=0

pi(t)x
αi (τ(t)) < 0. (2.2)

Thena(t)
(
x∆(t)

)γ
is strictly decreasing on[t1,∞)T. As in [10, Lemma 2.1], we get

x∆(t) > 0 on [t1,∞)T. Consider the generalized Riccati substitution

w(t) := φ(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]
.

By the product rule and then the quotient rule

w∆(t) =
φ(t)

xγ (τ(t))

(
a(t)

(
x∆(t)

)γ)∆
+

[
φ(t)

xγ (τ(t))

]∆

(a(t)
(
x∆(t)

)γ
)σ

= φ(t)

(
a(t)

(
x∆(t)

)γ)∆
xγ (τ(t))

+

[
φ∆(t)

(x ◦ τ)γσ (t)
− φ(t)(xγ (τ(t)))∆

xγ (τ(t)) (x ◦ τ)γσ (t)

]
(a(t)

(
x∆(t)

)γ
)σ.

From (1.1), we have

w∆(t) = −φ(t)
n∑

i=0

pi(t)x
αi−γ (τ(t))

+φ∆(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]σ

− φ(t)(xγ (τ(t)))∆

xγ (τ(t)) (x ◦ τ)γσ (t)
(a(t)

(
x∆(t)

)γ
)σ.

Using the arithmetic-geometric mean inequality [4, Page 17]

n∑
i=1

ηiui ≥
n∏

i=1

uηi

i , whereui ≥ 0,

we get, fort ≥ T

n∑
i=1

pi(t)x
αi−γ (τ(t)) =

n∑
i=1

ηi

(
η−1

i pi(t)x
αi−γ (τ(t))

)
≥

n∏
i=1

(
η−1

i pi(t)
)ηi xηi(αi−γ) (τ(t))

(1.4)
=

n∏
i=1

(
η−1

i pi(t)
)ηi ,
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which implies

w∆(t) ≤ −P1(t) + φ∆(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]σ

− φ(t)(xγ (τ(t)))∆

xγ (τ(t)) (x ◦ τ)γσ (t)
(a(t)

(
x∆(t)

)γ
)σ.

Sincex andτ are differentiable functions, andτ is nondecreasing andτ ◦ σ = σ ◦ τ on
[t0,∞)T, we havex ◦ τ is a differentiable function and(x (τ(t)))∆ = x∆ (τ(t)) τ∆(t).
Then, by the P̈otzsche chain rule (see [6, Theorem 1.90]), we obtain

(xγ (τ(t)))∆ = γ

∫ 1

0

[
x (τ(t)) + hµ(t)(x (τ(t)))∆

]γ−1
dh (x (τ(t)))∆

= γ

∫ 1

0

[(1− h) x (τ(t)) + h (x ◦ τ)σ (t)]
γ−1

dh x∆ (τ(t)) τ∆(t)

≥

 γ (x ◦ τ)σ(γ−1) (t)x∆ (τ(t)) τ∆(t), 0 < γ ≤ 1

γxγ−1 (τ(t)) x∆ (τ(t)) τ∆(t), γ ≥ 1.

If 0 < γ ≤ 1, we have that

w∆(t) ≤ −P1(t) + φ∆(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]σ

−γφ(t)x∆ (τ(t)) τ∆(t)
(a(t)

(
x∆(t)

)γ
)σ

(x ◦ τ)σ(γ+1) (t)

(
(x ◦ τ)σ (t)

x (τ(t))

)γ

,

whereas ifγ ≥ 1, we have that

w∆(t) ≤ −P1(t) + φ∆(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]σ

−γφ(t)x∆ (τ(t)) τ∆(t)
(a(t)

(
x∆(t)

)γ
)σ

(x ◦ τ)σ(γ+1) (t)

(x ◦ τ)σ (t)

x (τ(t))
.

Using the fact thatx∆(t) > 0 on [t1,∞)T, we obtain, forγ > 0,

w∆(t) ≤ −P1(t) + φ∆(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]σ

−γφ(t)x∆ (τ(t)) τ∆(t)
(a(t)

(
x∆(t)

)γ
)σ

(x ◦ τ)σ(γ+1) (t)
. (2.3)
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Then using the fact thata(t)
(
x∆(t)

)γ
is strictly decreasing on[t1,∞)T, we get that

x∆ (τ(t)) ≥

[(
a(t)

(
x∆(t)

)γ)σ
a (τ(t))

]1/γ

, for t ≥ t1. (2.4)

From (2.3) and (2.4), we obtain

w∆(t) ≤ −P1(t) + φ∆(t)

[
a(t)

(
x∆(t)

)γ
xγ (τ(t))

]σ

−γφ(t)τ∆(t)

a1/γ (τ(t))

[(
a(t)

(
x∆(t)

)γ)σ
(x ◦ τ)σγ (t)

]λ

,

whereλ :=
γ + 1

γ
. From the definition ofw(t), we get

w∆(t) ≤ −P1(t) +

(
φ∆(t)

)
+

φσ(t)
wσ(t)− γφ(t)τ∆(t)

a1/γ (τ(t)) φλσ(t)
wλσ(t), for t ≥ t1. (2.5)

DefineX ≥ 0 andY ≥ 0 by

Xλ :=
γφ(t)τ∆(t)

a1/γ (τ(t)) φλσ(t)
wλσ(t), Y λ−1 :=

(
φ∆(t)

)
+

a
1

γ+1 (τ(t))

λ (γφ(t)τ∆(t))
1
λ

,

and using the inequality (see [19])

λXY λ−1 −Xλ ≤ (λ− 1)Y λ, (2.6)

we have

(
φ∆(t)

)
+

φσ(t)
wσ(t)− γφ(t)τ∆(t)

a1/γ (τ(t)) φλσ(t)
wλσ(t) ≤

((
φ∆(t)

)
+

)γ+1

a (τ(t))

(γ + 1)γ+1 (φ(t)τ∆(t))γ .

From this last inequality and (2.5), we have

∫ t

t1

P1(s)−

((
φ∆(s)

)
+

)γ+1

a (τ(s))

(γ + 1)γ+1 (φ(s)τ∆(s))γ

∆s ≤ w (t1) ,

which contradicts assumption (2.1). This completes the proof.
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Example 2.2.Consider the nonlinear delay dynamic equation((
x∆(t)

)γ)∆
+

β

tγ+1
xγ (τ(t)) +

η1

η2t(γ+1)/γ
Φα1 (x (τ(t)))

+
1

t(γ+1)/γ
Φα2 (x (τ(t))) = 0, for t ∈ [t0,∞)T , (2.7)

whereγ ≥ 1 is a quotient of odd positive integers, andβ, η1, η2, α1 andα2 are positive
constants withα1 > γ > α2. We have

a(t) = 1, p0(t) =
β

tγ+1
, p1(t) =

η1

η2t(γ+1)/γ
, p2(t) =

1

t(γ+1)/γ
.

Let
η1 =

α2 − γ

α2 − α1

and η2 =
γ − α1

α2 − α1

,

so that condition (1.4) is satisfied. It is clear that condition (1.2) holds, since∫ ∞

t0

∆t

a1/γ(t)
=

∫ ∞

t0

∆t = ∞. (2.8)

For a time scaleT, we can chooseτ(t) such thatτ(t) ≤ t, andτ∆(t) ≥ 1 andτ(σ(t)) =
σ(τ(t)), for example whenT = R or T = Z, we chooseτ(t) = t − τ, τ ≥ 0, (τ is a
nonnegative integer, ifT = Z). For any isolated time scale we can choseτ(t) = ρk(t),
etc. Let us takeφ(t) = tγ, then, by the P̈otzsche chain rule

φ∆(t) = (tγ)∆ = γ

∫ 1

0

(t + hµ(t))γ−1dh ≤ γσγ−1(t).

Thus, we assumeT is a time scale satisfyingσ(t) ≤ kt, for somek > 0, t ≥ Tk > T∗.
Therefore

lim sup
t→∞

∫ t

T

P1(s)−

((
φ∆(s)

)
+

)γ+1

a (τ(s))

(γ + 1)γ+1 (φ(s)τ∆(s))γ

∆s

≥ lim sup
t→∞

∫ t

T

[
η

s
−
(

γ

γ + 1

)γ+1
kγ2−1

s

]
∆s

=

(
η −

(
γ

γ + 1

)γ+1

kγ2−1

)
lim sup

t→∞

∫ t

Tk

∆s

s
,

whereη = β + η
−1
γ

2 . Therefore, condition (2.1) is satisfied ifη >

(
γ

γ + 1

)γ+1

kγ2−1.

We conclude that if[t0,∞)T is a time scale whereσ(t) ≤ kt, for somek > 0, t ≥ Tk,

then, by Theorem 2.1, every solution of (2.7) is oscillatory ifη >

(
γ

γ + 1

)γ+1

kγ2−1.
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Theorem 2.3.Assume that(1.2)holds. If, for any given positive differentiable function
φ(t) and all sufficiently largeT1 ∈ [t0,∞)T, there is aT > T1 such thatg(t) > T1, for
t ≥ T and

lim sup
t→∞

∫ t

T

Q1 (s, T1)−

((
φ∆(s)

)
+

)γ+1

a(s)

(γ + 1)γ+1φγ(s)

∆s = ∞, (2.9)

where

Q1 (t, T1) := φ(t)

[
p0(t)A

α0(t, T1) +
n∏

i=1

(
η−1

i pi(t)A
αi(t, T1)

)ηi

]
,

then every solution of equation(1.1) is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutionx on [t0,∞)T. Then, without loss of
generality, there is at1 ∈ [t0,∞)T, sufficiently large, such thatx(t) > 0 andx (gi(t)) >
0, i = 1, 2, . . . , n on [t1,∞)T and not all of thepi(t)’s are identically zero on[t1,∞)T.
As in the proof of Theorem 2.1, we get

x∆(t) > 0, and (a(t)
(
x∆(t)

)γ
)∆ < 0, on [t1,∞)T.

Consider the generalized Riccati substitution

w(t) := φ(t)

[
a(t)

(
x∆(t)

)γ
xγ(t)

]
.

As in the proof of Theorem 2.1, we get

w∆(t) ≤ −φ(t)
n∑

i=0

pi(t)
xαi(gi(t))

xγ(t)

+φ∆(t)wσ(t)− γφ(t)

a1/γ(t)
wλσ(t)

≤ −φ(t)
n∑

i=0

pi(t)
xαi(g(t))

xγ(t)

+
φ∆(t)

φσ(t)
wσ(t)− γφ(t)

a1/γ(t)φλσ(t)
wλσ(t). (2.10)

Using the fact thata(t)
(
x∆(t)

)γ
is strictly decreasing on[t1,∞)T, we get

x(t)− x(g(t)) =

∫ t

g(t)

[
a(s)

(
x∆(s)

)γ]1/γ

a1/γ(s)
∆s

≤
[
a(g(t))

(
x∆(g(t))

)γ]1/γ
∫ t

g(t)

∆s

a1/γ(s)
,
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and so
x(t)

x(g(t))
≤ 1 +

[
a(g(t))

(
x∆(g(t))

)γ]1/γ

x(g(t))

∫ t

g(t)

∆s

a1/γ(s)
. (2.11)

We can chooset2 > t1 so thatg(t) > t1, for t ≥ t2. Then, we obtain

x(g(t)) > x(g(t))− x (t1) =

∫ g(t)

t1

[
a(s)

(
x∆(s)

]γ)1/γ

a1/γ(s)
∆s

≥
[
a(g(t))

(
x∆(g(t))

)γ]1/γ
∫ g(t)

t1

∆s

a1/γ(s)
,

and hence[
a(g(t))

(
x∆(g(t))

)γ]1/γ

x(g(t))
≤

(∫ g(t)

t1

∆s

a1/γ(s)

)−1

, for t ≥ t2. (2.12)

Therefore, (2.11) and (2.12) imply

x(t)

x(g(t))
≤
∫ t

t1

∆s

a1/γ(s)

(∫ g(t)

t1

∆s

a1/γ(s)

)−1

= A (t, t1) ,

and hence we get the desired inequality

x(g(t)) ≥ A (t, t1) x(t), on [t2,∞)T. (2.13)

Using (2.13) in (2.10), we get

w∆(t) ≤ −φ(t)
n∑

i=0

pi(t)A
αi(t, t1)x

αi−γ(t) +
φ∆(t)

φσ(t)
wσ(t)− γφ(t)

a1/γ(t)φλσ(t)
wλσ(t),

and the rest of the proof is the same as the proof of Theorem 2.1 withpi(t) replaced by
pi(t)A

αi(t, t1).

Example 2.4.Consider the nonlinear dynamic equation

(
tγ−1

(
x∆(t)

)γ)∆
+

1

t1/(γ+1)Aγ(t, t0)
xγ (g0(t)) +

n∑
i=1

pi(t)Φαi
(x (gi(t))) = 0, (2.14)

for t ∈ [t0,∞)T , andg(t) 6= t0, whereγ is a quotient of odd positive integers,αi, i =
1, 2, . . . , n are positive constants andpi, i = 1, 2, . . . , n are nonnegative rd-continuous
functions onT. Here

a(t) = tγ−1, p0(t) =
1

t1/(γ+1)Aγ(t, t0)
.
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Suppose there exists ann-tuple (η1, η2, . . . , ηn) with 0 < ηi < 1 satisfying (1.4). The
condition (1.2) holds since∫ ∞

t0

∆t

a1/γ(t)
=

∫ ∞

t0

∆t

t1−1/γ
= ∞,

by [7, Example 5.60]. Also, by choosingφ(t) ≡ 1, we have

lim sup
t→∞

∫ t

T

P2 (s, T1)−

((
φ∆(s)

)
+

)γ+1

a(s)

(γ + 1)γ+1φγ(s)

∆s

≥ lim sup
t→∞

∫ t

T

p0(s)A
α0(s, T1)∆s

= lim sup
t→∞

∫ t

T

1

s1/(γ+1)
∆s = ∞,

since
∫ ∞

t0

∆t

a1/γ(t)
= ∞ implies lim

t→∞

A (t, T1)

A (t, t0)
= 1. Then by Theorem 2.3, every solu-

tion of (2.14) is oscillatory.

Under condition (1.2) and whenφ(t) ≡ 1, we get the following oscillation criterion.

Theorem 2.5. Assume(1.2) holds anda(t) is a (delta) differentiable function with
a∆(t) ≥ 0. Supposel > 0 and, for all sufficiently largeT1 ∈ [t0,∞)T, there is a
T > T1 such thatg(T ) > T1 and

lim inf
t→∞

tγ

a(t)

∫ ∞

σ(t)

Q2(s, T1)∆s >
γγ

lγ2(γ + 1)γ+1
, (2.15)

where

Q2 (t, T1) := p0(t)A
α0(t, T1) +

n∏
i=1

(
η−1

i pi(t)A
αi(t, T1)

)ηi

andl := lim inf
t→∞

t

σ(t)
. Then every solution of equation(1.1) is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutionx on [t0,∞)T. Then, without loss of
generality, there is at1 ∈ [t0,∞)T, sufficiently large, such thatx(t) > 0 andx (gi(t)) >
0, i = 1, 2, . . . , n on [t1,∞)T and not all of thepi(t) are identically zero on[t1,∞)T.
As in the proof of Theorem 2.1, we get

x∆(t) > 0, and (a(t)
(
x∆(t)

)γ
)∆ < 0, on [t1,∞)T,

and, as in the proof of Theorems 2.1 and 2.3, we get

w∆(t) ≤ −Q2(s, T1)−
γ

a1/γ(t)
(wσ(t))(γ+1)/γ , (2.16)
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where

w(t) =
a(t)

(
x∆(t)

)γ
xγ(t)

.

Using the fact thata(t)
(
x∆(t)

)γ
is strictly decreasing on[t1,∞)T, it can be shown that

w(t) <

(∫ t

t1

∆s

a1/γ(s)

)−γ

, for t ∈ (t1,∞)T.

Then from (1.2), we have thatlim
t→∞

w(t) = 0. Integrating (2.16) fromσ(t) to ∞ and

using lim
t→∞

w(t) = 0, we have

wσ(t) ≥
∫ ∞

σ(t)

Q2(s, T1)∆s + γ

∫ ∞

σ(t)

(wσ(s))1/γwσ(s)

a1/γ(s)
∆s. (2.17)

It follows from (2.17) that

tγwσ(t)

a(t)
≥ tγ

a(t)

∫ ∞

σ(t)

Q2(s, T1)∆s + γ
tγ

a(t)

∫ ∞

σ(t)

(wσ(s))1/γwσ(s)

a1/γ(s)
∆s. (2.18)

Let ε > 0. We can pickt2 ∈ [t1,∞)T, sufficiently large, so that, fort ∈ [t2,∞)T

tγ

a(t)

∫ ∞

σ(t)

Q2(s, T1)∆s ≥ Q∗ − ε, and
tγwσ(t)

a(t)
≥ a∗ − ε, (2.19)

whereQ∗ := lim inf
t→∞

tγ

a(t)

∫ ∞

σ(t)

Q2(s, T1)∆s anda∗ := lim inf
t→∞

tγwσ(t)

a(t)
. From (2.18)

and (2.19) and using the facta∆(t) ≥ 0, we get that

tγwσ(t)

a(t)
≥ (Q∗ − ε) + γ

tγ

a(t)

∫ ∞

σ(t)

s (wσ(s))1/γ sγwσ(s)

sγ+1a1/γ(s)
∆s

≥ (Q∗ − ε) + (a∗ − ε)1+1/γ tγ

a(t)

∫ ∞

σ(t)

γa(s)

sγ+1
∆s

≥ (Q∗ − ε) + (a∗ − ε)1+1/γ tγ
∫ ∞

σ(t)

γ

sγ+1
∆s. (2.20)

Using the P̈otzsche chain rule (see [6, Theorem 1.90]), we get(
−1

sγ

)∆

= γ

∫ 1

0

1

[s + hµ(s)]γ+1
dh

≤
∫ 1

0

( γ

sγ+1

)
dh =

γ

sγ+1
. (2.21)
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Then from (2.20) and (2.21), we have

tγwσ(t)

a(t)
≥ (Q∗ − ε) + (a∗ − ε)1+1/γ

(
t

σ(t)

)γ

.

Taking thelim inf of both sides ast →∞ we get that

a∗ ≥ Q∗ − ε + (a∗ − ε)1+1/γ lγ.

Sinceε > 0 is arbitrary, we get

Q∗ ≤ a∗ − aλ
∗ l

γ,

whereλ =
γ + 1

γ
. By using the inequality (2.6) with

Xλ := aλ
∗ l

γ and Y λ−1 :=
1

λl
γ
λ

,

we get

Q∗ ≤
γγ

lγ2(γ + 1)γ+1
,

which contradicts (2.15).

Theorem 2.6. Let g(t) be nondecreasing on[t0,∞)T. Assume that(1.2) holds. If, for
all sufficiently largeT1, there is aT > T1 such thatg(T ) > T1 and

lim sup
t→∞

Bγ(g(t), T1)R(t) > 1, (2.22)

where

R(t) :=

∫ ∞

t

p0(s)∆s +
n∏

i=1

(
η−1

i

∫ ∞

t

pi(s)∆s

)ηi

,

then every solution of equation(1.1) is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutionx on [t0,∞)T. Then, without loss of
generality, there is at1 ∈ [t0,∞)T, sufficiently large, such thatx(t) > 0 andx (gi(t)) >
0, i = 1, 2, . . . , n on [t1,∞)T and not all of thepi(t) are identically zero on[t1,∞)T.
As in the proof of Theorem 2.1, we get

x∆(t) > 0, and (a(t)
(
x∆(t)

)γ
)∆ < 0, on [t1,∞)T.

Integrating both sides of the dynamic equation (1.1) fromt to∞ and then usingx(t) is
strictly increasing andg(t) is nondecreasing, we obtain

n∑
i=0

xαi(g(t))

∫ ∞

t

pi(s)∆s ≤ a(t)
(
x∆(t)

)γ
. (2.23)
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Sincea(t)
(
x∆(t)

)γ
is strictly decreasing on[t1,∞)T, we get

x(t) > x(t)− x(t1) =

∫ t

t1

[
a(s)

(
x∆(s)

)γ]1/γ

a1/γ(s)
∆s

≥
[
a(t)

(
x∆(t)

)γ]1/γ
∫ t

t1

∆s

a1/γ(s)
=
[
a(t)

(
x∆(t)

)γ]1/γ
B(t, t1),

and so
xγ(t) ≥ Bγ (t, t1)

[
a(t)

(
x∆(t)

)γ]
, for t ≥ t1. (2.24)

Pick t2 > t1, sufficiently large, so thatg(t) > t1, for t ≥ t2. Then from (2.24), we get,
for t ≥ t2

xγ(g(t)) ≥ Bγ (g(t), t1)
[
a
(
x∆
)γ

(g(t))
]
≥ Bγ (g(t), t1)

[
a(t)

(
x∆(t)

)γ]
. (2.25)

Using (2.25) in (2.23), we find, fort ≥ t2,

n∑
i=0

xαi(g(t))

∫ ∞

t

pi(s)∆s ≤
(

x(g(t))

B(g(t), t1)

)γ

,

which yields from the factx∆(t) > 0 on [t2,∞)T that∫ ∞

t

p0(s)∆s +
n∑

i=1

xαi−γ (g(t))

∫ ∞

t

pi(s)∆s <
1

Bγ(g(t), t1)
.

As in Theorem 2.1, we obtain

Bγ(g(t), t1)Q(t) < 1, for t ≥ t2.

Then
lim sup

t→∞
Bγ(g(t), t1)Q(t) ≤ 1,

which leads to a contradiction to (2.22).

Under the condition thata(t) is a (delta) differentiable function with

a∆(t) ≥ 0 and
n∑

i=0

∫ ∞

t0

pi(t)g
αi(t)∆t = ∞. (2.26)

we get the following oscillation criteria for equation (1.1).

Theorem 2.7.Assume that(1.2)holds. If, for any given positive differentiable function
φ(t) and for all sufficiently largeT , we have

lim sup
t→∞

∫ t

T

P2(s)−

((
φ∆(s)

)
+

)γ+1

a(s)

(γ + 1)γ+1φγ(s)

∆s = ∞, (2.27)
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where

P2(t) := φ(t)

[
p0(t)

(
g(t)

t

)α0

+
n∏

i=1

(
η−1

i pi(t)

(
g(t)

t

)αi
)ηi
]

,

then every solution of equation(1.1) is oscillatory.

Proof. Assume (1.1) has a nonoscillatory solutionx on [t0,∞)T. Then, without loss of
generality, there is at1 ∈ [t0,∞)T, sufficiently large, such thatx(t) > 0 andx (gi(t)) >
0, i = 1, 2, . . . , n on [t1,∞)T and not all of thepi(t)’s are identically zero on[t1,∞)T.
As in the proof of Theorem 2.1, we get

x∆(t) > 0, and (a(t)
(
x∆(t)

)γ
)∆ < 0, on [t1,∞)T,

and, as in the proof of Theorems 2.1 and 2.3, we have

w∆(t) ≤ −φ(t)
n∑

i=0

pi(t)
xαi(g(t))

xγ(t)

+
φ∆(t)

φσ(t)
wσ(t)− γφ(t)

a1/γ(t)φλσ(t)
wλσ(t). (2.28)

From (2.26), we get (see [15, Lemma 2.1])(
x(t)

t

)∆

< 0, on [t1,∞)T,

so

x (g(t)) ≥ g(t)

t
x(t), for t ∈ [t1,∞)T. (2.29)

It follows from (2.28) and (2.29) that

w∆(t) ≤ −φ(t)
n∑

i=0

pi(t)

(
g(t)

t

)αi

xαi−γ(t)

+
φ∆(t)

φσ(t)
wσ(t)− γφ(t)

a1/γ(t)φλσ(t)
wλσ(t),

and the rest of the proof is as in the proof of Theorem 2.1 and hence is omitted.

Theorem 2.8. Assume(1.2) holds anda(t) is a (delta) differentiable function with
a∆(t) ≥ 0. If l > 0 and

lim inf
t→∞

tγ

a(t)

∫ ∞

σ(t)

P3(s)∆s >
γγ

lγ2(γ + 1)γ+1
,

where

P3(t) := p0(t)

(
g(t)

t

)α0

+
n∏

i=1

(
η−1

i pi(t)

(
g(t)

t

)αi
)ηi

,

andl := lim inf
t→∞

t

σ(t)
, then every solution of equation(1.1) is oscillatory.
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Theorem 2.9. Let g be nondecreasing on[t0,∞)T. Assume that(1.2)and (2.26)hold.
If

lim sup
t→∞

[
g(t)

t

]γ

R(t) > 1, (2.30)

then every solution of equation(1.1) is oscillatory.

3 Oscillation Criteria for (1.1)when (1.3)holds

Before stating our next results, we begin with the following lemma.

Lemma 3.1. Assume that

∫ ∞

t0

[
1

a(t)

n∑
i=0

∫ t

t0

pi(s)β
γ
i (s)∆s

] 1
γ

∆t = ∞ (3.1)

holds, whereβi(t) :=

∫ ∞

gi(t)

∆s

a1/γ(s)
, i = 0, 1, 2, . . . , n and that(1.1) has a positive

solutionx on [t0,∞)T. Then there exists aT ∈ [t0,∞)T, sufficiently large, so that
x∆(t) > 0 on [T,∞)T.

Proof. Pick t1 ∈ [t0,∞)T such thatx(gi(t)) > 0, i = 1, 2, . . . , n on [t1,∞)T. As in the
proof of Theorem 2.1, we geta(t)

(
x∆(t)

)γ
is strictly decreasing on[t1,∞)T. We claim

thatx∆(t) > 0 on [t1,∞)T. If not, then there existst2 ≥ t1 such thatx∆(t2) < 0. We
chooset3 ≥ t2 so thatgi(t) ≥ t2, for i = 0, 1, 2, . . . , n andt ≥ t3. Using the fact that
a(t)

(
x∆(t)

)γ
is decreasing, we obtain

−x(gi(t)) < x (∞)− x(gi(t)) =

∫ ∞

gi(t)

(a(s)
(
x∆(s)

)γ
)

1
γ

a1/γ(s)
∆s

≤ (a(gi(t))
(
x∆(gi(t))

)γ
)

1
γ

∫ ∞

gi(t)

∆s

a1/γ(s)

≤ (a(t2)
(
x∆(t2)

)γ
)

1
γ

∫ ∞

gi(t)

∆s

a1/γ(s)
= −Lβi(t),

so
xαi(gi(t)) > Lαiβαi

i (t), for i = 1, 2, . . . , n andt ≥ t3,

whereL := −(a(t2)
(
x∆(t2)

)γ
)

1
γ > 0. From (1.1), we get, fort ≥ t3

(a(t)
(
x∆(t)

)γ
)∆ = −

n∑
i=0

pi(t)x
αi (gi(t)) ≤ −

n∑
i=0

Lαipi(t)β
αi
i (t).
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Hence, fort ≥ t3, we have

a(t)(x∆(t))γ ≤ a(t3)(x
∆(t3))

γ −
n∑

i=0

Lαi

∫ t

t3

pi(u)βγ
i (u)∆u.

It follows from this last inequality that

x(t)− x(t3) ≤ −
∫ t

t3

[
n∑

i=0

Lαi

a(s)

∫ s

t3

pi(u)βγ
i (u)∆u

] 1
γ

∆s.

Hence by (3.1), we havelim
t→∞

x(t) = −∞, which contradicts the fact thatx is a positive

solution of (1.1). Thusx∆(t) > 0 on [t1,∞)T.

From Lemma 3.1 and Theorems 2.1, 2.3, 2.6, 2.7 and 2.9, we get the next five
oscillation criteria for equation (1.1).

Corollary 3.2. Letgi(t) ≡ τ(t), i = 1, 2, . . . , n, τ(t) ≤ t, andτ be nondecreasing and
delta differentiable withτ ◦ σ = σ ◦ τ on [t0,∞)T. Assume that(1.3), (2.1) and (3.1)
hold. Then every solution of equation(1.1) is oscillatory.

Corollary 3.3. Assume that(1.3), (2.9)and (3.1)hold. Then every solution of equation
(1.1) is oscillatory.

Corollary 3.4. Let a(t) be a (delta) differentiable function. Assume that(1.3), (2.26),
(2.27)and (3.1)hold. Then every solution of equation(1.1) is oscillatory.

Corollary 3.5. Let g(t) be nondecreasing on[t0,∞)T. Assume that(1.3), (2.22)and
(3.1)hold. Then every solution of equation(1.1) is oscillatory.

Corollary 3.6. Let g(t) be nondecreasing on[t0,∞)T. Assume that(1.3), (2.30)and
(3.1)hold. Then every solution of equation(1.1) is oscillatory.

Example 3.7.Consider the nonlinear dynamic equation

(
(tσ(t))γ (x∆(t)

)γ)∆
+

n∑
i=0

pi(t)Φαi
(x (gi(t))) = 0, (3.2)

whereγ is the quotient of odd positive integers andp0(t) := tγ, where0 < γ = α0 ≤ 1
is a quotient of odd positive integers,αi, i = 1, 2, . . . , n are positive constants andpi,
i = 1, 2, . . . , n are nonnegative rd-continuous functions onT and whereg0(t) ≤ t on
[t0,∞)T. Let (η1, η2, . . . , ηn) with 0 < ηi < 1 be ann-tuple satisfying (1.4).

It is clear thata(t) = (tσ(t))γ satisfies∫ ∞

t0

∆t

a1/γ(t)
≤
∫ ∞

t0

1

tσ(t)
∆t =

∫ ∞

t0

(
−1

t

)∆

∆t < ∞,
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for those time scales[t0,∞)T, t0 > 0. To see that (3.1) holds note that

∫ ∞

t0

[
1

a(t)

n∑
i=0

∫ t

t0

pi(s)β
γ
i (s)∆s

] 1
γ

∆t ≥
∫ ∞

t0

[
1

(tσ(t))γ

∫ t

t0

(sβ0(s))
γ ∆s

] 1
γ

∆t

≥
∫ ∞

t0

[
t− t0

(tσ(t))γ

] 1
γ

∆t,

since

β0(t) =

∫ ∞

g0(t)

∆s

a
1
γ (s)

=

∫ ∞

g0(t)

1

sσ(s)
=

∫ ∞

g0(t)

(
−1

s

)∆

∆s =
1

g0(t)
≥ 1

t
.

We can find0 < k < 1 such thatt− t0 > kt, for t ≥ tk > t0. Therefore, we get

∫ ∞

t0

[
1

a(t)

n∑
i=0

∫ t

t0

pi(s)β
γ
i (s)∆s

] 1
γ

∆t > k
1
γ

∫ ∞

tK

∆t

t1−
1
γ σ(t)

= ∞

for those time scales (see [7, Theorem 5.68]) where this last integral diverges. To apply
Corollary 3.3, it remains to prove that condition (2.9) holds. Then by puttingφ(t) ≡ 1,

lim sup
t→∞

∫ t

T

Q1 (s, T1)−

((
φ∆(s)

)
+

)γ+1

a(s)

(γ + 1)γ+1φγ(s)

∆s ≥ lim sup
t→∞

∫ t

T

sγ∆s = ∞.

We conclude that if[t0,∞)T, t0 > 0 is a time scale interval with∫ ∞

t0

∆t

t1−
1
γ σ(t)

= ∞, for 0 < γ ≤ 1. (3.3)

Then, by Corollary 3.3, every solution of (3.2) is oscillatory.

Remark3.8. The results in this paper are extendable to the neutral case and to the
damped case, see [10,11].
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