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Abstract

In this paper we study the asymptotic behavior of the two-dimensional nonlin-
ear difference system

{ Az(n) = f(n,z(n),y(n))
Ay(n) = g(n,y(n), z(n)),

and necessary as well as sufficient conditions are established.
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1 Introduction

The problem of asymptotic behavior is one of the most important topic in the qualitative
study of nonlinear scalars and systems of difference equations and has been the subject
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of many investigations. Recently, Li [5] and Agarwal, Li and Pang [1] studied a class of
two-dimensional nonlinear difference systems of the form

{ Ax(n) = a(n)f(y(n)),
Ay(n) = b(n)g(x(n)).

They provided a classification scheme for positive solutions of the above system and
gave conditions for the existence of solutions with designated asymptotic properties.
Moreover, Li and Raffoul [6] studied the classification and existence of positive solu-
tions of the Volterra nonlinear difference system

{ Ax(n) = h(n)z(n) + Zilea(n, 1) f(y(i)),
Ay(n) = p(n)y(n) + Xib(n, i)g(x (i), n > 0.

In this paper, we shall consider the general nonlinear difference system

Ax(n) = f(n,2(n), y(n)),
{ Ay(n) = gln,y(n), 2(n)), n > no, (1)

wheref, g : N(ng) x R x R — R, N(ng) = {ng,no + 1,10+ 2, - - } (ng @ nonnegative
integer,z(ng) = o, y(no) = vo), andA denotes the forward difference operator, that is,
Az(n) = z(n+1) —z(n) for a sequence(n). Next, we state the following definition.

Definition 1.1. We say that (1.1) has asymptotic equilibriunif

(i) there exist¢ € R andr > 0 such that any solution(n, ng, z¢) of (1.1) with
| zy |< r satisfies
z(n) =¢&+o(l) as n — oo; (1.2)

(i) corresponding to each € R, there is a solution of (1.1) satisfying (1.2).

2 Main Results

First, we need the following comparison principle for difference inequalities.

Lemma 2.1 (See [3]).Lety(n, r) be a nonnegative nondecreasing function fior any
fixedn € N(ng). Suppose that for any > n,, nonnegative functiong(n) and v(n)
defined orlN(n,) satisfy the inequality

If v(ng) < u(ng), thenv(n) < u(n) for all n > n.
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Theorem 2.2. Assume that fon € N(ny), z,y € R, and the functiong and g satisfy

[f(n,2,y)] < @(nslz)),  g(n,y, 2)] < P(n, [y)), (2.1)

wherey : N x R — R* is nondecreasing with respect to the second variable for each
n € N(ng). Also, suppose that each solutiofr) of the difference equation

Au(n) = (n,u(n)), ulng) =uo, n=>no (2.2)

is bounded oiN(ny). Then any solutiof (z(n),y(n))} of (L.1)with \/|z|? + |y|> < r
for eachn > nq satisfies the asymptotic prope(t.2).

Proof. Let {(x(n),y(n))} be any solution of (1.1). Then we have

()] < le(mo) + 3 1F(s, (), u()] < ol + 3 (s, [(5)])

and
y(n)| < ly(no)l + Y lg(s,y(s), z(s))] < lyol + D> (s, ly(s)]).

If Ug > |l’0|, Uy > |y0|, then

o)l = S (s, [o(6)]) < Jaol < o = ulm) = 3 b(s,u(s))
and S__T:O S:LO
)] = 3 (s o)D) < ool < o = ) — 3 (s u(s).
By Lemma 2.1, weszgiain o
fem)] <uln),  [y(n)| < uln), n>m 23)

Since every solutiom(n) of (2.2) is bounded ofN(ny), it follows from (2.3) that the
solution{(z(n),y(n))} of (1.1) is also bounded oN(n,). Furthermore, for any. >
m > ng, We have

2(n) —2(m)] < 3 1F (s, 2(s), w())] < S (s, Ja(s)))
< 3" (s, uls)) = u(n) — u(m),
j;”f - (2.4)
y() — ym)] < 3 la(s5(5), ()] < 3 s, y(s))
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Since every solution(n) of (2.2) is nondecreasing and bounded¥m,), this implies
that, given any > 0, we can choose @ > 0 sufficiently large so thad < wu(n) —
u(m) < e foralln > T. It then follows from (2.4) thatz(n) — x(m)| < ¢, and
ly(n) —y(m)| < eforalln > m > T, which shows that the solutiof{z(n),y(n))} of
(1.1) converges t§(&y, &) } asn — oo. This completes the proof. O

Theorem 2.3. Let the assumptions of Theorem 2.2 hold. In addition, assume that
f(n,z,y) andg(n,y, x) are continuous in: andy for any fixedn € N(nq) and

sup |2;(no)| = o < p,  sup|y;(no)| = o < p.
i>0 §>0

Then for eachy > 0 there is am, large enough such that for evefyc R with |£;| < p,
there exists a solutiofi(z(n),y(n))} of (1.1)tending to{ (&1, &)} asn — oc.

Proof. Let&; € R with 2|¢;| < p. Define

B, = {(z,y) = (x(n),y(m)lllz]| < p, |yl < p},

where
|z]| = sup [z(n)| and||y|| = sup |y(n)|.

n>ng n>ng

Also, we definite the operatérby

> flsia(s),y(s)

S( ;83 ) N ( 2 ) - sgg(&y(sm(s)) , n>ng. (2.5)

s=ng

Then we can show that the following properties (i)—(iii) hold, which are needed in the
application of S. S. Cheng and W. T. Patula [2].

(i) There exists am, such tha mapsB, into itself. In fact, from the proof of Theorem
2.2, we see

n—1

> el uls) < uln) = |zol-

s=ng

This meansz (s, u(s)) < oo, which is possible since(n) is convergent. Therefore,
s$=ng

we taken, large enough so that
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Then(z,y) € B, implies that forn > ny,

> Wi, lz(s))

(et ) < (&) S ote o)

iows,u(s»
() S bl <(2)

s=ng

(2.6)

(i) The operatorS is continuous. Le(xz,y) € B,, and{z;}2, {v:}2, be arbitrary
sequences of elementsBf such thatlim ||z; — z|| = 0 andlim ||y; — y|| = 0. Since

the solutionsu(n) andu(n) of (2.2) are convergent for any > 0, we can choose
ny € N(ng) large enough that

Z (s, u(s)) + Z (s, u(s)) < %

We obtain

[Swi(n) = Sa(n)| < Y 1f(s,2:(5),4i(s)) = f(s.2(5),y(s))]

< 37 15,209, 5:(5)) — £ 25 y(6) + 3 0, fs)) + 3 s, [a(9))
< ST 120 5 (5)) — (s 2(),ws) | + 3 0o, 1) + 3 (s, u(s)
<3 s ls). () — F(s.2(5).w()] + 5

from which, as a result of the continuity ¢f it follows that

ni—1

Tim | 7 | (s,24(5), 5s(5)) — F(s.2(5), y(s))| | = 0.

s=ng

Consequently,
lim sup p>n, [Sz;(n) — Sz(n)| = 0.

71— 00
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Showing that
I sup >, [Sy;(n) = Sy(n)| =0

is similar and hence we omit it. Henc®js continuous.

(i) SB, is relatively compact. It suffices to show tif, is bounded and equiconver-
gentto(&y, &). Since|z(ng)| < ug < p,  |y(no)| < up < pforany(z,y) € B,. We
have o

Sz(n)] < &+ D w(s, uls)) < oo
and .
[Sy(n)] < |&af + > v(s,u(s)) < oc.
Therefore, the sefB, is a uniformly bounded subset of the Banach Space. Moreover,

it is equiconvergent t¢¢;, &), since for every > 0, there exists a, = ny(&;,&2) such
that

ISz (n §1|<Z¢su
and
|Sy €2|<Z¢3U g,

for everyn > n, and all(z,y) € B,. Thus,SB, is relatively compact.

Therefore, by S. S. Cheng and W. T. Patula’s fixed-point theorem, there exigsc
B, such thatS(z,y) = (z,y). That is, there exists a solutidiiz(n), y(n))} of (2.5).
Obviously,{(z(n),y(n))} is a solution of the problem (1.1). The proof is completé]

In the following paragraphs, we consider the asymptotic behavior of (1.1) under the
following conditions (H):

Fn )y = 3 Amherlyn

i=ng

and

lg(n,y(n),z(n)] = Y ri(n)ui(|z(n))),
1=ng
wheref, g : N(ng) x R — R, f(n,u,v) > 0,9(n,u,v) > 0foru,v > 0. \;(n) and
r;(n) are two sequences of nonnegative real numhbeg(s) andu;(s) are nondecreasing
and strictly positive fos > ny.
LetIF be the set of all sequences and define

Q={{(z(n),yn))} € F:z(n),y(n) >0, for n>ng}.
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and

K(a,B) ={{(z(n),y(n))} € 2: lim z(n) = aand lim y(n) = G}.

n—oo n—oo

(c, B are two positive numbers). Now we have the following result.

Theorem 2.4. Suppose the conditiorfsl). Then

n—1 s
A=lim } Y A(s)wi(e) < oo,

s=ng t=ng

n—1 s
B = lim Z Z ri(s)ui(d) < oo
s=ng i=ng
hold for some positive constantandd if and only if any solutiong(z(n),y(n))} € Q
of (1.1) belongs to the sek’(«, ).

Proof. Let {(z(n),y(n))} be a solution if2 with lim z(n) = a > 0 and lim y(n) =

n—oo

£ > 0. Then, there exists a integdf > 0 and two positive constants, namehandd
such thatl < z(n) < a,c < y(n) < g forn > N. From system (1.1) we have

o) = 2(N) 3 Fo2(5),(5) 2 32 3 Moty = Y D o)t

s=N s=N i=N s=N i=N
Thus,
n—1 s n—1 s
a>x(n) > Y N(s)wile), B>yn) > ri(s)ui(d)
s=N =N s=N =N

Hence, we obtain

and
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Conversely, suppose that < co and B < oo. First notice that fom > nq the first
equation of (1.1) can be written as

) =20+ 3 F(s2(s)y(s) 2 33 Alshenly(s)).

s=ng s=ng i=ng

In a similar fashion, we obtain from the second equation of (1.1),

ym) =+ 3 gl () 5) 2 33 rils)u(a(s)).

s=ng s=ng t=no

Next, we can choose an integ¥rlarge enough so that

> S M) < £ S0 mlsuld) < 5 2.7)

s=N i=N s=N i=N

Let X be the Banach space of all bounded real valued sequdiicés), y(n))}r> v
with the norm||(z,y)|| = max{sup |z(n)|, sup |y(n)|}, and with the usual pointwise
n>N n>N

ordering<. Define a subse® of X by

Q= {(a:(n),y(n)) eX: g <z(n) < c,g <vy(n) <dn> N}.
Itis clear that any subs@tof (2, we haveinf B € (2 andsup B € (). Define the operator
E:Q — Xby
) YD Ails)wily(s))
(o )= (5)-| £F (x(n).y(n)) € ©
y(n)

YD rils)uia(s))
s=N i=N

First, we claim that maps(2 into 2. To see this we let(n) € Q. Then

e (Ba)n) = e~ 3 S Mshanly(s) = e~ 3 S M)l §) > ¢

s=N i=N s=N i=N

Showing that, fory € Q, 5 < (Ey)(n) < dis similar and hence we omit it. It is clear

from the definition of the operataf’ that £ is decreasing. Thus, by Knaster’s fixed
point theorem [4], we conclude that there exigtsy) € 2 such thatz,y) = E(z,vy),
i.e.,

o) = e = 33" Mlsker(y(s)) andy(n) = d— 33 ri(s)ula(s)). n = N.

s=N i=N s=N i=N
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Thus we obtainlim z(n) = ¢oand lim y(n) = dy. In view of the comparison principle

n—oo n—oo

S

= IS Mly() 2 e — 3 (s, 2(5), (),

s=N i=N

4= 3 s ulas) 2 d = Y gls,y(s),2(5))
Hence, we obtain

n—1

T 3 s 2(5),(5)) = oy and lim 3 g, (5),2(5)) = 6.

Therefore{(z(n),y(n))} is a positive solution of (1.1) which belongs&«, 3). This
completes the proof. ]
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