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Abstract

In this paper, we unify and extend the linear quadratic regulator to dynamic
equations on time scales associated with a linear time-invariant system. Here we
seek to find an optimal control that minimizes a cost functional. We show that
when the final state is fixed, the optimal (open-loop) input is in terms of a final
state difference. On the other hand, when the final state is free, we have a closed-
loop optimal control.
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1 Introduction

In the late 1950s and early 1960s, the emergence of state-space methods gave way to the
formulation and solution of a new kind of optimal control problem. The goal of such
problems was to find an optimal control that minimizes a quadratic cost functional asso-
ciated with a linear system. In 1958, Kalman and Koepcke [8] first used this method to
find an optimal control for a sampled-data system. Shortly thereafter, Kalman extended
these results to continuous time (see [6, 7]). Since then, what is now called the linear
quadratic regulator (LQR) plays a central rôle in control engineering. For more details
on the linear quadratic regulator in the continuous and discrete cases, one may see the
books by Lewis and Syrmos [10] and Kwakernaak and Sivan [9].
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In this work, we introduce the concept of the linear quadratic regulator on time
scales, hence unifying the discrete and continuous cases and extending them to cases
“in between.” We consider the linear time-invariant state equation

x∆(t) = Ax(t) + Bu(t), x(t0) = x0 (1.1)

associated with the quadratic performance index

J =
1

2
xT (tf)S(tf)x(tf) +

1

2

∫ tf

t0

(xT Qx + uT Ru)(τ)∆τ, (1.2)

whereS(tf), Q ≥ 0 andR > 0.
In Section 2, we offer a brief introduction to calculus on time scales. We also con-

sider the derivative and integral of functions on an arbitrary time scale, along with some
basic properties of each. Also, since we are mainly concerned with linear systems, we
examine the matrix exponential and its properties. In Section 3, we consider the vari-
ational properties needed such that a minimum control exists. In Section 4, we find
the form of cost functional (1.2) in the absence of an input. In this setting, we use a
generalized Lyapunov equation to rewrite the cost functional. For Sections 5 and 6, we
determine an optimal controlu that minimizes (1.2) over the interval[t0, tf ]. We assume
thatx(t0) is given and that the final timetf ∈ T is a fixed known number. Depending
on the final state, this optimal control can take on two completely different forms. In
Section 5, the final state is fixed resulting in an open-loop control. This means that the
optimal input is not in terms of the current state, but a final state difference instead. For
Section 6, the final state is free resulting in a closed-loop control. This means that the
optimal input is in terms of the current state (i.e., state feedback). Here, we use the
“simple useful formula” to find a Riccati equation whose solution gives us an optimal
control. In Section 7, we include scalar examples for both cases. This work is from the
second author’s dissertation [11].

2 Time Scales Preliminaries

Before we present our linear system, a brief introduction to the theory of dynamic equa-
tions on time scales is in order. For a more in-depth study of time scales, see Bohner
and Peterson’s books [2,3].

Definition 2.1. A time scaleT is an arbitrary nonempty closed subset of the real num-
bers. We letTκ = T \ {max T} if max T exists; otherwiseTκ = T.

Example 2.2. The most common examples of time scales areT = R, T = Z, T = hZ
for h > 0, andT = qN0 for q > 1.

Definition 2.3. We define theforward jump operatorσ : T → T and thegraininess
functionµ : T → [0,∞) by

σ(t) := inf {s ∈ T : s > t} and µ(t) = σ(t)− t.
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Definition 2.4. For any functionf : T → R, we define the functionfσ : T → R by
fσ = f ◦ σ.

Next, we define the delta (or Hilger) derivative as follows.

Definition 2.5. Assumef : T → R and lett ∈ Tκ. Thedelta derivativef∆(t) is the
number (when it exists) such that given anyε > 0, there is a neighborhoodU of t such
that ∣∣[f(σ(t))− f(s)]− f∆(t)[σ(t)− s]

∣∣ ≤ ε|σ(t)− s| for all s ∈ U.

In the next two theorems, we consider some properties of the delta derivative.

Theorem 2.6 (See [2, Theorem 1.16]).Supposef : T → R is a function and lett ∈ Tκ.
Then we have the following:

a. If f is differentiable att, thenf is continuous att.

b. If f is continuous att, wheret is right-scattered, thenf is differentiable att and

f∆(t) =
f(σ(t))− f(t)

µ(t)
.

c. If f is differentiable att, wheret is right-dense, then

f∆(t) = lim
s→t

f(t)− f(s)

t− s
.

d. If f is differentiable att, then

f(σ(t)) = f(t) + µ(t)f∆(t). (2.1)

Note that (2.1) is sometimes called the “simple useful formula.”

Remark2.7. Note the following examples.

a. WhenT = R, then (if the limit exists)

f∆(t) = lim
s→t

f(t)− f(s)

t− s
= f ′(t).

b. WhenT = Z, then

f∆(t) = f(t + 1)− f(t) =: ∆f(t).

c. WhenT = qZ for q > 1, then

f∆(t) =
f(qt)− f(t)

(q − 1)t
=: Dqf(t).
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Next we consider the linearity property as well as the product rules.

Theorem 2.8 (See [2, Theorem 1.20]).Let f, g : T → R be differentiable att ∈ Tκ.
Then we have the following:

a. For any constantsα andβ, the sum(αf + βg) : T → R is differentiable att with

(αf + βg)∆(t) = αf∆(t) + βg∆(t).

b. The productfg : T → R is differentiable att with

(fg)∆(t) = f∆(t)g(t) + fσ(t)g∆(t) = f(t)g∆(t) + f∆(t)gσ(t).

Definition 2.9. A function f : T → R is said to berd-continuouson T whenf is
continuous in pointst ∈ T with σ(t) = t and it has finite left-sided limits in points
t ∈ T with sup {s ∈ T : s < t} = t. The class of rd-continuous functionsf : T → R
is denoted byCrd = Crd(T) = Crd(T, R). The set of functionsf : T → R that are
differentiable and whose derivative is rd-continuous is denoted byC1

rd.

Theorem 2.10 (See [2, Theorem 1.74]).Any rd-continuous functionf : T → R has an
antiderivativeF , i.e.,F∆ = f onTκ.

Definition 2.11. Let f ∈ Crd and letF be any function such thatF∆(t) = f(t) for all
t ∈ Tκ. Then the Cauchy integral off is defined by∫ b

a

f(t)∆t = F (b)− F (a) for all a, b ∈ T.

Example 2.12.Let a, b ∈ T with a < b and assume thatf ∈ Crd. WhenT = R, then∫ b

a

f(t) ∆t =

∫ b

a

f(t) dt.

WhenT = Z, then ∫ b

a

f(t) ∆t =
b−1∑
t=a

f(t).

Next, we present the matrix exponential and some of its properties.

Definition 2.13. An m×n matrix-valued functionA onT is rd-continuous if each of its
entries are rd-continuous. Furthermore, ifm = n, A is said to beregressive(we write
A ∈ R) if

I + µ(t)A(t) is invertible for all t ∈ Tκ.
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Theorem 2.14 (See [2, Theorem 5.8]).Suppose thatA is regressive and rd-continuous.
Then the initial value problem

X∆(t) = A(t)X(t), X(t0) = I,

whereI is the identity matrix, has a uniquen× n matrix-valued solutionX.

Definition 2.15. The solutionX from Theorem 2.14 is called the matrix exponential
function onT and is denoted byeA(·, t0).

Theorem 2.16 (See [2, Theorem 5.21]).Let A be regressive and rd-continuous. Then
for r, s, t ∈ T,

a. eA(t, s)eA(s, r) = eA(t, r), henceeA(t, t) = I,

b. eA(σ(t), s) = (I + µ(t)A(t))eA(t, s),

c. eA(t, σ(s)) = eA(t, s)(I + µ(s)A(s))−1,

d. (eA(·, s))∆ = AeA(·, s),

e. (eA(t, ·))∆ = −eσ
A(t, ·)A(s) = −eA(t, ·)(I + µ(s)A(s))−1A(s).

Next we give the solution (state response) to our linear system using variation of
parameters.

Theorem 2.17 (See [2, Theorem 5.24]).LetA ∈ R be ann×n matrix-valued function
onT and suppose thatf : T → Rn is rd-continuous. Lett0 ∈ T andx0 ∈ Rn. Then the
solution of the initial value problem

x∆(t) = A(t)x(t) + f(t), x(t0) = x0

is given by

x(t) = eA(t, t0)x0 +

∫ t

t0

eA(t, σ(τ))f(τ)∆τ.

3 Optimization of Linear Systems on Time Scales

Definition 3.1. Let a, b ∈ T with a < b andα, β ∈ Rn. A function ŷ ∈ C1
rd with

ŷ(a) = α, ŷ(b) = β is said to be a (weak)local minimumto the variational problem

J (y) =

∫ b

a

L(t, yσ(t), y∆(t))∆t → min, y(a) = α, y(b) = β, (3.1)

whereL : T×R2n → R, if there existsδ > 0 such that||y− ŷ|| < δ andJ (ŷ) ≤ J (y)
for all y ∈ C1

rd satisfyingŷ(a) = α andŷ(b) = β. If J (ŷ) < J (y) for all ŷ 6= y, then
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ŷ is said to beproper. An η ∈ C1
rd is called anadmissible variationof (3.1) provided

η(a) = η(b) = 0. Let η ∈ C1
rd be an admissible variation. We define the function

Φ : R → R by
Φ(ε) = Φ(ε; y, η) = J (y + εη), ε ∈ R.

Then thefirst variation of J is defined byJ1(y, η) = Φ̇(0; y, η), while thesecond
variationof J is defined byJ2(y, η) = Φ̈(0; y, η).

In the next two theorems, we provide necessary and sufficient conditions for a local
minimum.

Theorem 3.2 (See [1, Theorem 3.2]).If ŷ ∈ C1
rd is a local minimum of(3.1), then

J1(ŷ, η) = 0 andJ2(ŷ, η) ≥ 0 for all admissible variationsη.

Theorem 3.3 (See [1, Theorem 3.3]).Let ŷ ∈ C1
rd with ŷ(a) = α and ŷ(b) = β. If

J1(ŷ, η) = 0 andJ2(ŷ, η) > 0 for all nontrivial admissible variationsη, thenŷ ∈ C1
rd

is a proper weak local minimum to(3.1).

Now we consider the linear time-invariant system (plant)

x∆(t) = Ax(t) + Bu(t), x(t0) = x0, (3.2)

wherex ∈ Rn represents the state andu ∈ Rm represents the input. Associated with
(3.2) is the quadratic cost functional

J =
1

2
xT (tf)S(tf)x(tf) +

1

2

∫ tf

t0

(xT Qx + uT Ru)(τ)∆τ, (3.3)

whereS(tf), Q ≥ 0 andR > 0. Now we determine the form of the input (control law)
that minimizes (3.3). To minimize (3.3), we introduce the augmented cost functional

J+ =
1

2
xT (tf)S(tf)x(tf)

+

∫ tf

t0

[
1

2
(xT Qx + uT Ru) + (λσ)T (Ax + Bu− x∆)

]
(τ)∆τ

=
1

2
xT (tf)S(tf)x(tf) +

∫ tf

t0

[H(x, u, λσ)− (λσ)T x∆](τ)∆τ,

where the so-calledHamiltonianH is given by

H(x, u, λ) =
1

2
(xT Qx + uT Ru) + λT (Ax + Bu), (3.4)

andλ ∈ Rn is a multiplier to be determined in later subsections.
Next, we provide necessary conditions for an optimal control. We assume that

d

dε

∫ tf

t0

f(τ, ε)∆τ =

∫ tf

t0

∂

∂ε
f(τ, ε)∆τ (3.5)

for all f : T× R → R such thatf(·, ε), ∂f(·, ε)/∂ε ∈ Crd(T).
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Lemma 3.4. Assume(3.5). Then the first variation ofJ+ is zero provided thatx, u, and
λ satisfy

x∆ = Ax + Bu, (3.6a)

−λ∆ = Qx + AT λσ, (3.6b)

0 = Ru + BT λσ. (3.6c)

Proof. First note that

Φ(ε) = J+((x, u, λ) + ε(η1, η2, η3))

=
1

2
(x + εη1)

T (tf)S(tf)(x + εη1)(tf)

+
1

2

∫ tf

t0

[(x + εη1)
T Q(x + εη1) + (u + εη2)

T R(u + εη2)](τ)∆τ

+

∫ tf

t0

[(λσ + εησ
3 )T A(x + εη1) + (λσ + εησ

3 )T B(u + εη2)](τ)∆τ

−
∫ tf

t0

(λσ + εησ
3 )T (x + εη1)

∆(τ)∆τ.

Then

Φ̇(ε) =
1

2
ηT

1 (tf)S(tf)(x + εη1)(tf) +
1

2
(x + εη1)

T (tf)S(tf)η1(tf)

+
1

2

∫ tf

t0

[ηT
1 Q(x + εη1) + (x + εη1)

T Qη1](τ)∆τ

+
1

2

∫ tf

t0

[ηT
2 R(u + εη2) + (u + εη2)

T Rη2](τ)∆τ

+

∫ tf

t0

[(ησ
3 )T A(x + εη1) + (λσ + εησ

3 )T Aη1](τ)∆τ

+

∫ tf

t0

[(ησ
3 )T B(u + εη2) + (λσ + εησ

3 )T Bη2](τ)∆τ

−
∫ tf

t0

[(ησ
3 )T (x + εη1)

∆ + (λσ + εησ
3 )T η∆

1 ](τ)∆τ.

Thus the first variation can be written as

Φ̇(0) = [S(tf)x(tf)− λ(tf)]
T η1(tf) + λT (t0)η1(t0)

+

∫ tf

t0

[(AT λσ + Qx + λ∆)T η1 + (Ru + BT λσ)T η2](τ)∆τ

+

∫ tf

t0

[(Ax + Bu− x∆)T ησ
3 ](τ)∆τ.
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Now in order forΦ̇(0) = 0, we set each coefficient of independent incrementsη1, η2,
ησ

3 equal to zero. This yields the necessary conditions for a minimum ofJ+. Using the
Hamiltonian (3.4), we have state and costate equations

x∆ = Hλ(x, u, λσ) = Ax + Bu

and
−λ∆ = Hx(x, u, λσ) = Qx + AT λσ.

Similarly, we have the stationary condition

0 = Hu(x, u, λσ) = Ru + BT λσ.

This concludes the proof.

Remark3.5. We note thatx, u, andλ solve (3.6) if and only if they solve

x∆ = Ax−BR−1BT λσ, (3.7a)

−λ∆ = Qx + AT λσ, (3.7b)

u = −R−1BT λσ. (3.7c)

Note that in order to find an optimal control, one must determine a value for the costate.

In Figure 3.1, we present the block diagram that describes the formulation of the
state and costate equations in our linear quadratic optimal controller.

Finally, we give sufficient conditions for a local optimal control.

Lemma 3.6. Assume(3.5). Then the second variation ofJ+ is positive provided thatη1

andη2 satisfy the constraintsη∆
1 = Aη1 + Bη2 andη2 6= 0.

Proof. Taking the second derivative ofΦ(ε), we have

Φ̈(ε) =
1

2
ηT

1 (tf)S(tf)η1(tf) +
1

2
ηT

1 (tf)S(tf)η1(tf)

+
1

2

∫ tf

t0

[ηT
1 Qη1 + ηT

1 Qη1 + ηT
2 Rη2 + ηT

2 Rη2](τ)∆τ

+

∫ tf

t0

[(ησ
3 )T Aη1 + (ησ

3 )T Aη1 + (ησ
3 )T Bη2 + (ησ

3 )T Bη2](τ)∆τ

−
∫ tf

t0

[(ησ
3 )T η∆

1 + (ησ
3 )T η∆

1 ](τ)∆τ

= ηT
1 (tf)S(tf)η1(tf) +

∫ tf

t0

[ηT
1 Qη1 + ηT

2 Rη2](τ)∆τ

+2

∫ tf

t0

[(Aη1 + Bη2 − η∆
1 )T ησ

3 ](τ)∆τ.
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Figure 3.1: Relationship of the state and costate equations with the optimal control in
the LQR

If we assume thatη1 andη2 satisfy the constraint

η∆
1 = Aη1 + Bη2,

then the second variation is given by

Φ̈(0) = ηT
1 (tf)S(tf)η1(tf) +

∫ tf

t0

[ηT
1 Qη1 + ηT

2 Rη2](τ)∆τ. (3.8)

Note thatS(tf) andQ ≥ 0 while R > 0. Thus ifη2 6= 0, then (3.8) is guaranteed to be
positive.

4 Zero Input and the Observability Lyapunov Equation

In this section, we find the form of our cost functional (3.3) in the absence of a given
input. Here we make no assumptions as to whether or not the final state is fixed. We use
the notion of Lyapunov and Riccati equations on time scales to obtain our results. We
now consider the autonomous dynamic equation (3.6a) withB = 0, i.e.,

x∆ = Ax, (4.1)

whereA is assumed to be regressive.
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Definition 4.1. Let S ∈ C1
rd(T, Rn×n). ThenV : T× Rn → R defined by

V (t, x) = xT S(t)x

is called a time scalesLyapunov function.

Lemma 4.2. LetS : T → Rn be differentiable. Ifx solves(4.1), then

(xT Sx)∆ = xT [AT S + (I + µAT )SA + (I + µAT )S∆(I + µA)]x. (4.2)

Proof. Using the product rule, we have

(xT Sx)∆ = (xT S)∆xσ + (xT S)x∆

= [(xT )∆S + (xT )σS∆]xσ + (xT S)Ax.

Now using (2.1) and (4.1), we have

(xT Sx)∆ = [xT AT S + (x + µx∆)T S∆](x + µx∆) + xT SAx

= [xT AT S + xT (I + µA)T S∆](I + µA)x + xT SAx

= xT [AT S + (I + µAT )SA + (I + µAT )S∆(I + µA)]x.

This gives (4.2) as desired.

Definition 4.3. Let S ∈ C1
rd(T, Rn×n) andQ be symmetric. Then a Lyapunov equation

is defined to be

−S∆ = (I + µAT )−1[AT S + (I + µAT )SA + Q](I + µA)−1. (4.3)

As (4.3) describes the interaction between the plant and cost in the absence ofu, it
can be called an “observability” Lyapunov equation.

Lemma 4.4. AnS solves(4.3) if and only if it solves

−S∆ = AT Sσ + (I + µAT )SσA + Q. (4.4)

Proof. Multiplying (4.3) by (I + µAT ) on the left and by(I + µA) on the right, we
arrive at

−(I + µAT )S∆(I + µA) = AT S + (I + µAT )SA + Q.

Now expanding the left-hand side, we have

−S∆ − µAT S∆ − µ(I + µAT )S∆A = AT S + (I + µAT )SA + Q.

Moving the last two terms over to the right-hand side and using (2.1) yields

−S∆ = AT (S + µS∆) + (I + µAT )(S + µS∆)A + Q

= AT Sσ + (I + µAT )SσA + Q.

This gives (4.4) as desired.
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Theorem 4.5.A solution to(4.3) is given by

S(t) = eT
A(tf , t)S(tf)eA(tf , t) +

∫ tf

t

eT
A(τ, t)QeA(τ, t)∆τ.

Proof. First note that Theorem 2.16(a) allows the representation

S(t) = eT
A(tf , t)S̃(t)eA(tf , t),

where

S̃(t) = S(tf) +

∫ tf

t

eT
A(τ, tf)QeA(τ, tf)∆τ.

Now using product rule, we have

S∆(t) = (e∆
A(tf , t))

T S̃(σ(t))eA(tf , σ(t)) + eT
A(tf , t)S̃

∆(t)eA(tf , t)

+eT
A(tf , t)S̃(σ(t))e∆

A(tf , t).

Since by Theorem 2.16(e)

(e∆
A(tf , t))

T S̃(σ(t))eA(tf , σ(t)) = −AT eA(tf , σ(t))S̃(σ(t))eA(tf , σ(t))

= −AT S(σ(t)),

by Theorem 2.16(a)

eT
A(tf , t)S̃

∆(t)eA(tf , t) = −eT
A(tf , t)e

T
A(t, tf)QeA(t, tf)eA(tf , t)

= −Q,

and by Theorem 2.16(c) and (e)

eT
A(tf , t)S̃(σ(t))e∆

A(tf , t) = −(I + µ(t)AT )eT
A(tf , σ(t))S̃(σ(t))eA(tf , σ(t))A

= −(I + µ(t)AT )S(σ(t))A,

S solves (4.4). By Lemma 4.4,S also solves (4.3). This concludes the proof.

Now we rewrite the quadratic performance index (3.3) as follows.

Theorem 4.6. Suppose thatS solves(4.3). If x solves(4.1) andu = 0, then the cost
functional(3.3)can be rewritten as

J =
1

2
xT (t0)S(t0)x(t0).
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Proof. We use Lemma 4.2 to rewrite the cost functional (3.3) as

J =
1

2
xT (tf)S(tf)x(tf) +

1

2

∫ tf

t0

(xT Qx)(t)∆t

=
1

2
xT (tf)S(tf)x(tf) +

1

2

∫ tf

t0

(xT Qx)(t)∆t +
1

2

∫ tf

t0

(xT Sx)∆(t)∆t

−1

2
xT (tf)S(tf)x(tf) +

1

2
xT (t0)S(t0)x(t0)

=
1

2
xT (t0)S(t0)x(t0) +

1

2

∫ tf

t0

[xT Qx + (xT Sx)∆](t)∆t

=
1

2
xT (t0)S(t0)x(t0)

+
1

2

∫ tf

t0

xT [Q + (I + µAT )S∆(I + µA) + AT S(I + µA) + SA]x(t)∆t

=
1

2
xT (t0)S(t0)x(t0),

where (4.3) is used in the last step.

5 Fixed-Final-State and Open-Loop Control

In this section, we seek an optimal control when the final state is fixed. We assume
Q = 0 and solve (3.7) subject to

x(t0) = x0 and x(tf) = xf , (5.1)

wherexf is a given fixed reference value. Sincex(tf) is fixed, it is redundant to have
a final-state weighting in the performance index, so we letS(tf) = 0. Then the cost
functional (3.3) becomes

J =
1

2

∫ tf

t0

(uT Ru)(τ)∆τ. (5.2)

Definition 5.1. The final state difference, df , is the difference between the zero input
solution and the desired final state, i.e.,

df = x(tf)− eA(tf , t0)x(t0). (5.3)

Next, we find an optimal control proportional to (5.3). Note that the following the-
orem mirrors Kalman’s generalized controllability criterion as found in [4, Theorem
3.2].

Theorem 5.2. LetQ = 0 and suppose thatx, u, andλ solve(3.7)such that(5.1)hold.
If

GC :=

∫ tf

t0

eA(tf , σ(τ))BR−1BT eT
A(tf , σ(τ))∆τ is invertible, (5.4)
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then

u(t) = R−1BT eT
A(tf , σ(t))G−1

C df . (5.5)

Proof. SinceQ = 0, (3.7b) becomesλ∆ = −AT λσ, whose solution, using Theorem
2.16(e), is

λ(t) = eT
A(tf , t)λ(tf). (5.6)

Using (5.6), (3.7a) becomes

x∆(t) = Ax(t)−BR−1BT eT
A(tf , σ(t))λ(tf). (5.7)

Now solving (5.7) with Theorem 2.17 at timet = tf , we get

x(tf) = eA(tf , t0)x(t0)−
∫ tf

t0

eA(tf , σ(τ))BR−1BT eT
A(tf , σ(τ))λ(tf)∆τ

= eA(tf , t0)x(t0)−GCλ(tf).

Then solving forλ(tf) and using (5.1), we have

λ(tf) = −G−1
C [x(tf)− eA(tf , t0)x(t0)] = −G−1

C df .

Using this and (5.6), (3.7c) becomes

u(t) = −R−1BT λ(σ(t))

= −R−1BT eT
A(tf , σ(t))λ(tf)

= R−1BT eT
A(tf , σ(t))G−1

C df .

Hence (5.5) holds.

Note that (5.4) represents a weighted controllability Gramian. The control (5.5) rep-
resents the minimum-energy control that drives the given initial statex(t0) to the desired
final reference valuex(tf). It is called anopen-loopcontrol since while it depends on
both the initial and final states, it does not rely on the current state.

Next, we determine the optimal cost.

Theorem 5.3. If u is given by(5.5), then the cost functional(5.2)can be rewritten as

J =
1

2
dT

f G−1
C df . (5.8)
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Proof. Let u be as given by (5.5). Then (5.2) can be rewritten as

J =
1

2

∫ tf

t0

(uT Ru)(τ)∆τ

=
1

2

∫ tf

t0

dT
f G−1

C eA(tf , σ(τ))BR−1RR−1BT eT
A(tf , σ(τ))G−1

C df∆τ

=
1

2
dT

f G−1
C

∫ tf

t0

eA(tf , σ(τ))BR−1BT eT
A(tf , σ(τ))∆τG−1

C df

=
1

2
dT

f G−1
C GCG−1

C df

=
1

2
dT

f G−1
C df .

Hence (5.8) holds.

6 Free-Final-State and Closed-Loop Control

In this section, we develop an optimal control law in the form of state feedback. In
considering the boundary conditions, note thatx(t0) is known (meaningη1(t0) = 0)
while x(tf) is free (meaningη1(tf) 6= 0). Thus the coefficient onη1(tf) must be zero.
This gives the terminal condition on the costate to be

λ(tf) = S(tf)x(tf). (6.1)

Remark6.1. Now in order to solve the two-point boundary value problem, we make the
assumption thatx andλ satisfy a linear relationship similar to (6.1) for allt ∈ [t0, tf ],
i.e.,

λ(t) = S(t)x(t). (6.2)

This condition (6.2) is called a “sweep condition,” a term used by Bryson and Ho in [5].
Since the terminal conditionS(tf) ≥ 0, it is natural to assume thatS ≥ 0 as well.

Theorem 6.2.Assume thatS solves

−S∆ = Q + AT Sσ + (I + µAT )Sσ
(
I + µBR−1BT Sσ

)−1 (
A−BR−1BT Sσ

)
. (6.3)

If x satisfies

x∆ =
(
I + µBR−1BT Sσ

)−1 (
A−BR−1BT Sσ

)
x (6.4)

andλ is given by(6.2), then

−λ∆ = Qx + AT λσ. (6.5)
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Proof. Sinceλ is as given in (6.2), we may use the product rule, (6.3), (6.4), and (2.1)
to arrive at

−λ∆ = −S∆x− Sσx∆

= Qx + AT Sσx + (I + µAT )Sσx∆ − Sσx∆

= Qx + AT Sσx + µAT Sσx∆

= Qx + AT Sσxσ

= Qx + AT λσ,

which gives (6.5) as desired.

In order to rewrite the right-hand side of the Riccati equation (6.3), we now show
the following matrix identity.

Lemma 6.3. If R + µBT SσB is invertible, then

A−BR−1BT Sσ =
(
I + µBR−1BT Sσ

)
[A−B(R + µBT SσB)−1BT Sσ(I + µA)].

(6.6)

Proof. The right-hand side of (6.6) is equal to

A + µBR−1BT SσA−B(R + µBT SσB)−1BT Sσ(I + µA)

−µBR−1BT SσB(R + µBT SσB)−1BT Sσ(I + µA), (6.7)

and the last term of (6.7) is equal to

−BR−1(−R + R + µBT SσB)(R + µBT SσB)−1BT Sσ(I + µA)

= BR−1R(R + µBT SσB)−1BT Sσ(I + µA)

−BR−1(R + µBT SσB)(R + µBT SσB)−1BT Sσ(I + µA)

= B(R + µBT SσB)−1BT Sσ(I + µA)−BR−1BT Sσ(I + µA).

Using this in (6.7) yields (6.6).

Theorem 6.4. If bothR+µBT SσB andI +µBR−1BT Sσ are invertible, thenS solves
(6.3) if and only if it solves

−S∆ = Q+AT Sσ +(I+µAT )SσA−(I+µAT )SσB(R+µBT SσB)−1BT Sσ(I+µA).
(6.8)

Proof. The statement follows directly from Lemma 6.3.

Next, we rewrite the right-hand side of the Riccati equation (6.8) in terms of the
Kalman gain defined as follows.
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Definition 6.5. Let R + µBT SσB be invertible. Then the matrix-valued function

K(t) = (R + µ(t)BT Sσ(t)B)−1BT Sσ(t)(I + µ(t)A) (6.9)

is called thestate feedbackor Kalman gain.

Lemma 6.6. If R + µBT SσB is invertible andS is symmetric, then

(I + µAT )SσB(R + µBT SσB)−1BT Sσ(I + µA) = KT (R + µBT SσB)K. (6.10)

Proof. Using (6.9) twice, we have

KT (R + µBT SσB)K = (I + µAT )SσB(R + µBT SσB)−1(R + µBT SσB)K

= (I + µAT )SσBK

= (I + µAT )SσB(R + µBT SσB)−1BT Sσ(I + µA).

This gives (6.10) as desired.

Theorem 6.7. If R + µBT SσB is invertible andS is symmetric, thenS solves(6.8) if
and only if it solves

−S∆ = Q + AT Sσ + (I + µAT )SσA−KT (R + µBT SσB)K. (6.11)

Proof. The statement follows directly from Lemma 6.6.

In order to rewrite the right-hand side of the Riccati equation (6.11) in so-called
(generalized) Joseph stabilized form (see [10]), we now show the following matrix iden-
tity.

Lemma 6.8. If R + µBT SσB is invertible andS is symmetric, then

(I + µAT )SσA−KT (R + µBT SσB)K

= −KT BT Sσ + (I + µ(A−BK)T )Sσ(A−BK) + KT RK. (6.12)

Moreover, both sides of(6.12)are equal to

(I + µAT )Sσ(A−BK).

Proof. We use (6.9) to rewrite the left-hand side of (6.12) as

(I + µAT )SσA− (I + µAT )SσB(R + µBT SσB)−1(R + µBT SσB)K

= (I + µAT )Sσ(A−BK),

and we use (6.9) again to rewrite the right-hand side of (6.12) as

−KT BT Sσ + (I + µAT )Sσ(A−BK)− µKT BT Sσ(A−BK) + KT RK

= (I + µAT )Sσ(A−BK)−KT BT Sσ(I + µA) + KT (R + µBT SσB)K

= (I + µAT )Sσ(A−BK).

Hence (6.12) holds.
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Theorem 6.9. If R + µBT SσB is invertible andS is symmetric, thenS solves(6.11)if
and only if it solves

−S∆ = Q + (A−BK)T Sσ + (I + µ(A−BK))T Sσ(A−BK) + KT RK (6.13)

and if and only if it solves

−S∆ = Q + AT Sσ + (I + µAT )Sσ(A−BK). (6.14)

Proof. This statement follows directly from Lemma 6.8.

When an optimal control is in terms of the current state, it is said to be aclosed-loop
control. We now consider the form of an optimal control that minimizes (3.3).

Theorem 6.10.Let R + µBT SσB be invertible. Suppose thatx, u, andλ solve(3.7)
such that(6.2)holds. Then

u(t) = −K(t)x(t). (6.15)

Proof. Using (3.7c), (6.2), (2.1), and (3.6a), we have

u(t) = −R−1BT λσ(t)

= −R−1BT Sσ(t)xσ(t)

= −R−1BT Sσ(t)
(
x(t) + µ(t)x∆(t)

)
= −R−1BT Sσ(t)(I + µ(t)A)x(t)− µ(t)R−1BT Sσ(t)Bu(t).

Now combining like terms and pre-multiplying byR we have

(R + µ(t)BT Sσ(t)B)u(t) = −BT Sσ(t)(I + µ(t)A)x(t),

which implies

u(t) = −(R + µ(t)BT Sσ(t)B)−1BT Sσ(t)(I + µ(t)A)x(t).

Hence (6.15) follows using (6.9).

The input (6.15) is referred to as the closed-loop control law that minimizes the
cost functional (3.3). Note that in order to determine this input, we need onlyK and
the solution to the Riccati equation,S. But recall that we obtainedS from the sweep
condition, not from the Riccati equation. The Riccati equation itself is used to find an
optimal cost. Now the closed-loop plant is given by

x∆(t) = (A−BK(t))x(t), (6.16)

which can be used to find an optimal trajectory for any givenx(t0). A block diagram
describing this control scheme appears in Figure 6.1.

Finally, we determine the optimal cost.
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Figure 6.1: The free-final-state LQR

Theorem 6.11.Suppose thatS solves(6.13). If x andu satisfy(6.16)and (6.15), then
the cost functional(3.3)can be rewritten as

J =
1

2
xT (t0)S(t0)x(t0).

Proof. First note that we may use the product rule, (2.1), and (6.16) to find

(xT Sx)∆ = (xT S)∆x + (xT S)σx∆

= (x∆)T Sσx + xT S∆x + (x + µx∆)T Sσx∆

= xT [(A−BK)T Sσ + S∆ + (I + µ(A−BK))T Sσ(A−BK)]x.

Using this and (6.15) in (3.3), we evaluate

J =
1

2
xT (t0)S(t0)x(t0) +

1

2

∫ tf

t0

[(xT Sx)∆ + xT Qx + uT Ru](τ)∆τ

=
1

2
xT (t0)S(t0)x(t0) +

1

2

∫ tf

t0

[(xT Sx)∆ + xT Qx + xT KT RKx](τ)∆τ

=
1

2
xT (t0)S(t0)x(t0) +

1

2

∫ tf

t0

{xT [S∆ + (A−BK)T Sσ]x}(τ)∆τ

+
1

2

∫ tf

t0

{
xT [(I + µ(A−BK))T Sσ(A−BK) + Q + KT RK]x

}
(τ)∆τ.
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SinceS satisfies (6.13), the integrand is zero. This concludes the proof.

From Theorem 6.11, if the current state andS are known, we can determine the
optimal cost before we apply the optimal control or even calculate it.

7 Examples

Example 7.1.Let θ(t) represent the temperature of some object at timet ∈ T. Assume
thatθm represents the temperature of the surrounding medium held constant. Letu(t)
be rate of heat supply to the medium. Then the rate of change in the object’s temperature
may be modelled by the dynamic equation

θ∆(t) = a(t)(θ(t)− θm) + b(t)u(t).

Suppose that we want to find a minimum input needed to heat the object over the interval
[t0, tf ]. First, define the state to be the difference between the object’s temperature and
its surrounding environment, that is

x(t) = θ(t)− θm.

Then the state equation is given by

x∆(t) = a(t)x(t) + b(t)u(t).

Next, define the associated cost functional

J =
1

2

∫ tf

t0

u2(τ)∆τ.

Then from the general form of the Hamiltonian, we have

H(t, x, u, λ) =
ru2

2
+ λ(a(t)x + b(t)u), (7.1)

wherer is a constant. Finally, the state and costate equations and stationary condition
are given by

x∆(t) = Hλ(t, x(t), u(t), λσ(t)) = a(t)x(t) + b(t)u(t),

−λ∆(t) = Hx(t, x(t), u(t), λσ(t)) = a(t)λσ(t),

and
0 = Hu(t, x(t), u(t), λσ(t)) = ru(t) + b(t)λσ(t). (7.2)

Rewriting (7.2), we find the optimal control to be

u(t) = −b(t)λσ(t)

r
. (7.3)
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Now plugging the optimal control into the state-costate equations, we have

x∆(t) = a(t)x(t)− b2(t)λσ(t)

r
, λ∆(t) = −a(t)λσ(t). (7.4)

Assuming thata ∈ R and solving forλ(t), we have

λ(t) = ea(tf , t)λ(tf), (7.5)

whereλ(tf) is yet to be determined. Plugging (7.5) into (7.4) yields

x∆(t) = a(t)x(t)− b2(t)

r
ea(tf , σ(t))λ(tf).

We use Theorem 2.17 to find

x(t) = ea(t, t0)x(t0)−
1

r

∫ t

t0

b2(τ)ea(t, σ(τ))ea(tf , σ(τ))∆τλ(tf)

= ea(t, t0)x(t0)−
ea(t, tf)

r

∫ t

t0

b2(τ)e2
a(tf , σ(τ))∆τλ(tf)

= ea(t, t0)x(t0)−
ea(t, tf)

r

∫ t

t0

b2(τ)e2�a(tf , σ(τ))∆τλ(tf), (7.6)

where2� a = 2a+µa2. In order to find our state and costate, we must findλ(tf). Now
we consider two different control schemes that can be used to determineλ(tf).
Case 1(Fixed Final State): Assume that the temperature of the object is originally the
same temperature as its surrounding medium,θm = 700 F (i.e., x(t0) = 0). Now
we are looking for an optimal control such that the final temperature of the object is
θ(tf) = 1000 F. This means that the value that the final state must take on is given by
x(tf) = 300 F. Since both the initial and final states are fixed, the boundary conditions
are given byη1(t0) = η1(tf) = 0. Note that by (7.6), the final state can also be written
as

x(tf) = 30 = −1

r

∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τλ(tf). (7.7)

Solving (7.7) for the final costate, we have

λ(tf) =
−30r∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

.

Now by (7.5), the final costate is given by

λ(t) =
−30rea(tf , t)∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

.
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Using (7.3), the optimal control is given by

u(t) =
30b(t)ea(tf , σ(t))∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

. (7.8)

Finally, the optimal trajectory is given by

x(t) =

30ea(t, tf)

∫ t

t0

b2(τ)e2�a(tf , σ(τ))∆τ∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

. (7.9)

Case 2(Free Final State): Now suppose that the final state is not quite300 F. However,
we would like the final state to be as close to300 F as possible. Thus to make the
differencex(tf)− 30 small, we include it in the cost functional

J =
1

2
s(x(tf)− 30)2 +

1

2

∫ tf

t0

u2(τ) ∆τ, (7.10)

wheres is some positive constant. Here, we would like to find a minimum input that
minimizes both (7.10) and|x(tf) − 30|, later which can be thought of as an error term.
Note that since the integrand remains unchanged, the Hamiltonian is still given by (7.1).
Thus the equations for the state, costate, and control are the same as before. Next, we
need to determine our boundary conditions. As before,x(t0) = 0. On the other hand,
x(tf) is not fixed, which means thatη1(tf) 6= 0. Therefore we require that

λ(tf) = s(x(tf)− 30). (7.11)

Plugging (7.11) into (7.6), solving forx(tf) and using this again in (7.6), we find

λ(tf) =
−30rs

r + s

∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

.

Using this in (7.5), we have the optimal costate

λ(t) =
−30rsea(tf , t)

r + s

∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

.

Using this in (7.3), we have the optimal control

u(t) =
30sb(t)

r + s

∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

ea(tf , σ(t)). (7.12)
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By (7.6), the optimal state is given by

x(t) =

30sea(t, tf)

∫ t

t0

b2(τ)e2�a(tf , σ(τ))∆τ

r + s

∫ tf

t0

b2(τ)e2�a(tf , σ(τ))∆τ

. (7.13)

In Example 7.1, we were unable to evaluate the integral for a general time scale due
to the way the exponential is defined. In the next example, we consider a specific state
coefficient that allows for evaluation of this integral.

Example 7.2. Let T be a general time scale and suppose there exists a constantc such
that

c ≡ b2(t)

(2� a)(t)
for all t ∈ T.

Then we may use Theorem 2.16(e) to evaluate the relevant integral∫ t

t0

b2(τ)e2�a(tf , σ(τ))∆τ = c

∫ t

t0

(2� a)(τ)e2�a(tf , σ(τ))∆τ

= −c

∫ t

t0

[e2�a(tf , ·)]∆(τ)∆τ

= c[e2�a(tf , t0)− e2�a(tf , t)].

From (7.6), we find, usingx(t0) = 0,

x(t) = ea(t, t0)x(t0)−
c

r
ea(t, tf)[e2�a(tf , t0)− e2�a(tf , t)]λ(tf)

= −c

r
ea(t, tf)[e

2
a(tf , t0)− e2

a(tf , t)]λ(tf)

=
c

r
[ea(tf , t)− ea(t, t0)ea(tf , t0)]λ(tf).

Case 1(Fixed Final State): From (7.8), the optimal control is given by

u(t) =
30(2� a)ea(tf , t)

b(t)[e2�a(tf , t0)− e2�a(tf , t)]
. (7.14)

From (7.9), the optimal state is given by

x(t) =
30[ea(tf , t)− ea(t, t0)ea(tf , t0)]

[e2�a(tf , t0)− 1]
. (7.15)

Case 2(Free Final State): From (7.12), we have the optimal control

u(t) =
30s(2� a)b(t)ea(tf , σ(t))

r(2� a)(t) + sb2(t)[e2�a(tf , t0)− 1]
. (7.16)
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From (7.13), the optimal state is given by

x(t) =
30sb2(t)[ea(tf , t)− ea(t, t0)ea(tf , t0)]

r(2� a)(t) + sb2(t)[e2�a(tf , t0)− 1]
. (7.17)

Example 7.3. Let T = R with c ≡ b2(t)

(2� a)(t)
=

b2(t)

2a(t)
. Then the state and costate

equations and stationary condition are given by

ẋ(t) = a(t)x(t) + b(t)u(t),

−λ̇(t) = a(t)λ(t),

and
0 = ru(t) + b(t)λ(t).

Case 1(Fixed Final State): By (7.14), the optimal control is given by

u(t) =
60a(t)ea(tf−t)

b(t)[e2a(tf−t0) − e2a(tf−t)]
,

while the optimal state by (7.15) is given by

x(t) =
30[ea(tf−t) − ea(t−t0)ea(tf−t0)]

[e2a(tf−t0) − 1]
.

Case 2(Free Final State): From (7.16), we have the optimal control

u(t) =
60sa(t)b(t)ea(tf−t)

2ra(t) + sb2(t)[e2a(tf−t0) − 1]

with the optimal state by (7.17) given by

x(t) =
60sa(t)b2(t)[ea(tf−t) − ea(t−t0)ea(tf−t0)]

2ra(t) + sb2(t)[e2a(tf−t0) − 1]
.

Example 7.4. Let T = Z with c ≡ b2(t)

(2� a)(t)
=

b2(t)

a(t)[2 + a(t)]
. Then the state and

costate equations and stationary condition are given by

∆x(t) = a(t)x(t) + b(t)u(t),

−∆λ(t) = a(t)λ(t + 1),

and
0 = ru(t) + b(t)λ(t + 1).
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Case 1(Fixed Final State): By (7.14), the optimal control is given by

u(t) =
30(2� a)(t)ea(tf , t)

b(t)[e2�a(tf , t0)− e2�a(tf , t)]
,

where
em(tf , t0) =

∏
τ∈T∩[t0,tf)

(1 + m(τ)).

From (7.15), the optimal state is given by

x(t) =
30[ea(tf , t)− ea(t, t0)ea(tf , t0)]

[e2�a(tf , t0)− 1]
.

Case 2(Free Final State): By (7.16), we have the optimal control

u(t) =
30s(2� a)(t)b(t)ea(tf , t + 1)

r(2� a)(t) + sb2(t)[e2�a(tf , t0)− 1]

with the optimal state by (7.17) given by

x(t) =
30sb2(t)[ea(tf , t)− ea(t, t0)ea(tf , t0)]

r(2� a)(t) + sb2(t)[e2�a(tf , t0)− 1]
.

Example 7.5. Let T = qN0 with q > 1 andc ≡ b2(t)

(2� a)(t)
=

b2(t)

a(t)[2 + (q − 1)ta(t)]
.

Then the state and costate equations and stationary condition are given by

Dqx(t) = a(t)x(t) + b(t)u(t),

−Dqλ(t) = a(t)λ(qt),

and
0 = ru(t) + b(t)λ(qt).

Case 1(Fixed Final State): By (7.14), the optimal control is given by

u(t) =
30(2� a)(t)ea(tf , t)

b(t)[e2�a(tf , t0)− e2�a(tf , t)]
,

where
em(tf , t0) =

∏
τ∈T∩[t0,tf)

(1 + (q − 1)mτ).

From (7.15), the optimal state is given by

x(t) =
30[ea(tf , t)− ea(t, t0)ea(tf , t0)]

[e2�a(tf , t0)− 1]
.
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Case 2(Free Final State): By (7.16), we have the optimal control

u(t) =
30s(2� a)(t)b(t)ea(tf , qt)(t)

r(2� a)(t) + sb2(t)[e2�a(tf , t0)− 1]
.

From (7.17), the optimal state is given by

x(t) =
30sb2(t)[ea(tf , t)− ea(t, t0)ea(tf , t0)]

r(2� a)(t) + sb2(t)[e2�a(tf , t0)− 1]
.

Example 7.6.Here we rewrite the Riccati equation (6.13) for various time scales.

a. If T = R, then (6.13) becomes

−Ṡ(t) = Q + (A−BK(t))T S(t) + S(t)(A−BK(t)) + KT (t)RK(t),

whereK(t) = R−1BT S(t).

b. If T = Z, then (6.13) is given by

S(t)− S(t + 1) = Q + (A−BK(t))T S(t + 1) + KT (t)RK(t)

+(I + A−BK(t))T S(t + 1)(A−BK(t)),

whereK(t) = (R + BT S(t + 1)B)−1BT S(t + 1)(I + A).

c. If T = hZ, then (6.13) turns into

S(t)− S(t + h)

h
= Q + (A−BK(t))T S(t + h) + KT (t)RK(t)

+(I + h(A−BK(t))T )S(t + h)(A−BK(t)),

whereK(t) = (R + hBT S(t + h)B)−1BT S(t + h)(I + hA).

d. If T = qN0 for q > 1, then (6.13) is given by

DqS(t) = Q + (A−BK(t))T S(qt) + KT (t)RK(t)

+(I + (q − 1)t(A−BK(t))T )S(qt)(A−BK(t)),

whereK(t) = (R + (q − 1)tBT S(qt)B)−1BT S(qt)(I + (q − 1)tA).

Remark7.7. Aside from the examples given, the LQR can also be extended to include
applications in tracking and disturbance/rejection. We study such applications in a forth-
coming paper. It should be noted that the LQR mirrors the controllability properties we
studied in [4]. In future work, we seek an optimal state estimate that minimizes an
error “covariance.” This mirrors the observability properties we studied in [4]. Such
an observer is called a Kalman filter. In the discrete and continuous cases, the Riccati
equations for the LQR and the Kalman filter are mathematically dual to each other. We
show that this duality is preserved in their unification and extension.
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