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Abstract

In this paper, the semi-ratio-dependent predator-prey system with nonmono-
tonic functional response on time scales is investigated. By using the coincidence
degree theory, sufficient conditions for existence of periodic solutions are obtained.
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1 Introduction

Recently, many researchers have concentrated on semi-ratio-dependent predator-prey
systems with functional responses [4, 8, 10] of the form

#1(t) = 21(8) [ (1) — an(@)ar(t = 7(2))] = () 22(2),

iy(t) = ma(t) [rz(t) . %{g(” | (L1)

where x; and z, denotes the density of the prey and predator, respectively. f(x;) is
the so-called predator functional response to prey, and the density of predator is in pro-
portion to that of the prey. In [4], the simplified Monod—-Haldane function of the form

o CL12(t>I‘ 1
fla) =

m?2 + x3

was considered. Moreover, time delay is usually important to the
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dynamics of differential equations, so we consider the system

. o alg(t)fl)g(t)

1(0) = 1(0)[r0) — an(t)an(e - 1) — 2305,

_ g (t)22(t) (2
a0 = 0 [0 = S

If o(t) = 0, then system (1.2) was investigated in [4]. Motivated by [9], we can ob-
tain the following discrete analogy of system (1.2), which is governed by difference
equations with periodic coefficients:

aiz(n)a2(n) } ’

r1(n+ 1) = z1(n) exp {ﬁ(n) —an(n)ri(n —7(n)) — m? + 22(n)

a1 (n)x2(n) } '

z1(n — o(n))

(1.3)
zo(n + 1) = xa(n) exp {TQ(n) -

As we know, it is similar to explore the existence of periodic solutions for (1.2) and
(1.3) in the approaches, the methods and the main results. So it is unnecessary to study
the periodic solutions in separate ways. By using the theory of time scales, which was
first proposed by Stefan Hilger [7], we can unify the existence of periodic solutions of
population dynamics modeled by differential equations and difference equations. For
this reason, we consider the system of dynamic equations on time scales

19 (t) ev? ®)

A _ uy (t—7(t))
£) = ri(t) — an (t)e™ -
u ) = ra(t) — an(t)e el -

a921 (t)e“Q(t)
w (t) = ralt) — ~

where 71 (t), 73(t), a11(t), a12(t), and ag (t) are rd-continuous positive w-periodic func-
tions on time scales T. Set y;(t) = e“® i =1,2. If T = Rand T = Z, then system
(1.4) can be derived to (1.2) and (1.3) respectively. The primary aim of this paper is to
explore the existence of periodic solutions for dynamics equations on time scales. The
approach is based on the coincidence degree theory, such as [1,2,5].

The remainder of this paper is organized as follows. In the following section, some
preliminary results about calculus on time scales and continuation theorem are stated.
The existence of periodic solutions for system (1.4) is established in Section 3.

2 Preliminaries

For convenience, we first present some basic definitions and lemmas about time scales
and the continuation theorem of the coincidence degree theory; more details can be
found in [3,6]. A time scale T is an arbitrary nonempty closed subset of real numbers
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R. Throughout this paper, we assume that the time scale T is unbounded above and

below, such as R, Z and U [2k, 2k + 1]. The following definitions and lemmas about

' keZ
time scales are from [3].

Definition 2.1. The forward jump operator ¢ : T — T, the backward jump operator
p: T — T, and the graininess x : T — R™ = [0, +-00) are defined, respectively, by

o(t):=inf{seT:s>t}, pt):=sup{seT:s<t}, ut)=o(t)—t.

If o(t) = t, then ¢ is called right-dense (otherwise: right-scattered), and if p(t) = ¢, then
t is called left-dense (otherwise: left-scattered).

Definition 2.2. Assume f : T — R is a function and let t € T. Then we define f*(t)
to be the number (provided it exists) with the property that given any € > 0, there is a
neighborhood U of ¢ such that

1f(a(t) — f(s) — fA(t)(o(t) — s)| < elo(t) —s| foralls € U.

In this case, f(t) is called the delta (or Hilger) derivative of f at t. Moreover, f is
said to be delta or Hilger differentiable on T if f*(t) exists for all £ € T. A function
F : T — R is called an antiderivative of f : T — R provided F~(t) = f(t) for all
t € T. Then we define

/s f(t)At = F(s) — F(r) forr,seT.

Definition 2.3. A function f : T — R is said to be rd-continuous if it is continuous
at right-dense points in T and its left-sided limits exist (finite) at left-dense points in T.
The set of rd-continuous functions f : T — R will be denoted by Cq(T).

Lemma 2.4. Every rd-continuous function has an antiderivative.

Lemma 2.5. Ifa,b € T, o, 5 € Rand f,g € C.q(T), then

(a)/af + By(t At—a/f AH—ﬁ/

b
(b) if f(t) > 0foralla <t <b, then/ f(t)At > 0;

© if|f@) <g(t)onla,b) :={t€T:a<t<b} then

/ bf(t)At‘ < [

Lemma 2.6 (see [1]). Letti, to € I, andt € T. If g : T — R is w-periodic, then

k+w k+w
g(t) < gt) + / P$)As and glt) > glta) - / 195 (s)|As.



276 Kejun Zhuang

For simplicity, we use the following notations throughout this paper. Let T be w-
periodic, thatis t € T implies t + w € T,

k=min{R*NT}, I,=[kk+w]NT, g¢~= inf (t),
€

o - 1 1 k+w
g =supg(t), g=— [ g(s)As=— g9(s)As,
1, k

teT W w

where g € C.q(T) is an w-periodic real function, i.e., g(t + w) = g(¢) for all t € T.

Now, we introduce some concepts and a useful result from [6]. Let X, Z be normed
vector spaces, L : DomL C X — Z be a linear mapping, N : X — Z be a
continuous mapping. The mapping L will be called a Fredholm mapping of index
zero if dimker L = codimIm L < +oo and Im L is closed in Z. If L is a Fred-
holm mapping of index zero and there exist continuous projections P : X — X and
Q : Z — Zsuch that Im P = ker L, Im L = ker @ = Im(I — @), then it follows that
L|Dom LNker P: (I — P)X — Im L is invertible. We denote the inverse of that map
by Kp. If 2 is an open bounded subset of X, the mapping /N will be called L-compact
on Q if QN (Q) is bounded and Kp(I — Q)N : Q@ — X is compact. Since Im Q) is
isomorphic to ker L, there exists an isomorphism J : Im ) — ker L.

Next, we state Mawhin’s continuation theorem, which is a main tool in the proof of
our theorem.

Lemma 2.7. Let L be a Fredholm mapping of index zero and N be L-compact on ).
Suppose

(a) foreach A € (0,1), every solution u of Lu = ANw is such that u ¢ 0S);

(b) QNu # 0 for each u € 02 N ker L and the Brouwer degree deg{JQN,{ N
ker L,0} # 0.

Then the operator equation Lu = Nu has at least one solution lying in Dom L N ().

3 Existence of Periodic Solutions

Theorem 3.1. If the assumption

flmz — d12€M2 >0

holds, where My = In _T27_ﬂl +2w(7+72), then system (1.4) has at least one w-periodic
(21011

solution.

Proof. Let

X=7= {(Ul,UQ)T € C(T,RQ) : Ul(t—i—W) = Ul(t), 1= 1,2,Vt S T},

2
| (ug, uz)?|| = Z_;rtréz}zdul(t)], (uy,uz)’ € X (orin Z2).
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Then X and Z are both Banach spaces when they are endowed with the above norm

|| - |- Let
wtry  G12(t)e">7]
ARG I . ni(t) —an()e 2 4 ed O
Uz N2 " agl(t)e”2(t) ’
r2(t) — i i
1 k+w 7
uy UlA uy uy ;/ Ul(t)At
LuzzuA’PuzzQuzzlkkw
2 ~ ug () At
W Jk J
Obviously,

kerL:{(ul,'uQ e X ( () UQ( ))T:(hl,hg)TERz,tET},
ImL = {(u,us)" € Z: 1y =y =0,t € T},
dimker L = 2 = codimIm L.

Since Im L is closed in Z, L is a Fredholm mapping of index zero. It is easy to show
that P and () are continuous projections such that Im P = ker L and Im L = ker ) =
Im(I — Q). Furthermore, the generalized inverse (of L) Kp : Im L — ker P N Dom L
exists and is given by

t 1 k+w t
" / u1(s)As — —/ / uy(s)AsAt
KP[ 1} = ky Cf kkz+w ki
/ us(s)As — —/ / us(s)AsAt
k w Jk k

Thus
k+w us(t
1 / () — agy (et _ G20
ON Uy w Sy m2 + e (®)
Us - 1 k+w a21 uz(t) A
; - eult oy ) 2
and

k4w t
/ / uy(s)AsAt — (t — k-
k k
k4w t
/ / us(s)AsAL — (t — k-
k k
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Clearly, QN and Kp(I—Q)N are continuous. According to the Arzela—Ascoli theorem,
it is not difficult to show that Kp(I — Q)N () is compact for any open bounded set
Q) C X and QN (Q) is bounded. Thus, N is L-compact on ).

Now, we shall search an appropriate open bounded subset (2 for the application of
the continuation theorem, Lemma 2.7. For the operator equation Lu = ANwu, where

AE (O, 1)’ we have
A a t 8ug(t)
U (t) =A (Tl (t) - all(t)eul(t (1) _ L) ,

m?2 + e*i(®)
A . a921 (t)@uQ(t)
uy (t) = A (7‘2“) Tl )

3.1

Assume that (uy,uz)” € X is a solution of system (3.1) for a certain A € (0, 1). Inte-
grating (3.1) on both sides from £ to k 4+ w, we obtain

k+w uz(t)
t 2
Gaft)e™ At

m?2 + Gu%(t) 7 (32)

k4w
W :/ an(t)eul(t_T(t))At—l—/
k

k
k+w ua(t)
£ ez
Tow = / —a21( Je At.
k

cur(i—o(0))
Since (u1,us)” € X, there exist &,n; € [k, k + w], i = 1,2, such that

u;(§) = min }{ui(t)}, uwi(n;) = max {u(t)}, 1=1,2. (3.3)

telk,k+w telk,k+w]
From (3.1) and (3.2), we have

k+w k+w k+w ua(t)
t 2
/k |u1A(t)‘ At < Mw —I—/k ary (t)er ETIAL 4 / %At = 2w,

E m2 + eut(t)
k4w k4w ua(t)
A _ agl(t)e 2 o=
/k ‘UQ (t)‘ At < Tow +/k =) At = 2Fyw.

From the first equation of (3.2) and (3.3), we have
rw > dnweul(&)

and

/]7
ul(gl) < hli—l =: ll,
an

thus,

k+w =
ur(t) < ui(&) +/ luf (t)|At < ln;—l + 27w =: M;.
k 11

On the other hand, from the second equation of (3.2) and (3.3), we have

et2(£2)

_ > G
ToW =~ Q21W eMl
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and

—~ M
U2<§2) S ln 7“276 = 12,
a21
SO,
k4w 7 My
A 2€ _
us(t) < uz(&2) +/ lug (1)|At < In - + 27w =: M.
k 21
By the first equation of (3.2) and (3.3),
eM2
Flw S C_Lllwe“l(m) + C_ngu) 5
m
and ) Iy
v - 2
ur(m) > In nm a1226 =: Ly,
aipm
so we have
k4w — 9 =M,
w () > un(m) —/ O et Sy VA T
k aim
From the second equation of (3.2) and (3.3), we have
’Fgw S dglweuz(”Q)_M3
and u
D 3
uz(m2) > In r2_e =: Ly,
21
thus,
ktw f26M3
us(t) > ua() — / A (0] AF > In 297 or, = M,
k a21
So, we have

< M|, |Ms|} = R
tef[ﬁiliiw]ml(ﬂ_maxﬂ 1], [Ms[} 1

max fuy ()] < max{|Myl, | M|} =: Ry.
telk,k+w]

Clearly, R, and R, are independent of \. Let R = Ry + Ry + Ry, where R, is taken
sufficiently large such that Ry > [l1|+ |l2|+|L1|+ |L2|. Now, we consider the algebraic
equations

@126y

= =

7 —ane —————= =10

oo m?+ e (3.4)
Ty — dzley_x =0.

Every solution (z*, )" of (3.4) satisfies ||(z*,3*)”|| < R. Now, we define

Q= {(u(t), u2(t))" € X, [[(ua(t), u2(t))" || < R}.
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Then it is clear that €2 verifies the requirement (a) of Lemma 2.7. If
(uy(t), us(t))” € 00 Nker L = 0Q N R,

then (uy(t), ux(t))” is a constant vector in R? with || (uy (t), uz(t))”]| = |us| + |ua| = R,
so we have
U1l 0
o fi] # o)

By direct computation, we can obtain deg(JQN,Q2 Nker L,0) = 1 # 0. By now, we
have verified that €2 fulfills all requirements 9f Lemma 2.7; therefore, system (1.4) has
at least one w-periodic solution in Dom L N 2. The proof is complete. [l

Remark 3.2. If T = R, then system (1.2) is the special case of (1.4). So our result is
more general than that of [4]. Further, If T = Z, then the existence of periodic solution
for system (1.3) is established.

Remark 3.3. By Theorem 3.1, we know that system (1.4) has at least one periodic so-
lution with the same period as the parameters under certain condition. Besides, time
delays do not change the periodicity of the dynamic equations.
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