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Abstract

In this paper we study the structure of the Jacobi system for optimal control
problems on time scales. Under natural and minimal invertibility assumptions on
the coefficients we prove that the Jacobi system is a time scale symplectic system
and not necessarily a Hamiltonian system. These new invertibility conditions are
weaker than those considered in the current literature. This shows that the theory
of time scale symplectic systems, rather than the theory of linear Hamiltonian sys-
tems, is fundamental for optimal control problems. Our results in this paper are
new even for the Jacobi equations arising in the time scale calculus of variation
and, in particular, for the discrete time calculus of variations and optimal control
problems. We also show that nonlinear time scale Hamiltonian systems possess
symplectic structure, that is, the Jacobian of the evolution mapping satisfies a time
scale symplectic system.
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1 Introduction

Let [a, b], be a bounded time scale, i.e., a bounded nonempty closed suli®eteé
[11]. Consider the nonlinear time scale optimal control problem

minimize F(z,u) := K (z(a),z(b)) + /b F(t,x% u) At, (o)

over feasible pairér, u), i.e., the state : [a, b]; — R" is piecewise rd-continuouskx-
differentiable (Cérd), the controk: : [a, p(b)]; — R™, m < n, is piecewise rd-continuous
(Corg), and(z, u) satisfies the equation of motion

2 = f(t,2%u), tE la,pd)r, (1.2)
and the state endpoints constraints

¢(z(a), z(b)) = 0. (1.2)
Here we assume that the data satisfy

K :R"xR"— R, F:la,p(b)]: x R" x R™ — R,

1.3
¢:R"xR" = R", r <2n, fila, p(b)]: x R" x R™ — R", (13)

and certain differentiability assumptions so that we can work with the first and second
variations of the functionaF, see the details in [35]. The forward shift in the notation
(C?) refers to presence of the forward shift in the state variabile the argument of
the objective functionaF and in the equation of motion (1.1). Later we will consider a
control problem without this shift in.

The subject of this paper is to study the structure ofJd@bi systenarising from
the control problem (€. The Jacobi system is here defined as the system obtained
from the weak Pontryagin maximum principle [35, Theorem 6.1] applied to the second
variation (the accessory problem) of the functiaAalMore precisely, the Jacobi system
for problem (C) takes the form

nt =An’ +Bv, ¢ =-Alq+ P +Qu, —-Bg+Q"+Rv=0, ()

wheren andv are the variations of the state and control variablesd«, and where
the coefficients are defined through the data of the problet)y &e [36, Section 4.1].
The main question in this paper is: Under what conditions on the coefficients the Jacobi
system (J) has asymplectic structurg@ That is when it corresponds to a time scale
symplectic system

N =An+Bq, ¢*=Cn+Dg, (S)

whose coefficients ane x n matrices satisfying

ST7 4 7S uSTTS =0, S = (‘é %), J = (_OI é) (1.4)
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Systems of the formS) were introduced in [13]. Since then many interesting re-
sults about them can be found in the literature, see for example [3] and the recent pa-
pers [30, 32, 34, 37], which suggest that the theory of time scale symplectic systems
may bemportant for the study second order optimality conditions for nonlinear control
problems. In addition, it is well known (see Proposition 2.5) that if the matrieeg.A,

R, andT := I + pABR*Q" are invertible withA := (I — ;. A)~?, then the Jacobi
system (J) can be written as thinear Hamiltonian system

n® = An° + Bq, ¢°=Cn° — Ay, (H)

whereB andC' are symmetric and — ;A is invertible, see [36, Section 4.1] and also
[24, Section 4], [44, Section 6], [39, pg. 304]. Furthermore, as it was observed in [23,
Remark 4] (see Proposition 2.6), every linear Hamiltonian systef yth 7 — pA
invertible can be written as the time scale symplectic sys@mirf which the matrix

I + A is invertible. This relationship between the system8)(Bnd §) is mutual
whenever the matriX — A or I + pA is invertible, see [13, Remark 4]. Therefore,
whenever the matricels— 11.A, R, andT are invertible, the Jacobi systeni)produces

a time scale symplectic systef)( see [43] or Proposition 2.8 for the details.

The invertibility of I — 1A will be needed in all calculations related to the Jacobi
system (J), and hence it is assumed to hold. In this paper we discuss the requirement
that R is invertible. More precisely, we shall show thatffis invertible, then we have
T invertible if and only if the matrixS := R + 1 QTAB is invertible (Corollary 3.3).
Therefore, the invertibility ofR and S (or T') yields that (J) is in fact a Hamiltonian
system (M) and hence, it is a symplectic systeff).(

At this stage it appears that the usage offyamplectic systems thedoyr the control
setting issuperfluousbecause the systemg)and (H) and ) are equivalent under
R andT invertible, and hence the simpler form {His more attractive than that of
(S). In thediscretecalculus of variations and control problems it is assumed Rat
is invertible in order to transfer from the Jacobi systefi) (@ a linear Hamiltonian
system (H), which is known to enjoy rich properties, see [2,4-6, 24, 25, 27, 29, 38].
As is already noted in [29, pg. 863], in tliscretecalculus of variations setting one
can study the definiteness of the corresponding quadratic form in terms of the Jacobi
equation (J), i.e.,

A(ReAng + Qi mir1) = Puner1 + Qulm, (1.5)

without the assumption thak,. is invertible. This involves the theory of three-term
recurrence relations, see [6, 25, 27]. Therefore in this setting the invertibilify, of an
unnatural assumption.

Inspired by this situation and by the fact that the strengthened Legendre condition

R(t*) > aI, forall dense points € [o(a), p(b)]., (1.6)

for somea > 0, does not involveRk(t) invertible for isolated points (which is the set-
ting of discrete optimal control), it is an important question, wligis not invertible,
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whether (3) can be written directly as a symplectic syste®) By avoiding passing
through the Hamiltonian system {MHthat imposes the invertibility oR.

The aim of this paper is to showdarect wayto go from the Jacobi system’{jJto
the symplectic systenf] without assumingR invertible, but instead we assume that
the matrix S is invertible (see Theorem 3.1). This appears to be much more natural,
since only the invertibility ofS is needed to get a time scale symplectic system. As a
consequence of this important conclusion we deduce that

the theory of symplectic systems is crucial to the control problems

and that Hamiltonian systems of the form°(Htan be disregarded. A direct impact of
this fact is viewed in the calculus of variations setting, whdre- 0 andB = I (with
m = n) and where the corresponding Jacobi systethiél

[Rn® 4+ Q"] = P + Qn™. )

In this case, ifS := R + 1 Q7 is invertible, then the systems() and §) are equiv-
alent (without being Hamiltonian), with {;J) and (H) equivalent if and only ifR is
invertible. Therefore, all the results in [31, 33] regarding quadratic functionals associ-
ated with the Jacobi systen{(;) that requiredr invertible (and which were obtained
through the time scale symplectic systems theory) now hold without this assumption
(see Remark 5.5).

The fact that Jacobi systems for control problems on time scales are symplectic
systems (in particular, discrete Jacobi systems are symplectic) is important for their
numerical analysis. Symplectic numerical methods are known to be the right ones for
solving Hamiltonian systems, see [18-21,42]. These methods can now be possibly used
for solving the Jacobi systems arising from control problems suctf as (J

With each of the Jacobi systenf}Jthe Hamiltonian system (H, and symplectic
system §), we consider the associated quadratic form. These quadratic forms are ob-
tained from the second variation of the nonlinear time scale control problém TGe
second aim of this paper is show that the transition between the syst®m#i(), and
(S) yields the same transition between the corresponding quadratic forms.

In [35, Section 3] we discuss different formulations of time scale optimal control
problems. In particular, we consider a problenthout shiftin the state variable, that
is, with the argumen(t, =, u) in the objective functional and in the equation of motion.
The same type of results stated above will be shown to hold for the Jacobi and time scale
symplectic systems corresponding to these problems (see Theorem 4.8).

The final results in this paper concemonlinear Hamiltonian systemsWe show
that these nonlinear Hamiltonian systems also possess a symplectic structure, namely
the Jacobian of the evolution mapping satisfies the time scale symplectic syjtem (
This is a generalization of the corresponding discrete time result in [40, Theorem 2.1].

Although we assume that all quantities in this paper are real-valued, the results re-
main unchanged provided we replace the transpose of a vector or matrix by the conju-
gate transpose, and replace the word “symmetric” by “Hermitian”.



Symplectic Structure of Jacobi Systems 59

The paper is organized as follows. For a better understanding of and comparison
with the new results of this paper, we present in Section 2 the details of the known
transformations between the systenf9,((H), and §) and between their correspond-
ing quadratic forms. In Section 3 we show how to transform the Jacobi sysfém (J
directly to the symplectic syster8). In Section 4 we discuss the parallel results for the
Jacobi system arising from the nonlinear control problem without the shiftlin Sec-
tion 5 we specify these new transformations to the calculus of variations setting (with
and without shift in the state variable) and compare these new results with the known
transformations in the literature.

2 Traditional Approach to Jacobi Systems

In this section we examine in detail the traditional approach to Jacobi syste&m$J,

and §). That is, we consider the systeni)&s a symplectic syster§) via (H?). We

fix the following notation as for the dimensions of the quantities appearing in the Jacobi
system (J).

Notation2.1 (Jacobi systen’)). The matrices4, B, P, @), R and the vectors, v, ¢ in

(J) have the following propertiesd, P € R™*", B,Q € R™™, R € R™*™, and these
matrices are defined dn, p(b)], and P and R are symmetricy, ¢ € R" are defined
on[a,b]. andv € R™ is defined ora, p(b)],. Furthermore, we assume that the matrix

I — pAis invertible and define the matricebe R"*™ andS € R™*™ by

A=T-pA)"Y, S:=R+uQrAB. (2.1)

In addition, whenever the matrik is invertible and whenever the matifkis invertible,
we define the matriceB, V' € R™™" by

T:=1+pABR'QY, V :=1—puABS™Q". (2.2)

Note that4.A = AA. Similarly, for the coefficients of the Hamiltonian systenfjH
we adopt the following.
Notation2.2 (Hamiltonian systeniH”)). The matrices4d, B, C' and the vectors, ¢ in
(H?) have the following propertiesA, B,C' € R™*" are defined ona, p(b)]. and B
andC are symmetricy, ¢ € R" are defined offu, b],. Furthermore, we assume that the
matrix I — 1A is invertible and define the matrik € R™*" by

A= (I—-pA)

Note thatdA = AA. Finally, for the symplectic systen$) we will use the follow-
ing.
Notation2.3(Symplectic syste(f)). The matrices\, B, C, D and the vectors, ¢ in (S)
have the following propertiesA, B, C,D € R"*" are defined ofja, p(b)]. and satisfy
(1.4);n,q € R™ are defined offu, b];.
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The invertibility of I — u.A in Notation 2.1 corresponds to the regressivity of the
first two equations in the Jacobi systerfi)(Ivhich is needed for the unique solvability
of dynamic equations on time scales, see e.g. [11, Theorem 2.62]. Similarly, the in-
vertibility of 7 — 1A in Notation 2.2 corresponds to the regressivity of the Hamiltonian
system (M). The smoothness assumption on the coefficients, such that the piecewise
rd-continuity, is not really essential for the results in this paper. Observe that the ma-
trix A resp. A is piecewise rd-continuous i resp. 4 is piecewise rd-continuous, just
because the limits of — A resp. I — pA are equal td at all dense points (i.e., the
limits are bounded away from zero so that the invéise- ;. A) ! resp. (I — pA)™
has finite limits at all dense points). The same argument reveals thasipiecewise
rd-continuous (i.e., if?, Q, A, B have this property), then the matif! is piecewise
rd-continuous if and only if the eigenvalues®ft™) are bounded away from zero. This
is satisfied for example if the strengthened Legendre condition (1.6) holds. Moreover,
under (1.6), it follows that the matricds™* andV ! are also piecewise rd-continuous.
This shows the importance of the time scale strengthened Legendre condition (1.6) for
thecontrol problemsas was the case for the time scale calculus of variations problems,
see [31,33,41]. Therefore, we just proved the following statement.

Corollary 2.4. Assume thatl, B, P, ), R are piecewise rd-continuous ¢m p(b)], and
satisfy the conditions in Notation 2.1 and the strengthened Legendre coniti®n
Then the matricesd, S~!, 77!, V! are also piecewise rd-continuous & p(b)]s,
whenever they exist.

The identity in (1.4) reduces to the conditions

C'(I + pA) and (I +uD")B are symmetric,}

2.3
and A"+ D+ u (A'D - C'B) =0 23)

in terms of the coefficients of the systeB).(We will usually use the above conditions
in order to verify that a system satisfies (1.4). Note that the identity in (1.4) implies that
I+uSis asymplectic matrix, i.e(/+uS") 7 (I+u1S) = J. Hence, the matrix-+u S
is invertible, which means in the time scale terminology that the mé&tisxregressive.
Therefore, if the coefficient&, B, C, D are piecewise rd-continuous (and satisfy (1.4)),
then the initial value problems associated with syst8pihave unique solutions defined
on the whole intervals, b] starting at any initial pointy, € [a, b]; with any initial value.
Equivalent conditions to the ones in (2.3) are derived in [12, Remark 10.1], namely

(I + pA)B" and (I + uD)C* are symmetric,}

2.4
and A"+ D+ p (DA" — CB") = 0. (24)

These conditions imply that + 1 S” is a symplectic matrix, which is known to be
equivalent tal 4+ p 'S being symplectic.
For easy comparison with the main results of this paper we recall now the known

transformations between the systenfy,(JH?), and §). First we present a statement
when the Jacobi systenfjbecomes the Hamiltonian system’(H
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Proposition 2.5 (Jacobi(J) to Hamiltonian (H?)). Assume that4, B, P, Q, R, T
satisfy the conditions in Notation 2.1 wifhand 7" invertible. Then the Jacobi system
(J) is the Hamiltonian systeiiH’), whose coefficients

A=A-BR'QY, B=BR'BY, C=P-QR'Q" (2.5)
with A = T4 satisfy the conditions in Notation 2.2.

Proof. Since the matrix is assumed to be invertible, we can solve the third equation in
(¥) forv, i.e.,v = R (Bq — Q"n?), and insert this formula into the first and second
equation in (J). See also [36, Formula (40)]. O

Next we display a statement when the Hamiltonian systefi) ildcomes the sym-
plectic systemg).

Proposition 2.6 (Hamiltonian (H?) to symplectic (S)). Assume thatd, B, C' satisfy
the conditions in Notation 2.2. Then the Hamiltonian sys{elf) is the time scale
symplectic systelf), whose coefficients

A=AA, B=AB, C=CA, D=uCAB—- A" (2.6)
with I + uA = A satisfy the conditions in Notation 2.3.
Proof. See [23, Remark 4(ii)] or [13, Example 3]. O]

For completeness we present a converse to Proposition 2.6, i.e., a statement when a
time scale symplectic syster8)(is actually a Hamiltonian system (i

Proposition 2.7 (SymplectidS) to Hamiltonian (H?)). Assume tha&, B, C, D satisfy
the conditions in Notation 2.3 with + A invertible. Then the time scale symplectic
systen(S) is the Hamiltonian systetfiH’), whose coefficients

A= T +pA) A, B=UT+pA)'B, C=C(I+pA)! (2.7)
with A = T + A satisfy the conditions in Notation 2.2.
Proof. See [13, Remark 4] or [11, Theorem 7.17]. Note that the coefficient identities in
(2.4) are used in these calculations. O
A combination of the previous results yields the following.

Proposition 2.8 (Jacobi(J) to symplectic(S)). Assume tha#d, B, P, @, R, T satisfy
the conditions in Notation 2.1 witk and 7" invertible. Then the Jacobi systdi) is
the symplectic syste(8), whose coefficients

A=T7"4(A-BR'Q"),

B=T"'ABR'B",

C=(P—-QR'Q" T A,

D=uP—-QR Q)T Y ABR BT — AT+ QR 'B"

(2.8)

with I + A = T'A satisfy the conditions in Notation 2.3.
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Proof. Itis a simple combination of Propositions 2.5 and 2.6. O

Remark2.9. We will see in Corollary 3.3 that the matriX ' appearing at several places
in Propositions 2.5 and 2.8 is equal to the matrix

Next we consider the quadratic forms associated with the Jacobi system$i(J,
and §). Let P, @, R satisfy the conditions in Notation 2.1. We say that a pair of
functions (n, v) with 5(t) € R™ andu(t) € R™ is (A, B)-admissible ify € C;4 on
[a,b]z, v € Corg ON [a, p(b)]:, andn™ = An° + Bv. For such(A, B)-admissible pairs
(n,v) we define the quadratic form

w(n,v) == (") Py’ +2(n°)"Qu + v" Ru.

Similarly, if A, B, C satisfy the conditions in Notation 2.2, then a pair of functiong)
with 7(t), q(t) € R™ is (A, B)-admissible ify € Cyq 0n[a,b]:, ¢ € Cpa 0N [a, p(b)]z,
andn™ = An° + Bq. For such(A, B)-admissible pairgn, ) we define the quadratic
form

Qn,q) == (n")"Cn” + ¢" Bq.

Finally, if A, B, C, D satisfy the identity in (1.4), then a pair of functiofwg ¢) with
n,q € R is called(A, B)-admissible ify € Cj,4 on[a,b]:, ¢ € Cpa 0N [a, p(b)]:, and
n™ = An + Bgq. For such(A, B)-admissible pair$n, ¢) we define the quadratic form

Q(n.q) :=n"C"(I + pA)n+2un"C"Bq+q" (I + uD")Bg. (2.9)

The systems (J, (H?), (S) are the Euler—Lagrange systems for the quadratic functionals
having respectivelw(n, v), (7, q), Q(n, q) as their integrand, which can be verified

by the application of the weak Pontryagin maximum principle [35, Theorem 6.1] to
these quadratic functionals, see also [36, Section 4]. The following results show that
the relationship between these quadratic forms is exactly the same as the relationship
between their corresponding Jacobi systems.

Proposition 2.10 (Quadratic forms for (¥) and (H?)). Assume tha#4, B, P, Q, R
satisfy the conditions in Notation 2.1 withinvertible. LetA, B, C be given by2.5). If
(n,q) is (A, B)-admissible, then the paimn, v) withv := R~ (B'q — Q™%) is (A, B)-
admissible andi(n, v) = Q(n, q). Conversely, ifn, v) is (A, B)-admissible and iB” B
is invertible, then the paifn, ¢) with g := B(B"B) ' (Rv+Q"n?) is (A, B)-admissible
andQ(n, q) = w(n, v).

Proof. The proof is analogous to the discrete case in [24, Lemma 2]. O
Proposition 2.11 (Quadratic forms for (H?) and (S)). Assume that

(i) either A, B, C satisfy the conditions in Notation 2.2 ad B, C, D are given by
(2.6),
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(i) or A, B, C, D satisfy the conditions in Notation 2.3 wifh+ A invertible and
A, B, C are given by(2.7).

Then(n, q) is (A, B)-admissible if and only if it i$A, B)-admissible, and in this case
Qn.q) = Q(n, q).
Proof. This is a direct calculation. N

Proposition 2.12 (Quadratic forms for () and (S)). Assume tha#, B, P, Q, R, T

satisfy the conditions in Notation 2.1 withand T invertible. LetA, B, C, D be given
by (2.8). If (1, q) is (A, B)-admissible, then the pain, v) withv := R~ (B ¢ — Q")

is (A, B)-admissible andv(n, v) = Q(n, ¢). Conversely, ifn,v) is (A, B)-admissible
and if BT B is invertible, then the paifn, ) with ¢ := B(B"B)"'(Rv + Q"n°) is

(A, B)-admissible and)(n, q¢) = w(n, v).

Proof. This is a combination of Propositions 2.10 and 2.11(i). O

3 Main Results

In this section we establish one of the main results of this paper, namely how to trans-
form the Jacobi systemqPdirectly to the symplectic systen®) without assuming?

andT invertible (as in Proposition 2.8), but instead we assume that the nfatsin-
vertible. This yields that the matrik+ pA in the resulting systen®j is not necessarily
invertible, so that the system’{Jis not necessarily equivalent to the systeni)Hds it
explained in Propositions 2.6 and 2.7.

Theorem 3.1 (Jacobi(J) to symplectic(S)). Assume tha#d, B, P, @, R, S, V satisfy
the conditions in Notation 2.1 with' invertible. Then the Jacobi systefd) is the
symplectic systelf$), whose coefficients

A=(A-ABST'QTYA, C=(PV-QS'Q") A, (3.1)
B = ABS~'BT, D= (Q+ uPAB) ST'BT— AT '

with I 4+ pA = VA satisfy the conditions in Notation 2.3. Thus, the resulting symplectic
systen(S) is Hamiltonian if and only if the matri¥” (or equivalentlyR) is invertible.

The proof of Theorem 3.1 is displayed later in this section, since it needs deriving
of some matrix inversion identities involving the mat$x One of these identities is
from [22], see also [8, Corollary 2.8.8], and it says the following. Given any matrices
A, B, C, D such that the products below are defined, then the invertibility,aD, and
D — CA™' B implies the invertibility ofA — BD~*C with the formula for its inverse

(A-BD'C)'=A1"4+A'B(D-CAT'B)'CcAT, (3.2)

The next result shows the exact relation between the two sets of invertibility as-
sumptions R andT invertible in Proposition 2.8, anfl invertible in Theorem 3.1). In
particular, we deduce th&tinvertible is weaker tha®® and7" invertible.
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Lemma 3.2. Assume that, B, P, Q, R, S, T, V satisfy the conditions in Notation 2.1.
Then the following statements are equivalent:
() RandT are invertible,
(i) RandS are invertible,
(i) S andV are invertible.

Proof. As we shall see, all these invertibility conditions will be proven via the inversion
formula (3.2). First we will prove the following implications:

R andT invertible — S invertible, (3.3)
R andS invertible = V andT invertible, (3.4)
S andV invertible — R invertible (3.5)

For (3.3), we setd := R, B := —uQ"?, C := B, D := A~'. Then the matrices,
D,andD — CA™'B = A™' + uBR™'Q" = A~'T are invertible, so that the inversion
formula (3.2) yields the invertibility of the matrix — BD'C = R + uQ"AB = S
with the inverse

STT=R'—uR'QTTUABR' = R°YR—uQ"T'AB)R™'.  (3.6)

Note that from (3.6) we also gain for free the invertibility of the mafkix Q" T~ AB,
but this fact will not be needed. To prove (3.4), we det= I, B := uAB, C := Q7
D := S. Then the matriced, D, andD — CA~'B = R are invertible, so that formula
(3.2) yields the invertibility of the matrixl — BD™'C' = I — pABS™'Q" = V with
the inverse

Vi=T+4puABRQT =T. (3.7)

This also implies that is invertible. To prove (3.5), we set := S, B := Q7, C :=
wAB, D := I. Then the matriced, D, andD — CA™'B = I — pyABS~'Q" = V are
invertible, so that the inversion formula (3.2) yields the invertibilityof- BD~'C =
S — uQTAB = R with the inverse

R =814 uS71QTVvUUBS™ = S7Y(S + uQTVAB) St (3.8)

Note that from (3.8) we also get the invertibility 6f+ £Q*V ~LA8, but this fact will
not be needed.

Now suppose that condition (i) holds. Then (3.3) yields thad invertible, so that
condition (ii) holds. Next, assuming (ii), we have from (3.4) thats invertible, i.e.,
condition (iii) holds. Finally, if we assume (iii), then (3.5) impli&invertible, and then
in turn (3.4) yields the invertibility off’. Therefore, condition (i) holds and the proof is
complete. O
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Corollary 3.3. Assume tha#4, B, P, Q, R, S, T, V satisfy the conditions in Nota-
tion 2.1.

(i) Assume thaR is invertible. Theril is invertible if and only ifS is invertible. In
this case the matri¥ is also invertible and/~! = T.

(i) Assume that is invertible. Theri/ is invertible if and only ifR is invertible. In
this case the matrif is also invertible and™! = V.

Proof. This follows directly from Lemma 3.2 and from formula (3.7). O

Remark3.4. Note that the invertibility of the matrixs alone (without assuming the
invertibility of R) in general implies neither the invertibility df nor the invertibility

of R (hence the nonexistence 6j. However, if R and.S (and then by Lemma 3.2 also

T andV) are invertible, then the systemgYJ(H?), and §) are equivalent with the
coefficients of §) given by (3.1) or (2.8). Straightforward calculations (e.g. subtract the
corresponding coefficients and simplify to zero) show that these two sets of coefficients
(3.1) and (2.8) in this case coincide.

Remark3.5. As a byproduct of Theorem 3.1 and Proposition 2.7 we gain that, under

andV (and then by Lemma 3.2 aldd andT’) invertible, then the Jacobi systent)J
and the Hamiltonian system {Hare equivalent with the coefficients

A= AW HA-ABST'\QTYA, C=P-QS'Q"Vv !,
i-11-1jRra—1RT (3.9)
B=A"VABS B",

with A = VA satisfying the conditions in Notation 2.2. However, the coefficients of
the system (M) in (3.9) and (2.5) are the same as can be verified by direct calculations

using the identitiesA A = AA, V! = T, anduQ”AB = S — R.

Remark3.6. In the continuous time setting = 0 and hence/ — uA = I is always
invertible (andA = I). In this case the invertibility of = R is the natural assumption

in order to transform the corresponding Jacobi system into the symplectic system (=
Hamiltonian system in this case). On the other hand, in the discreteucasé and
hence,

I — A and Sy, := Ry, + Qi (I — A;,) "' By invertible

are the needed assumptions in order to transform the corresponding discrete Jacobi sys-
tem into a discrete symplectic system.

Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1Let (n,v, q) solve the Jacobi system’§J By using the formula
n° = n+ un™ we obtain from the first equation of systerfiXthatn® = An + uABv.
Replacing;)” in each of the three equations irffdve get
= AAn + ABv,
= — A%y + PAn + (nPAB + Q) v, (3.10)
Sv = BTy — QT An.
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Since we assume thatis invertible, we can solve for in the last equation to obtain

v = S~1(B%—Q"An). If we now insert this formula for into the first two equations in
(3.10), we get the syster§)Ywith the coefficients\, B, C, D given by (3.1). It remains

to show that these coefficients indeed define a time scale symplectic system, that is, the
conditions in (2.3) hold true. From the definition of the matsixve have

pQTAB =5 — R, uBTA™Q =ST—R. (3.11)
Using the definition of” and.S, it follows that the matrices
C'(I 4 ph) = A"(VIP - QS™ Q) VA
CID ATy Tpy A — ATQST-'RSIQTA,
(I +pD")B = [I + uBST Y QT + uBTA™P) — nA] ABS~'BT
(3-:11)BST—1<S+ g7 _ R—i—uQBT./ZlTP/(B) ST
are symmetric and
A"+ D+ p (A'D — C'B)
= A" (I +pAT)D — uC™'B
= AT(AT— QST 'BTATY + ATV [(Q + uPAB) S~'BT — AT)
—p AT(VTP — QST'QT) ABS ' BT
_ATQST—IBT_'_ ATQS—lBT_ ATQST—I(ST_ R) s-1B7
+ ATQST (S — R)S~'BT = 0.

Therefore, the coefficients in (3.1) define a time scale symplectic sySem ( H

(3.11)

Next we consider the corresponding quadratic forms.

Proposition 3.7 (Quadratic forms for () and (S)). Assume thatd, 5, P, Q, R, S,V

satisfy the conditions in Notation 2.1 withinvertible. LetA, B, C, D be given by3.1).

If (,q) is (A, B)-admissible, then the pair), v) withv := S~ (BYq— Q" An) is (A, B)-

admissible and(n, v) = Q(n, ¢). Conversely, itn, v) is (A, B)-admissible and iB” B

is invertible, then the paifr, ¢) with ¢ := B(BYB)~'(Sv+ Q% An) is (A, B)-admissible
andQ(, q) = w(n,v).

Proof. Let S be invertible. Assume first thét), ¢) is (A, B)-admissible and defineas
in the statement. Then

n” = (I + pA)n+ uBg = AVny+ uABS~'BYy, (3.12)
and the identityd 4 = AA yields

A + Bu — (A + Bq) %2 A (AVy + pABSBg) + BS~ (B — Q" An)
—AA-BSQTA)n— ABS'By = 0.



Symplectic Structure of Jacobi Systems 67

Hence,(n,v) is (A, B)-admissible. Moreover, by using identity (3.11) we obtain after
some calculations)(n,v) — Q(n,q) = 0. Conversely, assume thé,v) is (A, B)-
admis§ible,BTB is invertible, and defing as in the statement. Then the identities
n” = A(n + uBv) and AA = AA yield
An® + Bv — (An + Bq) = AA (n + pBv) + Bv — A(A - BST'Q" A)n
— ABST'BTB(BTB)(Sv + QT An) = 0.

Hence,(n, q) is (A, B)-admissible and with the help of identity (3.11) we obtain simi-
larly as in the previous case thatn, v) — Q(n, q) = 0. O

Remark3.8 The first part of Proposition 3.7 is of particular interest for the second or-
der necessary optimality conditions for the time scale nonlinear control problgm (C
More precisely, in [35, Theorem 7.2] we proved that the nonnegativity of the second
variation of the functionaF in (C?) is a necessary condition for a weak local minimum

b
in problem (C). Since this second variation contains the functio](alw(n,v)(t) At
over (A, B)-admissible pairgn, v), our Proposition 3.7 implies the rcllonnegativity of a
b
functional involving [ Q(n, ¢)(t) At over (A, B)-admissible pairgn,q). Therefore,

underS invertible, angl conditions which imply or which are equivalent to the nonneg-
ativity of the latter functional are also necessary optimality conditions for the original
nonlinear control problem (Q. For example, these are the conditions in terms of the
time scale Riccati matrix equation in [34].

4 Control Problems without Shift

In this section we consider the Jacobi system for the nonlinear time scale optimal control
problem

b
minimize G(z,u) := K (z(a), z(b)) +/ G(t,z,u) At, (C)
over feasible pairér, u) satisfying the equation of motion
% =g(t,z,u), t€a,pb)ls, (4.1)

and the state endpoints constraints (1.2). The data in the problem (C) satisfy similar
assumptions as the data in the problerfi)(i@ (1.3). The corresponding Jacobi system
then has the form

N =An+Bv, ¢*=-A"¢+Pn+Qu, -B¢+Qm+Rv=0. (J

System (Jwas derived in [36, Section 4.2]. Moreover, it is shown in the same reference
that under the corresponding invertibility assumptions (including the invertibilityg,of
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see Proposition 4.4) the systeni§lthe Hamiltonian system
N> =An+ Bq’, ¢°=Cn—A'¢, (H)

where B and(C' are symmetric and + pA is invertible. Hence in turn (see Proposi-
tion 4.7), system {(Jis a time scale symplectic syste®)( Similarly as for the Jacobi
system (J) we will show that one can go directly from the Jacobi systejniqxhe
symplectic systent)), which is in this section written as

n® =An+Bg, ¢>=Cn+Dg, (S)

proving the superior importance of time scale symplectic systems over the Hamiltonian
systems (Bl This result is also new for the corresponding time scale (in particular
discrete) calculus of variations setting, as it is discussed in the next section, see also [41,
Section 2].

The methods of proofs in this section are similar to those in Section 2, and thus
we will skip them here. First we introduce the appropriate notation. To avoid confu-
sion with the coefficients in the previous section, we will underline in this section the
corresponding coefficients (and keep their meaning at the same time).

Notation4.1 (Jacobi system §J. The matricesd, B, P, @, R and the vectors, v, ¢

in (J) have the same properties as their corresponding counterparts in Notation 2.1 (in
particular,” and R are symmetric). Furthermore, we assume that the matrixuA is
invertible and define the matriceb € R"*" andS € R™*™ by

A=(T+pA)™", S=R-puBAQ. (4.2)

In addition, whenever the matri® is invertible and whenever the matigkis invertible,
we define the matriceB, V. € R"*" by

Ti=1-pQR'BTA, Vi=1I+pQS 'B'A" (4.3)

Notation4.2 (Hamiltonian system (}J. The matrices4, B, C' and the vectorg, ¢ in

(H) have the same properties as their corresponding counterparts in Notation 2.2 (in
particular,B andC are symmetric). Furthermore, we assume that the matfix. A is
invertible and define the matri € R"*" by

A= (I+pA")™"

Notation4.3 (Symplectic systen§)). The matrices\, B, C, D and the vectors, ¢ in
(S) have the same properties as their corresponding counterparts in Notation 2.3.

Next we recall the known transformations between the system@)J (S).
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Proposition 4.4 (Jacobi (J to Hamiltonian (H)). Assume thatl, B, P, Q, R, T satis-
fy the conditions in Notation 4.1 witR and 7" invertible. Then the Jacobi systdd) is
the Hamiltonian systerfH), whose coefficients

A=A-BRQ", B=BR'B', C=P-QR'Q" (4.4)

with A = A" 7~ satisfy the conditions in Notation 4.2.
Proof. See [36, Formula (45)]. H

Proposition 4.5 (Hamiltonian (H) to symplectic §)). Assume thatl, B, C satisfy the
conditions in Notation 4.2. Then the Hamiltonian sys{etnis the time scale symplectic
systen(S), whose coefficients

with I + u> = A satisfy the conditions in Notation 4.3.
Proof. See [36, Proposition 4.2] and also the discrete case in [26, Remark 4]. [J

Proposition 4.6 (Symplectic §) to Hamiltonian (H)). Assume tha#, B, C, D satisfy
the conditions in Notation 4.3 with + D invertible. Then the time scale symplectic
systen(S) is the Hamiltonian systeifiH), whose coefficients

A=—(I+pD")"'D", B=B{I+uD)"", C=(I+pD)"'C (4.6)
with A =1+ 1D satisfy the conditions in Notation 4.2.

Proof. Using the invertibility of / + uD we solve the second equation &) (for ¢
and insert it back toS). Note that the coefficient identities in (2.3) are used in these
calculations. O

Proposition 4.7 (Jacobi (J to symplectic §)). Assume tha#, B, P, Q, R, T satisfy
the conditions in Notation 4.1 witR and7 invertible. Then the Jacobi systé€d is the
symplectic systerf$), whose coefficients

\

A=uBR'B AT (P-QR'Q") + A-BR'Q",
E = B_R_lﬁTANTI_1>
e o 4.7)
C=AT (P-QR'Q"),
D= (QR'B™—A") AT )

with I + uD = ATI” satisfy the conditions in Notation 4.3.

Proof. Itis a simple combination of Propositions 4.4 and 4.5. ]
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Next we present the main result of this section, which shows how to transform the
Jacobi system JJddirectly to the symplectic systen§) by avoiding the Hamiltonian

system (H.

Theorem 4.8 (Jacobi (J to symplectic §)). Assume tha#4, B, P, Q, R, S, V sat-
isfy the conditions in Notation 4.1 withi invertible. Then the Jacobi systdd) is the
symplectic systerf$), whose coefficients

A=A+ BS ' (uB"A'P - Q"),

C=A (VP-Q57'Q"),
B =BS'BA" D AT( T } “9

with I+uD = ATK satisfy the conditions in Notation 4.3. Thus, the resulting symplectic
systen(S) is Hamiltonian if and only if the matri¥” (or equivalentlyR) is invertible.

Proof. The proof is analogous to the proof of Theorem 3.1 and it consists of verifying
the conditions in (2.3) for the above coefficiedtsB, C, D. O

The following lemma shows the exact relationship between the invertibilify, af,
S, V.

Lemma 4.9. Assume thatd, B, P, @, R, S, T, V satisfy the conditions in Notation 4.1.
Then the following statements are equivalent:

(i) RandT are invertible,
(i) R andS are invertible,
(i) S andV are invertible.

Proof. The proof is similar to the proof of Lemma 3.2. By using the matrix inversion
formula (3.2) we prove the implications

R andT invertible — S invertible, (4.9)
RandS invertible — V andZ invertible, (4.10)
S andV invertible — R invertible (4.11)

with the inverses in the conclusion of (4.9), (4.10), (4.11) given by
ST= R B+pBTAT'Q R, V=T, R'=8(S-uBTAV QS
respectively. The details are here omitted. O

Corollary 4.10. Assume tha#4, B, P, Q, R, S, T, V satisfy the conditions in Nota-
tion 4.1.
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() Assume thar is invertible. Therl is invertible if and only ifS is invertible. In
this case the matri¥” is also invertible and/ ! = T..

(i) Assume thab is invertible. Therl/ is invertible if and only ifR is invertible. In
this case the matrif is also invertible and”"! = V.

Remark4.11 Similarly as in Remark 3.5, we have from Theorem 4.8 and Proposi-
tion 4.6 that, undeS andV invertible (and then by Lemma 4.9 algd andT" are
invertible), the Jacobi system)(dnd the Hamiltonian system JHre equivalent with
the coefficients
A=-AVIIABSTIQT- AN A  C=P-V'QS'QT 4.12)
B=BS'BAV AT |

with A = ATK satisfying the conditions in Notation 2.2. These coefficients of the
system (Hin (4.12) and (4.4) are however the same.

The quadratic forms associated with system&(#l (H are defined by

w(n,v) :=n"Pn+2n"Quv+v'Ru, (4.13)
Qn.q):==n"Cn+(¢°)'Bq¢°, (4.14)

while the quadratic forn@(, ¢) for system §) is defined analogously to the quadratic
form Q(n, ¢) in (2.9) using the coefficientd, B, C, D. The pairs(n,v) in (4.13),

resp. (n,q) in (4.14), resp. inQ(n,q), are called(A, B)-admissible, resp.(A4, B)-
admissible, resp(A, B)-admissible, provided” = An + Bv, resp.n® = An + Bq°,
resp.n® = An+Bq. The relationship between these quadratic forms, similarly as it was
done in Propositions 2.10, 2.11, and 2.12, can now be easily established. We shall not
give the details of these obvious propositions. However, we state explicitly the parallel
result to Proposition 3.7, since it is important for second order necessary optimality
conditions for the control problem (C), see Remark 3.8 and also [35, Theorem 9.7].

Proposition 4.12 (Quadratic forms for (J) and (S)). Assume tha#4, B, P, Q, R, S
satisfy the conditions in Notation 4.1 withinvertible. LetA, B, C, D be given by4.8).
If (1, q) is (A, B)-admissible, then the pait, v) with v := S~ [BTA ¢ + (uB"A P —
Q")n]is (A, B)-admissible andu(n,v) = Q(n,q). Conversely, ifn,v) is (A, B)-

admissible and i8” B is invertible, then the paiy, ¢) with ¢ := A~ B(B"B) "' [Sv —
(uB"A'P — Q)] is (A, B)-admissible and)(n, ) = w(n, v).

Proof. The proof is similar to the proof of Proposition 3.7 and it is based on direct
calculations. The details are here omitted. O]
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Remark4.13 The first part of Proposition 4.12 leads via [35, Theorem 9.7] to second

order necessary optimality conditions for the control problem (C) in terms of the non-
b

negativity of a quadratic functional involving Q(, ¢)(t) At over (A, B)-admissible

pairs(n, q). In this respect the Riccati equat(ilon conditions from [34] which are equiv-
alent to the nonnegativity of this quadratic functional represent second order necessary
optimality conditions for problem (C). Note that the results in [34] can be applied to
both problems (C) and (@, as we saw in Remark 3.8.

Next we will examine the direct relationship between the Jacobi systena@J
(). We will see that the Jacobi systen) ¢an be transformed into the Jacobi system
(F) (and vice versa). Therefore, all the results which were obtained for the system (J
resp. (J, can now be transformed to the syster (@sp. (3J), via the transformations
below.

Proposition 4.14 (Jacobi (J to Jacobi(J)). Assume that the matrice$, B, P, Q, R,

S satisfy the conditions in Notation 4.1, in particulatand R are symmetric and+..A
is invertible. Then the Jacobi systéd)is the Jacobi systerfd), whose coefficients

A=AA B:=AB, P:=APA Q=AQ-uPAB), w15
R:= R — uQ"AB — uB"A'Q + i’B"A' PAB .

with A = A~ and S = S satisfy the conditions in Notation 2.1.

Proof. By using the formulagn® = 1° —n andug™ = ¢° — ¢, we obtain from the first
two equations in_(Jthe identities

n=A@ —uBv), ¢ =Aq+pdPAy +pA(Q— uPAB)v.

Upon inserting these formulas fgrand¢” into system (Jwe will obtain the system
(J) with the coefficients4, B, P, ), R given by (4.15). Finally, for the matrice4 and
S givenin (2.1) we have

A=(I—-pA)y ' =A" S=R+pQ"AB=R-B"AQ=3
as in (4.2). This completes the proof. ]

Proposition 4.15 (Jacobi(J’) to Jacobi (J)). Assume that the matrice$, 3, P, Q, R,
S satisfy the conditions in Notation 2.1, in particulatand R are symmetric and— . A
is invertible. Then the Jacobi systéii) is the Jacobi systeifd), whose coefficients

A:=AA, B:=AB, P:=A"PA, Q= AN (uPAB + Q), (4.16)
R := R+ pQ"AB + uB"A"Q + 1i*B"ATPAB '

with A = A~' and S = S satisfy the conditions in Notation 4.1.
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Proof. The proof is similar to the proof of Proposition 4.14, the details are omittedl.

Remark4.16 The transformations in Propositions 4.14 and 4.15 show that the sym-
plectic structure is deeply rooted in the Jacobi systeffisadd (J. Indeed, the result

of Theorem 4.8 (and Proposition 4.12) can be obtained from Theorem 3.1 (and Propo-
sition 3.7) applied to the data in (4.15). Conversely, the result of Theorem 3.1 (and
Proposition 3.7) can be obtained from Theorem 4.8 (and Proposition 4.12) applied to
the data in (4.16). However, this equivalence of results is lost when we start consid-
ering the Jacobi systems’jJand (J as their corresponding Hamiltonian system$§)H

and (H. For example, the matricé&s (and V") obtained from their definitions in (2.2)
through the coefficients (4.15) become much more complicated than the mat(aed

V) used in (4.3), because the matfixnvolves the inverse af from (4.15). Therefore,
Proposition 4.4 cannot be obtained from Proposition 2.5 just because the forms of the
systems (1) and (H are different. For this reason a direct approach to the result in
Lemma 4.9 is essential.

Remark4.17. In [40] it is shown that the Jacobian matrix of discrete nonlinear Hamil-
tonian systems is symplectic. The same result can be derived for nonlinear Hamiltonian
systems on time scales

a® =H,y(t,2%p), p*=—H.(t,2%p), t€ [a,p(b)-.

More precisely, assuming that the functitiz, -, -) has continuous second order partial
derivatives with respect toandp and the matriX — jiH,,,, is invertible for all(t, z, u) €

[a, p(b)]» x D for some domairD C R?", then the associated phase floi G) (¢, -, ) :
R?" — R?" defines a symplectic transformation, i.e.,

A
Fx Fp _ F$ Fp
(Gm Gp) =5 (Gx Gp) : (4.17)
with
H x (I — ,uH m)_l ([ _ MH m)_lH )
S = p D B D - pp , 418
(_HJL‘I (I - ,qux) ! —MHQM (I — ,quac) 1pr — pr ( )

where the matrixS satisfies (1.4). This is a generalization of the discrete time result
in [40, Theorem 2.1]. Since the proof of the above time scale result is similar to the
corresponding proof in [40] (using,, = H., and the symmetry oH,, andH,y,), it
is here omitted. Note that system (4.17) witlgiven by (4.18) is in fact a Hamiltonian
system (M) from Section 1 withA := H,,;, B := H,,, C := Hy,, andA = (I —
Mpr>_1'

Similarly we can consider the nonlinear Hamiltonian system

ajA = ﬂp(ta x:p0)7 pA = _ﬂx(t7'x7p0)7 te [CL, p(b)]T7
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with I +uH ., invertible for all(t, x, u) € [a, p(b)]- x D. Then the corresponding phase
flow satisfies system (4.17) with:= S, where

S . (ﬂm—uﬂpp(l+uﬂm,)‘lﬂm H,, (I +puH,,)™ )

L) TH (T ) (4.19)

satisfies (1.4). The system in (4.17) wigh= S given by (4.19) is then a Hamiltonian
system (H from the beglnnlng of this sectionwith . ="H ,B:=H, ,C :=H

Liprr = LEppr = zx?
andA = (I + pH2 )™

5 Jacobi Systems for Calculus of Variations Problems

Problems in time scale calculus of variations have attracted a lot of interest recently,
see e.g. [7,9, 28, 33]. These are the problems of the forfh@h f(¢, 27, u) = u in

the equation of motion (1.1), or of the form (C) wiitit, z, «) = w in the equation of
motion (4.1). Therefore, in both cases we hate= u (which implies thatn = n) and

the matricesd = 0 = A, B =1 = B, andA = I = A are constant. In this case we
can solve the third equation in systemS)(and (J for v and insert it back to the first

two equations. This way we obtain the Jacobi equati@y)(displayed in Section 1 and

the Jacobi equation &) presented below. The results from Sections 3 and 4 specified
to the calculus of variations setting then yield the following new results. Note that these
results are new even in the discrete time calculus of variations case.

Notation5.1 (Jacobi systenqX,,)). The matrices?, ), R and the vecton in (X,,) have
the following properties’P, @, R € R"*" and these matrices are defined[anp(b)]-
and P and R are symmetricyy € R" is defined ona, b],. Furthermore, we define the
matrix S € R™*" by

S:=R+pQ".

Corollary 5.2 (Jacobi (X,,) to symplectic (S)). Assume tha?’, @, R, S satisfy the
conditions in Notation 5.1 witlt invertible. Then the Jacobi equatiqd,,) is the
symplectic systelf$), whose coefficients

= -57'QT, C=PS'R-QS'QT, }

B=2S5", D= (Q+uP)S™! 1)

with I + pA = S~ R satisfy the conditions in Notation 2.3. Thus, the resulting sym-
plectic systen(S) is Hamiltonian if and only if the matri® is invertible.

Proof. This is a special case of Theorem 3.1. O

The symplectic systen$j arising from the Jacobi equatiorf{;) has the coefficient
B = S~ ! invertible. In the following we shall see that this is a characteristic property of
time scale symplectic systent$) which are equivalent to Jacobi equatiors/}J
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Corollary 5.3 (Symplectic (S) to Jacobi (¥,,)). Assume that\, B, C, D satisfy the
conditions in Notation 2.3 witl invertible. Then the time scale symplectic sys{&m
is the Jacobi equatio(},,), whose coefficients

P=C-DB A, Q=-A"B"! R=B'(I+pud) (5.2)
with S = B! satisfy the conditions in Notation 5.1.

Proof. The symmetry of? and R follows from conditions (2.3). O
The quadratic form associated with the Jacobi equatf@y) {3
w(n) = (") Py +2(1") Qn> + (™) R

The relation ofw(n) with the quadratic fornfQ)(n, ¢) defined in (2.9) is shown in the
next statement.

Proposition 5.4 (Quadratic forms for (J,,) and (S)). Assume that

(i) either P, @, R, S satisfy the conditions in Notation 5.1 withinvertible andA,
B, C, D are given by5.1),

(i) or A, B, C, D satisfy the conditions in Notation 2.3 withinvertible andP, @, R
are given by5.2).

If (n,q) is (A, B)-admissible, thew(n) = Q(n,q). Conversely, for any € Crl)rd on
[a, b]; the pair (1, ¢) with ¢ := Sn™ + Q™n = B~ (n™ — An) is (A, B)-admissible and
Q. q) = w(n).

Proof. Part (i) is a special case of Proposition 3.7, while part (ii) can be shown by direct
calculations. n

The above proposition suggests that the quadratic farmgandQ(n, ¢) are com-
pletely equivalent whenever the two sets of coefficignts), R andA, B, C, D are
connected by (5.1) or (5.2). The application of this observation to positivity and coer-
civity of quadratic functionals involving (n) and to second order sufficient optimality
conditions for calculus of variations problems on time scales is discussed in the next
remark.

Remarks.5. (i) In [33, Theorem 4.1], the coercivity of the accessory problem

o () () - Lo

was proven to be equivalent to its positivity through [33, Propositions 4.3, 4.5], assum-
ing R andS invertible. Since these propositions are special cases of known results for
time scale symplectic systems, i.e., [32, Theorem 6.2] and [30, Lemma 7.2], then Propo-
sition 5.4 implies that [33, Theorem 4.1] holds tmughout assumingR invertible

(i) As a consequence of part (i) of this remark and of [28, Theorem 2], it follows
that the assumptioR invertible in [33, Theorem 6.1] can now be eliminated.
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Remarks.6. In thediscrete time casehe discrete Jacobi equation (1.5) was intensively
studied in the past. In particular, in [6, Example 3.17] it is shown that uRgandsS,, =
Ry +Q7 invertible the discrete Jacobi equation (1.5) can be written as the corresponding
discrete linear Hamiltonian system {H and then as a discrete symplectic system. A
direct consequence of Corollary 5.2 we obtain that the only assumption in order to
write equation (1.5) as a discrete symplectic system is the invertibility of the nmt#trix
Compare also with [6, Section 1.2], [4, Section 4], [2, Section 4], [1, Section 6]. The
key message resulting from this paper is that discrete Jacobi equations (1.5) should be
studied within the framework afiscrete symplectic systerfassumings; is invertible).
We note that the current literature on discrete symplectic systems is very rich, see [10,
14-17].

In the second part of this section we will study the Jacobi equation

[(R—pQ)n™ + (Q"— uP)n)* = Pn+Qn* (Jeov)

and its corresponding symplectic system formulation. Equatig) (3 obtained from
the Jacobi system )by taking.4 = 0 andB = I, or it can be derived directly from the
corresponding Euler-Lagrange equation in [41, pg. 228].

Notation5.7 (Jacobi system ¢4,)). The matriceg”, @, R and the vecton in (&) have
the following propertiesP, ), R € R"*" and these matrices are defined[anp(b)].
and P and R are symmetricyy € R is defined or{a, b],. Furthermore, we define the
matrix S € R™*" by

S:=R—-pQ.

Corollary 5.8 (Jacobi (Jov) to symplectic §)). Assume thaf?, @, R, S satisfy the

conditions in Notation 5.7 witlp invertible. Then the Jacobi equatiqd.) is the
symplectic systelft), whose coefficients

A=S"(pP-Q"),
1

I
a¥

(5.3)

S &

+ QS M (uP —Q7), }
§—1

& |
[T |

I
O

Y

with 7 + D = RS~ satisfy the conditions in Notation 4.3. Thus, the resulting sym-
plectic systen(S) is Hamiltonian if and only if the matri® is invertible.

Proof. This is a special case of Theorem 4.8. O

Similarly to Corollary 5.3, time scales symplectic systerfi} with B invertible
characterize Jacobi equationg,()l

Corollary 5.9 (Symplectic (S) to Jacobi (J.)). Assume that\, B, C, D satisfy the
conditions in Notation 4.3 witl invertible. Then the time scale symplectic sys§m
is the Jacobi equatio(l,,), whose coefficients

P=C-DB A, Q=DB', R=(/+uD)B" (5.4)

with S = B! satisfy the conditions in Notation 5.7.
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The quadratic form associated with the Jacobi equatigp) (3
w(n) =n"Pn+27"Qn" + (n*)"Rn™.
Its relation with the quadratic fori(n, ¢) is shown in the following statement.
Corollary 5.10 (Quadratic forms for (J cov) and (8)). Assume that

(i) eitherP, @, R, S satisfy the conditions in Notation 5.7 withinvertible andA,
B, C, D are given by(5.3),

(i) or A, B, C, D satisfy the conditions in Notation 4.3 withinvertible andP, Q, R
are given by5.4).

If (n,q) is (A, B)-admissible, the(n)
[a, D). the pair (1, ¢) with ¢ := Sp® —
admissible and)(n, q) = w(n).

Q(n, q). Conversely, for any) € Crl)rd on
B _

(P —Q")n = B'(n® — An) is (A, B)-

In Propositions 4.14 and 4.15 we presented transformations between the Jacobi sys-
tems (J3) and (J. If we specialize these transformations to the calculus of variations
setting, then we obtain the following.

Corollary 5.11 (Jacobi (J.v) to Jacobi (I,,)). Assume that the matrice, Q, R, S
satisfy the conditions in Notation 5.7, in particuld’, and R are symmetric and is
invertible. Then the Jacobi systddy,,) is the Jacobi systeifd,,), whose coefficients

P:=P, Q:=Q-uP, R:=R-puQ—uQ +u’P (5.5)
with S = S satisfy the conditions in Notation 5.1.

Corollary 5.12 (Jacobi (¥,,) to Jacobi (Jo)). Assume that the matricds, @, R, S
satisfy the conditions in Notation 5.1, in particuldf, and R are symmetric and is
invertible. Then the Jacobi systdd,,) is the Jacobi systeifd.,,), whose coefficients

P:=P Q:=pP+Q, R:=R+uQ"+upQ+p’*P (5.6)
with S = S satisfy the conditions in Notation 5.7.

Remark5.13 (i) By using the transformations in Corollaries 5.11 and 5.12, the above
results about the Jacobi equatiog{Jand the quadratic form(n) can be obtained form
the corresponding results on the Jacobi equatify) @nd the quadratic forna(n). In
particular, the identityw(n) = w(n) holds for any functiom € Cérd, which can be also
verified by a direct calculation.

(i) The results in Corollaries 5.3 and 5.9 show that once the coeffiieintthe
symplectic system is invertible, then this symplectic system can be written as either the
Jacobi equation §J,) or the Jacobi equationgyJ). On the other hand, both Jacobi equa-
tions (J,,) and (Jov) can be written as time scale symplectic systems Withvertible.

So from this point of view are Jacobi equationg,(Jand (J.,) equivalent, and every

result pertaining one form can be transformed into a result for the other form.
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Remarks.14 The matriced’, V andT, V defined in (2.2) and (4.3) have now the form
T=R'S, V=S'R T=SR"' V=RS"

Therefore, the results of Lemmas 3.2 and 4.9 are in this case straightforward.
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