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Abstract

Here first we collect and develop necessary background on time scales required
for this article. Then we present time scales integral inequalities of types: P@incar
Sobolev, Opial, Ostrowski and Hilbert—Pachpatte. We give also the generalized
analogs of all these inequalities involving high order delta derivatives of functions
on time scales. We finish with lots of applications: all these inequalities on the

specific time scale®, Z andq?, ¢ > 1.
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1 Preliminaries

Here mainly we follow [6]. We are also inspired by [4, 5].

Definition 1.1. A time scale is an arbitrary nonempty closed subset of the real numbers,
e.0.R,Z, ¢ = {¢"|k € Ny = NU {0}, ¢ > 1}.

Definition 1.2. If T is a time scale, then we define the forward jump operatof —
T byo (t) = inf{s € T|s > t}, Vt € T; the backward jump operatpr: T — T by
p(t) = sup{s € T|s < t}, Vt € T; and the graininess functign: T — R, = [0, o),
by u(t) = o(t) —t, vt € T. Furthermore for a functiorf : T — R, we define
fo@t) = f(o(t), vt € T,and f?(t) = f(p(t)), ¥t € T. In this definition we use
inf@ =supT (i.e.,o (t) = t if t is the maximum ofl') andsup ) = inf T (i.e.,p (t) = ¢
if ¢ is the minimum ofT).

Received December 15, 2009; Accepted February 5, 2010
Communicated by Martin Bohner



2 George A. Anastassiou

We callt € T right-scattered it < o (¢),t € T right-dense it = o (¢),t € T left-
scattered ifp (r) < ¢, t € T left-dense ifp (t) = t, t € T isolated ifp (t) < t < o (1),
t € Tdenseifp(t) =t = o(t). We notice thap is an increasing function, so is
p*(t)=p(p(t),...,sothat" (t) = p (p" " (t)) isincreasing irt for n € N. SinceT
is closed subset d& we have that (t), p(t) € T, fort € T.

Definition 1.3 (see [6]).A function f : T — R is called rd-continuous (denoted by
C,q) if it is continuous at right-dense points @fand its left-sided limits are finite at
left-dense points of. If T = R, thenf : R — R is rd-continuous ifff is continuous.
Also, if T = Z, then any function defined dfis rd-continuous (see [7]).

Definition 1.4 (see [6]).If supT < oo andsup T is left-scattered, we I€f* := T —
{sup T}, otherwise we leT” := T the time scale. In summary,

Tk — T —(p(supT),supT], if supT < oo,
| T, if supT = oo.

Definition 1.5 (see [6]).Assumef : T — R is a function and let € T*. Then
we definef> (t) to be the number (provided it exists) with the property that given any
e > 0, there is a neighborhodd of ¢ such that

f @)= f) =)o) —s)|<elo(t)—s|, VseU.

We call f~ (¢) the delta (or Hilger [8]) derivative of att. If T = R, thenf® =
f', whereas ifT = Z, then f* (t) = Af(t) = f(t+1) — f(t), the usual forward
difference operator.

Theorem 1.6 (Existence of Antiderivatives [6]).Let f be rd-continuous. Theli has
an antiderivativeF satisfyingfF'> = f.

Definition 1.7 (see [6]).If f is rd-continuous and, € T, then we define the integral
t
F(t) :/ f(r)Ar fort e T.
to
Therefore forf € C.4 (T) we have by definition
b
/ f(r)Ar =F (b) — F(a),

whereF> = f.
If T =R, then

[ rwai=[rwa

where the integral on the right-hand side is the Riemann integral [7].
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If every point inT is isolated and < b are inT, then [7]

b p(b)
[ rwae=3rwue.

Theorem 1.8 (see [6])Let f, g be rd-continuous off, a,b,c € T anda, 5 € R. Then

(M) /ab<af<t>+ﬂg<t>mt=a/abfuww/abg(tmt
@) /bf(t)Atz—/af(tMt
(3)/f At_/f At+/f

(4)/f() () At = (fg) ( /f

(6) / 1At =b—a.

Theorem 1.9 (Hblder’s Inequality [1]). Leta,b € T,a < b,andf,g : T — R be
rd-continuous. Then

/ab|f(t)| 9 ()] At < (/ablf(t)V’At); (/:|g<t>|w)é,

.11
wherep, ¢ > 1 satisfy— + — = 1.
p 4q

Theorem 1.10 (see [6])Let f,g € C,q (T), a,b € T, a < b. Then

/abf(t)At‘S/abg(t)At

b
2) iff(t)20,foralla§t<bandt611‘,then/ f(t) At > 0.

1) if |f(t)] <g(t)on[a,b) N'T, then

Corollary 1.11. Let f € C,q(T); a,b,c € T, withc € [a,b]; f(t) > 0,V t € [a,b].

Then
c b
/f(t)Atg/f(t)At
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Definition 1.12 (see [6]).For a functionf : T — R we consider the second derivative

22 provided f2 is differentiable onT** = (T’“)k with derivative 22 = (fA)A :

T — R. Similarly we define higher order derivativgs” : T"" — R. Similarly we

definec® (t) = o (o (t)),...,0" (t) = o (6" (t)), n € N. For convenience we put
0

Pt =0"(t)=t, f*" = f,T" =T.

NoticeT*" ¢ T, 1 € {0,1,...,n}.
Theorem 1.13 (Taylor's Formula [2]). Let f ben-times differentiable ofi*", ¢ € T,
anda € T ho (r,s) = 1, g (r,s) = / hy (7,8) AT, k € Ny. Then

S

n—1 X P)) §
:th (t,a) f2 (a)+/ ho 1 (t,0 (7)) 27 (7) AT

Corollary 1.14 (see [2]).Let f ben-times differentiable ofi*" andm € Nwithm < n.
Then¥ o € T* ™ andt € T*", we have

n—m—1 pnmL(t)

PrO= Y @ [ b o () £ () A7

k=0

Denote byC™, (T) the space of all functiong € C,, (T) such thatf*" € C,q (T)
fori=1,...,n € N. Inthis last cas&” = T.
We need the following result.

Theorem 1.15 (Taylor's Formula [3, 7]). Assumel* = Tand f € C" (T),n € N
ands,t € T. Herehq (t,s) =1,V s,t € T; k € Ny, and

t
hitq (t,s) = / hi (1,8) A1, ¥ s,teT.

(thenhy (t,s) = hy_y (t,5), fork € N,V ¢ € T, for eachs € T fixed). Then

FO =3 12 (6 69)+ [ (b0 () £ (1) A

Remark1.16 (to Theorem 1.15)By [7], we haveh, (t,s) = t — s, V s,t € T. So
if t > s, thenhy (t,s) > 0, ha(t,s) > 0,...,h,_1(t,s) > 0. However forn odd,
hn_1(t,o (1)) > 0forall s < 7 <t (see proof of Theorem 2.5). Also it holds [2]

(t—s)"
I

hk(t,s)g Vit>s, keN.
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Corollary 1.17 (to Theorem 1.15).Assumef € C, (T) ands, t € T. Letm € N with
m < n. Then
n—m—1 t
PO = 3 P O he 8+ [ b (60 () 5 () A7
k=0 s
Proof. Use Theorem 1.15 with and f substituted by, —m and f2", respectively. [

Corollary 1.18. Let f € C,4(T); a,b € T, such thatf (t) > 0,V t € [a,b] N'T, then
b
/ f(t) At > 0.

b
Proof. Sincef (t) > 0,V ¢ € [a,b] N T by Theorem 1.10 (2) we gef [ (t) At > 0.

Assume that bf(t) At = 0. ThenF (t) = /tf (t)At =0,V t € [a,b]N'T. Thus

by [6] we get]gA t)=f@)=0,VtelabnN %1“ a contradiction. O
We need the following result.

Lemma 1.19. Let the time scal& be such thafl* = 11‘5 Leth, : T? - R, k € N,

such thathg (t,s) = 1,V s,t € T, andhyy1 (t,5) = / hi (1,8) AT,V s,t € T, for

all k € Ny. Thenhy (¢, s) is continuous ins € T, k € SNO, for each fixed € T; and
continuous int € T for each fixeds € T. Also it holds that, (¢, o (s)) is rd-continuous
in s € T for each fixed € T; for all £ € Nj.

Proof. Consider alsgy, : T> — R, k = 0,1,...,n, such thay, (¢,s) = 1,V s,t € T;
t
andgg1 (t,s) = / gk (o (7),s) AT,V s,t € T, for k € Ny. By [6], we have that

he (t,8) = he_1 (t,8), kEN,VteT,
for each fixeds € T. Also we have
gkA(t,s) =gr1(o(t),s), keN, VteT,

for each fixeds € T. Clearlyg; (t,s) = hy (t,s) =t — s,V s,t € T. By [6, Theorem
1.112] we obtain that

hi (t,s) = (=" ge (s,t), Vit seT,forall keN,.

By [6, Theorem 1.16(i)], we have that singg is differentiable for anyt € T (the

first variable), then it is continuous for anye T; for all £ € Ny. Thus, by the last
equation just above, we obtain that(t, s) is continuous ins € T; and of courseéy is

also continuous it € T; for all k € Ny. By [6, Theorem 1.60(iii)], we have that the
jump operatow is rd-continuous, and by the same [6, Theorem 1.60(Vv)], we get that
hi (t,0 (s)) is rd-continuous, for alk € Ny. The lemma now is proved. N
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2 Main Results

In this article we assumE* = T. We present first a time scales Poiretype inequality.

Theorem 2.1.Let f € C7,(T), nis an odd numbeg,b € T; a < b; p,q > 1 satisfy

1 1 . .

4+ = = 1. Assumef®” (a) =0,k =0,1,...,n — 1. Hereo is continuous and
p q

h,_1 (t, s) jointly continuous. Then

b b t m b
/ |F (D)7 At < (/ </ hn—1 (t,O'(T))pAT) At) (/ }fm (T)‘qAT).
Proof. SincefM (a) =0,k=0,1,...,n— 1, by Theorem 1.15 we get

£ (1) = / hus (£, (7)) £27 () Ar

V't € [a,b]NT, wherea,b € T. Hence

If @) < /hn_l(t,a(r))yfm(r)mf

< (/athn_l(t,a pm) (/ |2 (7 qu>q
< (/athn_l(t,a pm) (/ |2 (7 \qm)

|f(t)|q§(/:hn_1(t,a ”AT> (/ 12" (1) |AT>, (2.1)

forall a <t < b. Next by integrating (2.1) we are proving the claim. O]

[

Q=

Therefore

Next we give a time scales Sobolev type inequality.

Theorem 2.2.Here all terms and assumptions are as in Theorem 2.1r Letl. Denote

i = ([ s <t>\’“m)i. Then
11l < ( / b ( / s (4,0 (1) AT);AJ 1721,
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Proof. As in the proof of Theorem 2.1 we have € ¢ < b)

o1 ([t o) PAT) ([1re mT)
!f(t)lré(/athnl(t,a pAr) (/ 12" (7 \qm) :

[ st (/ ([hrtomrar) At) ([ 17 oprar)’

. : . : 1 . :
Next raise both sides of the last inequality to the powethus proving the claim. [
r

Hence

We present a time scales Opial type inequality.

Theorem 2.3.Let f € C, (T), n is an odd numbew,b € T; a < b; p,q > 1 satisfy

1 1 : ny .. .

~ 4= =1. Assumef® (a) = 0,k = 0,1,...,n — 1, and that| f2"| is increasing on
q

p
la,b] N'T. Hereo is continuous and,,_ (¢, s) jointly continuous. Then

[ s o114 @) ac

< (b-a)i (/b (/:hnl (t,a(T))PAT) At)i (/b (F2" (t))2th>q

Proof. It holds
£t = / B (1,0 (7)) 2" (7) Ar

V't € [a,b]NT, wherea,b € T. Hence

IO (/athn_la,a w) (/ = ‘m)

IA
VRS
@\H

>

S

L

=

Q

”d
>

<
v

=
l>

H~

|
G
Q=

Therefore
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forall a <t < b. Consequently we derive

INCISCINE ( [ ([ herooy m); (5" 1) (¢ - a>i> At
(/ab (/t hn_i (t,a(T))pm) At); (/b (f2" ()" (t — a) At);
< (b—a)s (/ab(/;hn_l(t,a(ﬂ)?m)m);(/ab(fﬂ"@))““qm);,

proving the claim. O]

IN

We make the following remark.
Remark2.4 (to Theorems 2.1-2.3 and their proof#)s we know [6], we have that

he L (t,0 (7)) = hpo (t,o (7)), Vt€[a,b]NT.

Also (h,_1 (t,0 (t)))" is continuous aft,t), t > a; p > 1. By the chain rule, [6,
Theorem 1.90], we get thah,,_, (¢,o (7))")* exists int € T, wherer is fixed inT;
p>1,and

1
(s oD = p{ [ s o () +
0
hﬂ(t)hn—Q (t7 o (T)))p_l dh} hn—2 (t7 o (T)) :
Here by assumptiom is continuous and, ; (¢, s) is jointly continuous. So that
(hn_1 (t,o (7)) is jointly continuous in(t, 7), that is rd-continuous im andr; p >
1. HereT* = T, and by Lemma 1.19 we get that_, (¢, 0 (7)) is continuous int

andr. By bounded convergence theorem, using the last formula above, we get that
((hn_1 (t,0 ()))")* is continuous irt and; p > 1, and thus rd-continuous inand-.

Consider now the function
t
u(t) = / hp1(t,o (7))P AT, Vit€[a,bNT.
Clearlyu (a) = 0. Furthermore, by [6, Theorem 1.117], we get
t
ut (t) = / (hat (£,0 (1)) AT + (hyy (0 (£) .0 (1))
at
_ / (A1 (t,0 (7))P)> AT,

Thatis,u (t) is differentiable, hence continuous and therefore rd-continuolis 6mT.
We proceed with a time scales Ostrowski type inequality.
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Theorem 2.5.Let f € C,(T), nis odd,a,b,c € T witha < ¢ < b. Assume that
A (¢)=0,k=1,...,n—1. Then

‘bia/abf(t)At_f(C) <

Proof. By assumptions and Theorem 1.15, we obtain

[Pns1 (@, €) + Py (b, C)]
b—a

175 s g

f@)—fleo)= /t By (t,0 (7)) fA" (1) Ar, Vit €[a,b)NT.

B@) = o [ F08t- 1)

= o [rwar i [rese=5 [go-rest

B2 / () — f ()] At

However we observe that € t < b)

Thus

()~ f (o) < / B (1,0 (7)) | £2 (7)] AT

< (/:hn_< o (7) AT) [V | N

Also whena < t < ¢, we have

[f () = f ()l =

/t s (b0 (7)) £ (1) Ar

< /tc |1 (t, 0 (7)) \fM (r)| AT < (/tc A1 (8,0 (7)) AT) HfAn“oo,[a,b}mr

Sinceh (t,s) =t — s, if t < s, thenh; (t,s) < 0. Then

hg(t,s):/:hl(T,s)AT:—/tshl(T,s)AT:/ts(—hl(T,s))AT20.

That is,hs (t,s) > 0, for anyt, s € T. We continue with{ < s)

t s
hg(t,s):/ hg(T,s)AT:—/ hy (1,5) AT < 0.
s t



10 George A. Anastassiou

Consequently by induction, we obtaih< s)
\hi (¢, 8)] = (=) F hi, (8, 5), ke Ny.
Thushy(t,s) > 0, for anyt,s € T, whenk is even. Therefore whem < ¢t < ¢, we

derive .
10 =51 ([ s 00 ) 7)1 e

By [6, (1.7), (1.8), (1.9)] and [6, Theorem 1.112], we notice tlaat ¢ < b)

/ b (0 (7)) AT = / o (0(7).8) At
= (" [ 01 (7)DA= (1), (0.0) = I (1),
Alsoitholds(a <t <c¢)
(—1)"_1 /tc hp1 (t,o (7)) AT = /tcgn_l (o (7),t) AT
gn (c,t) = (=1)" hy, (¢, ).
So we got thatd < ¢t < b)

1F () = F (@ < ha (2] g

and @ <t <c¢)

F @) = £ < (1" o (8[| 72| g g

Thus we have

E@l < g [[ro- e [1ro-seral

1 n [€
< b_@[(—l) /hn<t,c>At+/ h <tcAt] 175 e g
[y (t,¢) At + By (b, c) n
o Uhn@ O b 0] oy
_ [hnt1 (@, ¢) + By (b, )] HfA"H
b—a 00,[a,bjNT ’
proving the claim. ]

It follows a time scales Hilbert—Pachpatte type inequality.
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Theorem 2.6.Lete > 0,i = 1,2; f; € C7,(T,), n is odd, with f2" (a;) = 0, k =

0,1,...,n—1; a; < b;; a;,b; € T;, time scale. Let alsp, g > 1 such that- + — = 1.

Call " P
F(t) = / WD (ty, 00 (1)) Ay,

ai

forall t; € [a;, 0] N'Ty, and

to
G (ts) = / WD (b, 05 (12))7 Ay,
az
for all t5 € [ag, by] N Ty (Wherehﬁf),l, o the corresponding:,,_1, o to T;, i = 1,2).
Here o; is continuous andafj)_l (t;,s;) jointly continuous int;,s; € T;. We further
assume that

fa (t2)]

b
/\(tl):/a2 <€+F(tl)+%)m

q

is an rd-continuous function ofi;. Then

/bl/b2 |f1 (t0)] | f2 (t2)] At At
Eb) <t2>> e

by % bo %

< by —ar) (bs— an) (/ \fl"m)\qml) (/ ’fzn(ﬁ)’pAﬁ)

(above double time scales integration is considered in the natural iterative way).
Proof. Sinceffk (a;) =0,k=0,1,...,n—1;i= 1,2, by Theorem 1.15 we get

fi(ti) = / W)y (i, o0 (1) f2" () AT,

Vt; € [a;, b;] N'T;, wherea;, b; € T;. Hence

pion = ([ 4mran) ([ o)
= F(t) (/ Fimt Tl)\qAﬁ)é,

s = ([ moorsn) ([ 1 orsn)

_ G(t2é</ I 72)|pA72>p

and
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Young's inequality fora, b > 0 says that

S

11
arbs < — + —.

AT
[

Therefore we have

[ ()] | f2 (£2)]

<F ) Gt) (/ 7 n)!qAn);(/a:2|f2”<72>|”m?)’1’

1 =

(s ([ ) ([orn)

The last givesd > 0)

([ o) ([ s

forall t; € [a;, ;] N'T;, i = 1,2. Next we observe that

/bl/ |f1 ()] | fa (t2)] NN
az €+ F(tl G(t2)> ! 2

q

< ( \fl Tl)’qATl);Ah) </b (/:\ff(@)\pmg);mz)
(.

( ‘fl T1>‘QA7'1) Atl) ' (bl — al)% X

g (/(IQ (/a,j ke (TmpAT?) At2); (by — ay)
(/b (/b 7 <Tl>|qAﬁ) At1>i by an)

IN

Q=

3=

< X
x (/ (/ 112" ()| AT2) Atz) (b2 — az)e
by 3 by 5
— (bl — al) (bg — (12) (/ ‘fl " (Tl)‘qATl) (/ ‘f2 " (7-2)‘}7 ATQ) s
proving the claim. O

Based on Corollary 1.17 we get the following results. First we present a generalized
time scales Poincartype inequality.
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Proposition 2.7. Let f € C7,(T), m,n € N,m < n,n —misodd,a,b € T; a < b,
.11 m .
p,q > 1 satisfy— + — = 1. Assumngk+ (a)=0,k=0,1,...,n—m— 1. Herec is
p q

continuous and.,,_,,,_1 (t, s) jointly continuous. Then
b
|17 o) a

< (/ab (/at | (t,U(T))pAT)ZAt) (/ab |2 (T)‘qAT> .

Proof. As in Theorem 2.1. O
It follows a generalized time scales Sobolev type inequality.

Proposition 2.8. Here all terms and assumptions are as in Proposition 2.7.rLet1.

Then ) L
1527, < ( [ ([t to ey ar) At)r 1),

Proof. As in Theorem 2.2. O
Next comes a generalized time scales Opial type inequality.

Proposition 2.9. Let f € C, (T), m,n € N,m < n,n—misodd,a,b € T; a < b;

.11 m n

p.q > 1satisfy— + = = 1. Assumg™ " (a) =0,k =0,1,...,n—1, and that| 2|
p g

is increasing onja,b] N T. Hereos is continuous and.,_,,_; (¢, s) jointly continuous.
Then

/ A" 0] 1757 (1)] At

<(h—a) (/b (/t B (50 (7)) AT) At)é (/b (F2" (1) At)q.

Proof. As in Theorem 2.3. O]
We continue with a generalized Ostrowski type inequality over time scales.

Proposition 2.10. Let f € C7, (T), m,n € N, m < n,n —m is odd,a, b, c € T with
a<c<b Assumethaf® ™ (¢)=0,k=1,...,n—m— 1. Then

1 b | , Ryt (D, n
o [ o) g e 0 R Q0 ey

,a,b)NT *
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Proof. As in Theorem 2.5. O
We finish with the generalized Hilbert—Pachpatte type inequality on time scales.

Proposition 2.11. Lete > 0,7 = 1,2; f; € C;(T;), m,n € N, m < n,n —m s odd,
with fﬁ“m (a;) =0,k=0,1,....n—m —1; a; < b;; a;,b; € T;, time scale. Let also

.1 1
p,q > 1 satisfy— + — = 1. Call
p q

t1
Fe (1) = / WYt o (7)) Ar,

al

for all t] € [a1, bl] NTy, and
to
G (t5) = / WD (ts, 00 (7)) Ara,

for all t, € [ag, by] N Ty (Wherehn - ., o the corresponding,,_,,,_1, o to T;, i =
1,2). Hereo; is continuous andzn m_1 (ti, s;) jointly continuous int;, s; € T,. We
further assume that

vy [ )
! az <5+F(t1)+G*(t2)>

q

is an rd-continuous function dfi;. Then

/bl /b2 ‘fAm tl ‘fQ m t2 |At1At2
i) 4 G ))
1

< (by — a1) (by — a») </b I (ﬁ)\qﬁﬁ); </b 2" (72)‘%72)?

Proof. As in Theorem 2.6. O

3 Applications
We need the following remark.

k
Remark3.1(see [6]). i) WhenT = R, thenhy (t,s) = % VEk e NyV
, !

ts € R, ot t/f At—/f()dt,fA(t)—f’(t),fM_f(k)

rd-continuous corresponds focontinuous.
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(k)
. t—
i) WhenT = Z, hy (t,s) = % VkeNy,Vts € Z, wheret® = 1,
k—1 )
t =JJt—i)forkeN,o(t)=t+1,
1=0

b b—1
/ FOA =S Ft), a<b

AU =ft+1)—f)=Af(),

k

Po=a70=3 () )0 rer.

=0
rd-continuousf corresponds to any.
Next we present a Poindamequality.

.11
Corollary 3.2. Letf € C"(R),n € N, a,b € R; a < b; p,q > 1 satisfy— + — = 1.
P 4q
Assumef®) (a) =0,k =0,1,...,n — 1. Then

/ab\f(t)\thg ((n_l)!)q(]()b(;iz)l" o (/ £ (1)) dt) 3.1)

Proof. Based on Theorem 2.1 and Remark 3.1 (). ]

A discrete Poincdrinequality follows.

. .11
Corollary 3.3. Letf : Z — R, nisodd,a,b € Z;a < b, p,q > 1 satlsfyls + p = 1.
AssumeN*f (a) =0,k =0,1,...,n— 1. Then

jz;f(t)um<bi(ti((t7 1y 1))) )(Zm )

t=a T=a

Proof. Based on Theorem 2.1 and Remark 3.1 (ii). ]
A Sobolev inequality is presented next.

Corollary 3.4. All as in Corollary 3.2. Let > 1. Then

(/abu(t)rdtf
< (b— a>(2;+(;+i) >; (/b o o dt>é

(n—1)!'"((n—1)p+1) 1—1—%)7‘—#1




16 George A. Anastassiou

Proof. Based on Theorem 2.2 and Remark 3.1 (i). O
A discrete Sobolev inequality follows.

Corollary 3.5. All as in Corollary 3.3 and let > 1. Then

(ij J <t>|7")

(B0 r)) (e

-
Q=

t=a T=a

Proof. Based on Theorem 2.2 and Remark 3.1 (ii). O]

An Opial inequality follows.

.11
Corollary 3.6. Letf € C"(R),n € N,a,b € R; a < b; p,qg > 1 satlsfy]; + . = 1.
Assumef® (a) =0,k =0,1,...,n — 1, and| f™| is increasing orfa, b]. Then

JRCIOIT

(b— a)"+% ’ (n) 2q z
< T I (t dt) .
(n—D!'[(n=1)p+1)((n—1)p+2)]~ (/ ) >

Proof. Based on Theorem 2.3 and Remark 3.1 (i). ]

A discrete Opial inequality follows.

. 11

Corollary 3.7. Letf : Z — R, nis odd,a,b € Z; a < b; p,q > 1 satisfy— + — = 1.
b q

AssumeN*f (a) =0,k =0,1,...,n — 1, and that|A" f| is increasing or{a, b]. Then

E [f (A" f ()]
(b a)E b1 /t-1 7 s\ /b1 ) . ‘
Sm § E ((t_T_l) > E (A™f(t)) :

t=a T=a

Proof. By Theorem 2.3 and Remark 3.1 (ii). ]

An Ostrowski inequality follows.
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Corollary 3.8. Let f € C"(R), n € N, a,b,c € Rwitha < ¢ < b. Assume that
f®()=0,k=1,...,n—1. Then

1 (c=a)"" +(-0"")
- — < (n) )
b_a/a f(t)dt = f(e) _[ w0t —a) | M s
Proof. Based on Theorem 2.5 and Remark 3.1 (i). ]

A discrete Ostrowski inequality follows.

Corollary 3.9. Letf : Z — R, nis odd,a,b,c € Z witha < ¢ < b. Assume that
AFf(c)=0,k=1,...,n—1. Then

b—1 (n+1) (n+1)
1 (a—c) +(b—2c)
E f@)—f(o)) < A" fll ool -
b_at:a () ( ) (n—i—l)'(b—a) H H Jla,b]
Proof. By Theorem 2.5 and Remark 3.1 (ii). ]

A Hilbert—Pachpatte inequality is next.

Corollary 3.10. Lete > 0,i = 1,2; f; € C"(R), n € N, with f* (a;) = 0, k =
11
0,1,...,n—1; a; <b;; a;,b; € R. Letp,q > 1 satisfy— + — = 1. Call
p q

B 1 (tl . al)p(n—l)—i-l
PO =Gy pm-nrn " el
Gt L )™

(n=1H" (¢(n-1)+1)"
Then

/bl/b2 @) (E)] o
ar Jaz <5+¥+G(m)> 1dis

q

< (b — 1) (bs — a2) (/ d)(/ ”d@);.

Proof. Based on Theorem 2.6 and Remark 3.1 (i). Notice herettya) is a continuous
function on[a4, b;] by bounded convergence theorem. O

A () £ (7)

It follows a discrete Hilbert—Pachpatte inequality.
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Corollary 3.11. Lete > 0,7 = 1,2; fi : Z — R, nis odd, withA*f; (a;) = 0,
.11
k=0,1,....,n—1; a; < b;; a;,b; € Z. Letp,q > 1 satisfy— + — = 1. Call
p q

o m (e

F(t) = (=D , Vi €la, | NZ,
and
D vl (CEE T i)
G (t2) (=D , Vi € lag, b)) NZ
Then
b1—1 ba—1

Z Z |1 ()] | fa (t2)]
ti1=ai1 to=asz < F(;l + G(th)>

bi—1 7 /b1 7
< (by — a1) (b2 — a2) (Z’A fi(m) ) <Z|A fa (12) ) .

T1=a1 T2=0a2

Proof. By Theorem 2.6 and Remark 3.1 (ii). O
Another generalized Poind@amequality is next.

Corollary 3.12. Let f € C" (R), m,n € Nym < n,a,b € R;a < b; p,q > 1 satisfy

1 1
— 4+ = =1. Assumeg**™ (¢) =0,k =0,1,...,n —m — 1. Then
P q

[l a

(b —a)t"—me P
S<<n—m—1>!>Q(p<n—m—1)+1><q—1>(n_m)q(/a | (1) dt).

Proof. By Corollary 3.2,1 +— n —m, f — f™, f& — f&+m)into (3.1). O

A generalized discrete Poin@inequality follows.
Corollary 3.13. Letf : Z — R, m,n € N,m < n,n —misodd,a,b € Z; a < b,
.11
p,q > 1satisfy= + - = 1. Assume\"™ f (a) =0,k =0,1,...,n —m — 1. Then
p q

b—1

dolamf

t=a

=
|
3|~
|
=
=
o
M1
N
M1
N
=
|
\]
|
=
5
3
=
N——
\_/
k]

(i Any W) |

T=a
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Proof. By Corollary 3.3. O
A generalized Sobolev inequality is next.

Corollary 3.14. All as in Corollary 3.12y > 1. Then

</ab,f(m> (t)|”dzf)i

<

1

(b—a) ) (20 )] )"

<<n—m—1+%)r+1);

Proof. By Corollary 3.4. ]

3 =

m—m—-—1)({(n—m-—1)p+1)

A generalized discrete Sobolev inequality follows.

Corollary 3.15. All as in Corollary 3.13; > 1. Then

T

(Z NG (tW)
< ) b-1 [t-1 D AN K ,

t=a T=a
Proof. By Corollary 3.5. ]
A generalized Opial inequality follows.

Corollary 3.16. Let f € C" (R), m,n € N, m < n,a,b € R; a <b; p,q > 1 satisfy

1 1 . .
—+ = =1. Assumg**™ (a) = 0,k = 0,1,...,n —m — 1, and | f"| is increasing

p q
on|a,b]. Then

[ 1 @) 15 ]

(b—ay 5 ([ (5 (1) )"
(n—m—[((n—m—1)p+1)((n—m—1)p+2)]7

<

Proof. By Corollary 3.6. O

A generalized discrete Opial inequality follows.
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Corollary 3.17. Letf : Z — R, m,n € N,m < n,n —m isodd,a,b € Z; a < b;
.11
p,q > 1satisfy- + — = 1. Assume\*""f (a) =0,k =0,1,...,n —m — 1, and that

P q
|A" f| is increasing ofa, b]. Then

Z [A™F ()] [A™f ()]
(b—a)s [ [ IR A= ) ‘
S ] ;(;(@—7—1)( >)> (;(A”f(t)) q) .
Proof. By Corollary 3.7. O

A generalized Ostrowski inequality follows.

Corollary 3.18. Letf € C" (R), m,n € N,m < n,a,b,c € Rwitha < ¢ <b. Assume
that f**™ (¢) =0,k =1,...,n —m — 1. Then

]bfa/bfw (1) dt — £ (c)

(c—a)" ™ 4 (b—c) !
3[( (h—m+ 1) (b—a) SIS fad)”

Proof. By Corollary 3.8. O
A generalized discrete Ostrowski inequality follows.

Corollary 3.19. Letf : Z — R, m,n € N, m < n,n —m is odd,a,b,c € Z with
a < ¢ <b. Assume thah*™™f (¢) =0,k =1,...,n —m — 1. Then

1 b—1

b_a;mf (t) = A™f (c)

<

(a _ C)(nfm+1) + (b . C)(nfm%»l) .
[ ”A f|| Ja,b]

(n—m-+1!(b—a)
Proof. By Corollary 3.9. O
A generalized Hilbert—Pachpatte is next.

Corollary 3.20. Lete > 0,i = 1,2; f; € C" (R), m,n € N, m < n, with f**™ (g;) =
1 1

0,k=0,1,...,.n—m—1; a; < b;; a;,b; € R. Letp,q > 1 satisfy— + — = 1. Call
p q

1 (tl . al)p(n—m—l)—i-l

(n—m-1)Y(pnh-m-1)+1)

F* (tl) = th c [al,bl],
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. B 1 (t2 . a2)q(n—m—1)+1 )
G () = (mn=m—-—1N"(qgn—m—-1)+1) V2 € laz, bo).

Then
b1 bo 1 (tl ‘fQ tQ ’
/ / dt dt
(7 7l 5)
b1 q % b2 P %
< (by — ay) (by — az) (/ d7'1> </ d7'2> )

Proof. By Corollary 3.10. ]

() £ (7o)

It follows a generalized discrete Hilbert—Pachpatte inequality.

Corollary 3.21. Lete > 0,1 =1,2; f; : Z — R, m,n € N, m < n,n —m is odd,
with A¥™ £ (a;) =0,k =0,1,...,n —m —1; a; < b;; a;,b; € Z. Letp, q > 1 satisfy

-+ 1 = 1. Call
P g
. Zf:l;zl ((h - 1)(n7m71)>P
F (tl): ((n—m—l)')p s \V/tl € [al,bl]ﬂZ,
and ,
. 23'22;}12 <(t2 — T9 — 1)(”—m—1)>
G (t2) - ((n—m—l)‘)q s thE [CLQ,bQ]ﬂZ.
Then
bi—1 by—1

[A™ f1 ()| |A™ f5 (t2)]
t1za1 tQZaQ ( F (tl + M)

p q
b —1 7/ ba—1 7
< (by — a1) (b2 — a2) <Z|Af1 1) ) <Z|Af2 ) )
Proof. By Corollary 3.11. O]

Remark3.22 (see [2, 6]). Considerq > 1, ¢* = {¢* : k € Z}, and the time scale
T = ¢ = ¢* U {0}, which is very important in-difference equations. It holds [2, 6]
that
- q’s
S) = -y 4 S,t S T,
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t
U(t):qtv p(t):57 Vt€T7

=1L vier- o
o) = =IO

We give a related-Ostrowski type inequality.

Corollary 3.23. Let f € C™, (qZ>, nis odd,a, b, c € ¢ witha < ¢ < b. Assume that
A ) =0,k=1,...,n—1. Then

b
ARG

n a—q"’c n b—g”c
< Hu:O ZZ:O q* + HZJZO ZZ:O q* AR
= b—a Hf Hoo,[a,b]ﬁqZ ’
Proof. By Theorem 2.5. O]

We finish with a generalizegtOstrowski type inequality.

Corollary 3.24. Let f € C7, (qz>, m,n € Nym <n,n—misodd,a,b,c € qZ with
a<c<b Assumethaf® ™ (¢)=0,k=1,...,n—m— 1. Then

b
o [

n—m a—q’c n—m b—q"c
< [HVO ZZ:OqH +Hll:0 Z;:OqM

b—a HfAn Hoo,[a,b}ﬁqZ ’

Proof. By Corollary 3.23. O

One can give many similar applications for other time scales.
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