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Abstract

This paper concerns boundary value problems for first-order dynamic equa-
tions with deviating arguments on time scales. We formulate sufficient conditions
under which such problems have extremal solutions and a unique solution too. Dy-
namic inequalities with deviating arguments are also discussed. Some examples
illustrate the results.
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1 Introduction

Throughout this paper, we denote Byany time scale (nonempty closed subset of the
real numbersR). We assume thai,7' € T and denote by = [0,7 a subset ofT
such thaf0,7] = {t € T: 0 <t < T}. By o we denote the forward jump operator
o(t) = inf{s € T : s > t}. The graininess functiop : T — R, is defined by
w(t) = o(t) —t with R = [0, 00). Let C'(J,R) denote the set of continuous functions
u:J — R.

In this paper, we investigate the following first-order dynamic equation on time
scales of the form

{HCA(t) = ft,2(t), 2(at)) = (Fa)t), t€0,T],
0 = g(x(0),2(T)),
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wheref € C(J x Rx R, R), a € C(J,J), g € C(R x R, R).
We apply a monotone iterative method together with a Banach’s fixed point theorem

to prove that nonlinear dynamic problems of type (1.1) have extremal solutions. Using a
corresponding result for a dynamic inequality we are able to show that our problem has
a unigue solution. The monotone iterative method was earlier applied also to dynamic
problems on time scales, see for example [1, 2,4-8]. According to our knowledge it is a
first paper when this method is applied to dynamic equations with deviating arguments.
The results are new. This paper extends the application of this method to such prob-
lems. We give also some remarks and examples showing the applications to differential
equations.

2 Dynamic Inequalities

In this section we present some linear dynamic inequalities which are needed in Section
4.

Lemma 2.1. Assume that
(H,) there exist functions € C(J,R,), o € C(J,J), a(t) < tanda(J) # J.

In addition, we assume that

Let
(2.1)

Thenz(t) <0, t € J.

Proof. We need to prove that(t) < 0, ¢t € J. Suppose that the inequality(t) <
0, t € Jis not true. Then, we can fing € (0, 7] such thate(t,) > 0. Put

x(t;) = minz(t) < 0.
() = mina(t) <

Integrating the dynamic inequality in (2.1) froimto t,, we obtain

x(ty) — x(t;) < —/On(t)x(a(t))At

t1

< —z(ty) /OTn(t)At < —z(ty).

It contradicts the assumption thatt,) > 0. This proves that(¢) < 0 on.J and the
proof is complete. O
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Remark2.2 Letn(t) =0, t € J. Thenp; = 0 < 1. In this caseg is nonincreasing, so
z(t) < 2(0) <0, t € J.

Example 2.3.LetT = N, J = {0 < j < L, j € N}. Assume thak(i) € R, for
ie P={0,1,---,L—1} andin(z’) < 1. Let0 < i) <i, i € Panda(P) # P
(for examplen(i) = k; € N, k; Zgzoz, i € P andky = k; = 0). Assume that

Az(i) < —n()z(a(i)), i€ P,
z(0) < 0

with Az (i) = (i + 1) — z(i). Thenz(i) <0, i € J, by Lemma 2.1.

Lemma 2.4. AssuméH;) and

(H2) there exists a continuous functien: J — R such that-m € R, i.e.,

suplu(t)m(t)] < 1. (2.2)
In addition, we assume that
pQE/ N(@)At <1 with N(t) = n(t) em)(a(t),o(t)). (2.3)
0
Let N
{m t) < —m(t)z(t) —n(t)z(at)), te 2.4)
z(0) < 0.
Thenz(t) <0, t € J.
Proof. Let p(t) = eg—m(t,0)z(t) = % Note that,e_,,(¢,0) > 0, by
E(—m) 1,
m(t)

assumption (k), see [2, Theorem 2.48(i)]. Indeed{m)(t) = Com-

1+ p(t)m(t)
putingp®, we have

PRt = eom(o(t),0)a () + S(=m)(t)ea-m)(t, 0)z(t)

#(tt))m(t)ee(m) (t,0)z(t)
m(t)es—m)(o(t),0)z(t)
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because

€o(-m) (U(t>7 0)
eo(-m)(a(t), 0)

by [2, Theorem 2.36]. Then problem (2.4) takes the form

pa(t) < =N®p(at), te,
p(0) < 0.

= e(-m)(0, 0(t))e(=m)(a(t),0) = em)(a(t), o (t)),

It yields p(t) < 0 on.J, by Lemma 2.1. This shows thatt) < 0 on.J. The proof is
complete. m

Remark2.5. If m(t) = 0, thene,,(s,t) = 1, by [2, Theorem 2.36(i)]. In this case
Lemma 2.4 reduces to Lemma 2.1.

Remark2.6. Let T = R. Thenu(t) = 0, o(t) = t, condition (2.2) holds and

t

ciemfattot) =e ( [
In this casep, from condition (2.3) has the form
T "
Py = / n(t)ela(t) m(s)dsdt
0

and we have [3, Lemma 2.2].
Remark2.7. LetT = R andm(t) > 0on.J. Then

(s)is)

(®)

e(—my(a(t),o(t)) = oo m(5)ds < elom(s)ds,
If we assume that

T
0

then condition (2.3) holds. Note that does not depend on. Moreover, ifm(t) =
m > 0, n(t) =n > 0, thenp; takes the form

_ﬁ mT
pg—m(e 1).

3 Dynamic Equations
Now we consider the linear dynamic equation of the form

{ z2(t) = —m(t)z(t) — n)z(at)) + h(t), teJ,

z(0) = zp€R. (31
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Theorem 3.1. Let assumptiongH;), (Hs) hold and leth € C(J,R). Then problem
(3.1) has a unique solution.

Proof. We first show that solving (3.1) is equivalent to solving a fixed point problem.
Let  be any solution of problem (3.1). We use the product rule and [2, Theorem
2.36(ii)], so
[Tea—m)(., 0)]2(t) = xA(t)e@(_m)(a(t), 0) + x(t) © (—m)es(—m)(t,0)
= [22(t) + m(t)z(t)]ec-m(o(?), 0).
Hence
r(t)es-m(t,0) = 2(0)es(-m(0,0)
t
+ [ 2+ mls)a(s)lesim(o(s). 0025
0
t
= 20e(m)(0,0) + / [—n(s)(a(s) + h(s)] ecm(0(s), 0)As.
0

Now,

t
x(t) = xoe(—m)(t,0) + / [—n(s)z(a(s)) + h(s)] e(—m(t,0(s))As
0
= (Awx)(1),
since

69(—m)<0(8)7 O)

eo(-m)(t,0)
see [2, Theorem 2.36]. Similarly it is easy to see thatdf C,,(.J, R) is any solution of

x = Az, thenz is a solution of problem (3.1).
Now we use Banach'’s fixed point theorem. Let

= €(—m) (07 O(S))e(*m)(t 0) = €(-m) (t7 U(S));

X ={z € Cu(J,R) with |z| = r?ee(tjxe(,,\o)(t,())\x(t)|}

with a positive constan, such that\y sup p(t) < 1, A\g > ng and
teJ

ng = max max n(s)em)(t,o(s)).

Note X is a Banach space. Fory € X we have

e = Ayl < maxean(0) [ n(9)lea(s) = pla(s)lem (. o(s) As

teJ

t

o= wllmo e (0.0) [ e fals). 0025
0

Iz~ yllH ().

IN
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where .
H(X\o) = no I?G%X e(—xo)(t, O)/ eo(=x)(a(s),0)As.
0
Note that
Aopu(t) _ 1
L= 2ou(t) 1= Aopt)
in view of assumption (k). It shows that(—X¢) € R, so

>0

L+ o(=A)Bp) =1+

eo(-x)(5,0) >0, s € J,
by [2, Theorem 2.48(i)]. We see that
A

[ea(a0) (5 0)] 7 (5) = ©(=Ao)es(-ag (s,0) > 0.

It shows thakg_,,) is nondecreasing, so by [2, Theorem 1.76], we have
6@(_)\0)(04(5), 0) < 69(—>\0)<S’ 0), seJ

and now .

H(X) < ng max e(,\o)(t,O)/ eo(=xo)(8,0)As.

0

Indeed,

[ escrm@0as = [ o s (0] ()5

1
< )\_ [6@(,)\0) (ta O) - 1:| )
0
becaus® < 1 — A\ou(s) < 1and

Ao
_ - "% >\
S(=Xa)(s) = T3 = o
It yields
o
)\_0 I?G%X 6(,)\0)(25, O) [6(,)\0)(0, t) - 1]

IN

H (o)

o
N max [1— e (t,0)]

1—ea)(T,0) =€ < 1.

IN

As a result
[Ane — Anyll < [lz —yll€.

In view of Banach'’s fixed point theorem, problem (3.1) has a unique solution. This ends
the proof. O

Remark3.2 LetT = R. Thenu(t) =0, t € J, s0\gsup u(t) =0 < 1 and

teJ

e(=x0)(t,0) = e Xg > no with ||z]| = max e ().
€
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4 Existence of Solutions for Problem(1.1)

First we formulate the following result.

Theorem 4.1 (See [1, 8])Let X be a partially ordered Banach space. Assume that
there existrg, yo € X, 20 < yo, D = [z0, %], A: D — X such that

(i) Aisacontinuous and increasing operator,
(i) xo andyy, are the lower and upper solutions of= Az, respectively,
(i) A(D) C X is relatively compact.
ThenA has a minimal fixed point* and a maximal fixed point® in [z, yo]. Moreover
r, — x* andy, — y*, wherex,, = Az,,_1, y, = Ay,_1, n=1,2,---,and

To S S S S S Y S S S Yo

n

In the next theorem we give sufficient conditions so that problem (1.1) has extremal
solutions.

Theorem4.2.Letf € C(J xR x R R), k € C(J x J,R). Assume that there exist
differentiable functions;, vy : J — R, z0(t) < yo(t), t € J, and such that they are
lower and upper solutions of problefh.1), respectively i.e.,

2o (t) < (Fao)(t), teJ, glao(0),20(T)) <0,
y(?(ﬂ Z (fyO)(t)7 le ‘]7 g<y0(0>7y0(T)) Z 0.

Moreover, we assume that all assumptions of Lemma 2.4 hold with funetionsuch
that

f(t, x1, IIJQ) — f(t, Lf’l, fz) 2 —m(t)(xl — jl) — Tl(t)(Ig — .7_52) (41)
fort e J, l’o(t) <71 <11 < yo(t)7 l‘o(@(t)) <Xy <12y < yo(a(t)) In addition, we
assume thag is nonincreasing in the second variable and there exists a constani
such that

g(u,v) - g(ﬂ,v) > —a(ﬂ - u) if :L'O(O) Su<u< y0(0> (42)

Then problem(1.1) has minimal and maximal solutions in the regiéh = {u €
C(J,R) : zo(t) <ul(t) <wyolt), t € J}.

Proof. Let G(h) be nondecreasing with respect/to Chooseh;,h, € C(J,R) such
thathy(t) < ho(t) onJ. Letxy, z, denote the solutions of problem (3.1) with, A,
instead ofh, and withG(h), G(h) instead ofzg, respectively. Since problem (3.1)
has a unique solution for eaéhe C(J,R), thenz,, x, are well defined, so

2> (t) = —(Lay)(t) + hi(t), t € J,
r1(0) = G(h) €R,
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and

a3 (t) = —(Laa)(t) + ho(t), t € J,
z2(0) = G(hy) € R,

where
(Lx)(t) =m(t)z(t) +n(t)z(alt)).
Putx(t) = z1(t) — xo(t). Then

g2 (t) = —(La)(t) + hi(t) — ho(t) < —(L2)(1), t € J,
z(0) = G(h1) —G(hy) <0.
In view of Lemma 2.4z, (t) < z5(t) onJ, so the operatad,, is increasing. It is also
continuous. Take € D. Put
1
Fu=Fu+ Lu, Gu)= —ag(u(()), u(T)) + u(0),

where operatorF is defined as in problem (1.1). Take,us € D and letu;(t) <
us(t), t € J. Then, in view of conditions (4.1) and (4.2), we have

(Fur)(t) = (Fug)(t) = [t ua(t), ua(e(t))) — f(E, ua(t), ua(a(t)))

+(L(ur — ug))(t
< (L(uz —un))(t) — (Lluz —w))(t) =0,
G(ur) — G(uz) = é[ (u2(0),u2(T)) — g(u1(0), ur(T))] + u1(0) — u2(0)
< é[Q(W(U% ui(T)) — g(ui(0), ur(T))] + u1(0) — u2(0)
< 0.

It proves that/” and G are increasing inD. We define the operatod = Ap. Let
xrp = AIQ, XTo = Ayo SO
zp(t) = —(La)(t) + (Fao)(t),
$1<0) = G(l’o),
and A
2y (t) = —(Lxa)(t) + (Fyo)(t),
22(0) = G(wo)-
Putz(t) = zo(t) — z1(t). Using the definition of the lower solution, we have

22(t) < (Fao)(t) + (La1)(t) — (Fao)(t) = —(La)(t), t € J,

#(0) = w0(0) + ~(ro(0), 7o(T)) ~ 0(0) <0
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Ityields,zo(t) < z1(t) = (Axo)(t), by Lemma 2.4. Similarly, we can shaw y,)(t) =
zo(t) < yo(t) on J. Now, using again Lemma 2.4 with(t) = z,(t) — z2(t) and
properties ofF’ andG, we see that; () < z5(t) onJ, so the operatoA is increasing.
The same argument as in [8, Theorem 3.2] guaranteesitlia} is relatively compact.
The result now follows from Theorem 4.1. This ends the proof. ]

Remark4.3. Let T = R. In this case Theorem 4.2 reduces to one which is a special
case of paper [3].

5 Unique Solution for Problem (1.1)

To show the next result we need the following lemma.

Lemma 5.1. Assume that € C(J,R), b € R, i.e.,1 + sup u(t)b(t) > 0. Let

teJ

A > b)x(t), ted,
A0 2 b)) )
z(T) < cx(0), ¢>0.
In addition, we assume that
ep(T,0) < c. (5.2)

Thenz(t) >0, t € J.

Proof. First, note thae,(¢,0) > 0, ¢t € J, by [2, Theorem 2.48(i)]. Now, we replace
the inequality in (5.1) by the following relation:

22(t) = b(t)x(t) + B(t), teJ, Be C(J,R,).
Hence,
o10) = a(t,0) [500) + [ e0.00)B)25],
by [2, Theorem 2.77]. It yields O
z(t) > ey(t,0)x(0), t € J. (5.3)
Using to this the boundary conditiar{7") < cxz(0), we see that
2(0) [e — e,(T,0)] > 0.

In view of condition (5.2), we obtaim(0) > 0. It shows thatz(t) > 0, t € J, by (5.3).
The proof is complete. O

Theorem 5.2. Let all assumptions of Theorem 4.2 be satisfied. In addition, we assume
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(H3) f is nonincreasing in the last argument, there exists a fundtienC'(J,R) such
thatm(t) + b(t) >0, t € J,

ftu,0) = ft,u,0) 2 =b(t)[u —u] if zo(t) <u<u<yt),
(H4) there exists constant¥/, M, such thats > M; > 0, M, > 0 and
(u,v) — g(u,v) < =M;y(u —u) + My(v — v)
if 29(0) < u < u <y(0), 2o(T) < v <v < y(7T),
(Hs) Maey(T,0) < M.
Then problen{l1.1) has, in the regiorD, a unique solution.

Proof. Theorem 4.2 guarantees that problem (1.1) has extremal solutidns By =
we denote the minimal solution of (1.1), anddpthe maximal solution of (1.1). Indeed,
x < y. To show thatr = y, we putp = = — y, sop(t) <0, t € J. Then

PRt = flt (), z(at) = f(ty(). y(a(t))
> [t 2(t), y(a®))) — fEy(t), y(a(t)) = b(E)p(t),
0 = g((0),z(T)) — g(y(0),y(T)) < Mip(0) — Map(T).
It means that
pa(t) = b(t)p(t), te
{ p(T) < %p(o)-

In view of Lemma 5.1x(t) > y(t), t € J. It proves thatr = y, so problem (1.1) has a
unique solution. This ends the proof. O

Example 5.3 (See [5])Let T = R. Consider the problem

{ 2'(t) = [(sin t):z:_(zlf) —20(sint)z(a(t)) — Bsint = (Fx)(t), t € J, (5.2)
0 = z(0)—e z(n),
where.J — [0,7], 0 < 3 < i o€ CLJ), alt) < tonJ. Putro(t) = —1, yot) —
0, t e J. Then
(Fro)(t) = 0=ua(t), (Fyo)(t) = —Bsint <0 = yp(t),

9(70(0), 20(7m)) = g(=1,-1) <0, g(x(0),y0(m)) = g(0,0) = 0.

It proves thatr, yo are lower and upper solutions of problem (5.4), respectively. Note
thatm(t) =0, n(t) = 2@sint, a = 1 and

T 't
/ n(t)elaw ™ — 43 < 1,
0
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so assumption (5 holds. Assumption (iJ holds withM; = 1, M, = e~!. Moreover
b(t) = Bsint, and
Myelo b(eds — 28-1 1

By Theorem 5.2, problem (5.4) has, in the regiona unique solution.
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