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Abstract

In this paper sufficient conditions are obtained for oscillation of a class of fourth
order nonlinear mixed neutral difference equations of the form

A? (jn) (A% (y(n) + p(n)y(n — m>>)a)

= q(n)f(y(n — o1)) +r(n)g(y(n + 02)),

where f,g € C(R,R) such that zf(z) > 0, zg(z) > 0 for x # 0, and « is
the ratio of odd positive integers. This problem is studied under various ranges of

p(n).

AMS Subject Classifications: 39A10, 39A12.
Keywords: Oscillation, nonoscillation, nonlinear, neutral.
1 Introduction

In [9, 10], the author has considered a class of nonlinear fourth order difference equa-
tions of the form

A? (r(n)A% (y(n) + p(n)y(n —m))) + q(n)G(y(n — k)) =0 (1.1)

and studied the oscillatory and asymptotic behaviour of solutions under the assumptions

Zm:oo, Zm<0®

n=0 n=0

Received September 24, 2008; Accepted March 23, 2009
Communicated by Allan Peterson



254 A. K. Tripathy

It is observed that the associated forced equation

A2 (r(n) A% (y(n) + p(n)y(n — m)) + g()Cly(n — k)) = f(n)

is oscillatory but not the unforced equation (1.1) for various ranges of p(n). This is due
to the analysis incorporated there. However, the study of (1.1) is still under progress, as
well as the investigation of the oscillatory results. For recent contributions in this area,
we refer the reader to [2—4, 7, 8] and the references cited therein.

Agarwal et al [5] has studied the fourth order nonlinear difference equation of the
form .

132(5Z55(A?$Uﬂ)a) = q(n)f(x(a1(n))) + r(n)g(z(o2(n))), (1.2)

where f,g € C(R,R) such that zf(z) > 0, zg(z) > 0, f'(x) > 0, ¢'(z) > 0,
o1(n) < n, o2(n) > nforn € Ny = {ng,no + 1,---}, and « is the quotient of odd
positive integers. They have obtained some oscillation criteria for (1.2).

The prime interest of the present work is to study the oscillatory behaviour of so-
lutions of a class of nonlinear neutral delay difference equations of fourth order of the
form

8% (s (82 () + plytn 7))
= q(n)f(y(n —o1)) +r(n)g(y(n + 02)), (1.3)

where A is the forward difference operator defined by Ay(n) = y(n + 1) — y(n),
a, p,q and r are real-valued functions defined on Ny such that 7(n) > 0, ¢(n) > 0, and
r(n) > 0foralln € Ny, f,g € C(R,R) such that z f(x) > 0, zg(x) > 0 for z # 0, «
is the ratio of odd positive integers, and 7, o; and o, are positive constants.

Equation (1.2) is a particular case of (1.3) subject to the range of p(n). Hence the
study of (1.3) is more interesting. Indeed, (1.3) can similarly be viewed as

8% (s (82 () + plytn 7))
= )yl — 01)) — r(m)g(yln + 02)). (14

It is predicted that the study of oscillatory and asymptotic behaviour of solutions of
(1.3) and (1.4) is more or less similar. Interestingly, (1.1) is a particular case of (1.3) or
(1.4). But unlike the analysis in [9, 10], an attempt is made here to study the oscillatory
behaviour of solutions of (1.3).

By a solution of (1.3) we mean a real-valued function y(n) satisfying (1.3) for all
large n > ny € Ny. A nontrivial solution y(n) of (1.3) is said to be nonoscillatory if it
is either eventually positive or eventually negative; otherwise it is oscillatory. Equation
(1.3) is said to be oscillatory if all its solutions are oscillatory.
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2 Oscillation Results

We define the operators

Loz(n) = z(n), Liz(n) = ALyz(n), Lez(n)=——=(ALiz(n))%,

L3z(n) = ALsz(n) and Lyz(n) = ALg(z()n),
where z(n) = y(n) + p(n)y(n — 7). Thus (1.3) becomes

Laz(n) = q(n) f(y(n — 01)) + r(n)g(y(n + 02)). (2.1)
For our use in the sequel, we assume the following conditions:
Hy) f(uv) > f(u)f(v), g(uv) > g(u)g(v) for u,v > 0 and u,v € R,
(Ha) f(—u) = —f(u), g(—u) = —g(u) forall u € R,
(H3) there exist A > 0, p > 0 such that

fuw) + f(v) = Af(u+wv) and  g(u) +g(v) = pg(u+v)

forallu > 0,v > 0and u,v € R,

(Hy) Q(n) = min{g(n), g(n —7)}, R(n) = min{r(n), r(n —7)},n > 7,

(H;) Z ) = o0

1

k—1
. 1+ f(b)
H;) limsu fIB(j —o1,n1)] > ,
(H7) k_mpj kzgl [B(j — 01,m1)] e
k+oo—1
1+ g(b)
(Hg) limsu + 09,k + 09)| >
s k:—>oop jzk (j ? 2)] /’LﬂQ
k—1
. 1+ f(b)
Hg) limsu flC(k — 01,7 —01)] > ,
(Ho) IHOOP];UI [C( 1,J —0o1)] G,
k+o2—1 1
(Hyo) limsup Z [A(j + 02,k 4 02)] > 3y’
k—oo 2

=k
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k—1 1

(Hyy) limsup Z [B(j —o1,n1)] > —,
k—oo j=k—o1 ﬁl
k-1 ]
(Hi2) limsup Z [C(k =01, —01)] > —,
k—o0 j=k—o1 ﬁl
k-1
. . . 1
(Hy3) limsup Z q ) fIDk+T—01—1,j+7—01—1)] > —=,7 < 01,
k—o0 j=htr—o—1 51f(3)
s (u ga(u
(H14)f()>53 5)254>0,U750,
k+oo—1t3—1 to—11t1—1 1
(1+g(b))=
(Hys) hmsup Z Z [ to) ZZR f( ) ,
=k to= t1=k t=k e By

1

)a _ (L fO)s

1 2

e 35

k—oo —k

(Hyg) limsup B[k — 7,n4] (Z Qs

Q=

k=1 h— k=1 k-1 s
(Hi7) hmsup Z [ t2) Q(s ] > M,
t3 t

k=00 =k—o01 t2= 1=tg s=t1 )\aﬂS

n4+oo—1t3—1 to—1t1—1 i 1
(Hyg) limsup Z Z (a(tg) Z Zr(t)) > R
4
ta=n ta=n

n—oo
ti=n t=n

N————
Q=
\Y
5|~

(Hig) limsup Bln — o1, n4] (Z q(s)

n—oo
s=n

1
n—1 n—1 n—1 n—1
(Hy) limsup > >~ [a ty) q(s ]
t

N0 pamn—0q to=t3 1=tg s=t1

n—oo

-1 1 !
(Hsp) limsup D[n,n — o] (Z q(t)) > E,
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where

Alk,m] =

B[k, nl] =

Clk,m] =

Dlk,m| =

Theorem 2.1. Let 0 < p(n) < b < oco. If (Hy)—(Hy) hold, then (1.3) is oscillatory.

k—2

D (k= L—1)(C—m)

{=m
—2

S (k== 1)(k+1—O)=az(0),

l=n1

k—1 -
d (U=m+1)(k+1—0)wax(0),
=
k—

> (k+1—0)=az (0).

ax (1),

Qlm

e

= 3

257

Proof. Suppose to the contrary that y(n) is a nonoscillatory solution of (1.3) for n > ny.
Without loss of generality we may assume that y(n) > 0 for n > ng due to (Hy).
Ultimately, it follows from (2.1) that L,z(n) > 0 eventually and hence L;z(n), i =
1,2, 3 are eventually of one sign. In what follows, we shall consider the following three

cases:

(@) L;z(n) >0,i=1,2,3forn > ny; > ng+ max{r, o1},

(b) Liz(n) >0,i=1,2, L3z(n) < 0forn > ny,

(©) (=1)'Liz(n) > 0,i=1,2,3forn > ny.

Case (a). Assume that L;z(n) > 0,7 =1,2,3 forn > ny. Thenfor { > m + 1 >

TL1—|—1,

LQZ([ LQZ

implies that

Zng (¢ —m)Lsz(m)

Loz(0) > (€ — m)Lsz(m),

that is,

1 1

A2z(0) > (0 — m)=a= (0)Lg z(m).

(2.2)
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Using the discrete Taylor formula [1], z(n) can be written for k£ > ny + 2 as

2(k) = z(nl)+(k—n1)Az(n1)+;:ZQ(k—€—1)A2z(€)
> () + (k — m)Az(n) +:f<k =)= m)*at (0L 2(m)
> ;fuf—e—1><e—m>iai<e>L§z<m>
> :g(k—f—1><€—m>iaé<E>L§z<m>

= Alk,m|Ls z(m),
where k > m + 2 > ny 4 2. Consequently,
1
2(j+o09) > Alj + o9, k+0o|Lsz(k+03), j+os>k+0oa+2>n1+2. (2.3)
From (2.1), it follows that

Lyz(n) > r(n)g(y(n + o2))

and thus
Lyz(n) + g(b)Laz(n —7) = r(n)g(y(n+02)) +r(n—71)9(y(n — 7+ 02))g(b)
> R(n)[g(y(n+02)) + g(b)g(y(n — 7 + 02))]
> R(n)g(y(n+02)) + g(by(n — 7 + 02))]
> pR(n)g(y(n+ o2) +by(n+ o9 — 7))
> pR(n)g(z(n+ 02)),

where z(n + 02) < y(n + 02) + by(n + o2 — 7). Hence using (2.3),

Lyz(j) +9(0)Laz(j —7) = pR(j)g(2(j + 02))
> pR()g [AG + o2k + o) L5 2(k + )]

WR()g [AG + 03,k + 02)] g [L§ 2k + o)

v

due to (H;), (H3) and (H,). Summing the last inequality from % to k + 05 — 1, we get

Lsz(k + 02) — Laz(k) + g(b) Laz(k + 09 — 7) — g(b) Lzz(k — 7)
L k+o2—1
> g | L=k +02)] D2 RG)9IAG + 00k + )]

<
Il
ol
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that is,

Lsz(k + 02) + g(b)Lsz(k + 092 — 7)
1
[Lg [Lg z(k + 02)] =k

Since L3z(n) is nondecreasing, the last inequality becomes

k+o2—1
1+g@)-%§k+®) > S R()GIAG + 02,k + 02)]. 24)
2 g |:L§‘Z(k’+0'2)} j=k

Using (Hg), the inequality (2.4) can be written as

k+o2—1
Z R(])Q [A(j‘f‘dg,k—{—o'Q)] < 1+g(b)
=k B2

which is a contradiction to our hypothesis (Hg).
Case (b). Let L;z(n) > 0, = 1,2 and L3z(n) < 0 for n > ny. Then for k + 1 >
¢ > ny, we have

k
Loz(k + 1) — Lyz(0) = Y _ Lzz(j),
j=t
that is,
Loz(0) > (k41— £)(—Lsz(k)).

Hence 1
A2%(0) > (k+1— Owas () (—Lg 2(k)).

Applying Taylor’s formula to z(¢), we obtain for k > n; + 2

A(k) > i(zf — - 1A% (0)
> (—Lgéz(k)) Z_:(k Dk +1— O)raz(0)
f=nq
— B[k, <—L§z(k)> ,
and hence
2(j — 01) > BJj — o1, m1] [—Léz(j —o)|, Jmezmt2 @5

Since (2.1) can be reduced to

Lyz(n) = q(n) f(y(n — 01)),
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by Case (a), we obtain
Lyz(n) 4+ f(b)Lyz(n — 1) > AQ(n) f(z(n — 01)) (2.6)
due to (H;), (Hs) and (H4). Consequently,
Liz() + F0)La2( = 7) 2 NQU)S [BG — o m)] f [-L5 2() — )

due to (2.5). Proceeding as in Case (a), we obtain a contradiction to our hypothesis (H7).
Case (c). Using the fact that L3z(n) < 0, we obtained from Case (b) that

A2(0) > (k+1—0)%as(0) (—Léz(k)), k4+1>0>n.

Using the discrete Taylor formula for z(m) for k — 1 > m > ny, it is easy to verify that

e

-1

z(m) > (0 +1—m)A%z(0)

T
3
Ea

L) S —m) k41— )

= Clk, m] (—L%z(k)), k—1>m>n,.

Q\H

v

a= (0)

I
.3

Hence
2(j —o1) > Clk — 01,7 — 01 [—ng(k—al)} . k—o1—1>j—01>n.
Using the same type of reasoning as in Case (b), we find

Lyz(j) + f(b) Laz(j — 7) 2 AQ() f[C(k — 01,5 —01)] f [—L§Z(k - 01)]

fork — oy — 1 > 5 — 01 > ny. Therefore

Z [Laz(G) + f(0) Laz(j — 7)]

Jj=k—o1
k—1
>N [-Lizti—on)] S QUIFICUH— o1 — o).
j=k—o1
The rest of the proof follows from Case (a). Il

Theorem 2.2. Let —oo < —b < p(n) < 0and b > 0. If (Hy), (H), (Hs), (Hg) and
(H10)—(H43) hold, then every solution of (1.3) oscillates.
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Proof. Let y(n) be a nonoscillatory solution of (1.3) such that y(n) > 0 for n > nj.
Proceeding as in the proof of the Theorem 2.1, we have three Cases (a), (b) and (c).
Further, from the said cases, it follows that z(n) is monotonic. Hence z(n) > 0 or
z(n) < 0forn > ny > ng + max{r, o, }. Suppose the former holds. In what follows
we shall consider Cases (a), (b) and (c).

Using the same type of reasoning as in Case (a) of Theorem 2.1, we get the inequality
(2.3). From (2.1), it follows that Lsz(n) > r(n)g(y(n + o2)) and hence

Lyz(n) = r(n)g(z(n + 03)),
where 2(n) = y(n) + p(n)y(n — 7) < y(n). Consequently,
Liz(j) > 1()g [AG + 0o+ 02) L5 2k + )|
> ()9 [AG + 02k + o)) g [Li 2(k + )]

due to the inequality (2.3). Summing the last inequality from k to k£ + 0, — 1, we obtain

1 k+o9—1
Lyz(k+02) = Lyz(k) > g [Li 2k + 02)| D r(7)g[AG + 02,k + )],
=k
that is,
k+o9—1
. ‘ Lyz(k+o 1
r(5)g[A(J + o9,k + 09)] < ?f 2) <3
j=k g [Lg‘ z(k + 02)] 2

a contradiction to (H;(). Case (b) and Case (c) can similarly be dealt with.
Assume that the later holds. Then z(n) > —by(n — 7) implies that y(n — oy) >

b
cases. It is easy to verify that Cases (a) and (b) imply that z(n) > 0, for n > no, a
contradiction. Hence Case (c) is the desired case. Since Lsz(n) < 0, we have

1
(——) z(n+7 —0y), forn > ny > ny. Here also we consider the above three possible

A22(0) > (k+1— O)Fas(0) (—Léz(k)), k41> 0> ny,

that is,
k—1 k—1 o
S A% > ( )Zk+1—€5 2(0).
l=m {=m

Consequently,

“Az(m) > —Az(m) + Az(k) > Dlk,m] (—Léz(k))
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implies that
—2(m+1) > —2(m+1) + 2(m) > D[k, m] (—Léz(k)) . @.7)
Substituting k +7 — oy — 1 and j + 7 — 07 — 1 for k and m respectively in (2.7), we get
—z(j+T1—01) > (—L;Z(k—l—T—O‘l—l)) Dk+1—01—1,j4+7—07—1].
From (2.1), it follows that

Lyz(j) > q(5)f(y(G — 01))

> aif (~3 7o)
> q(j)f H(—L§z<k+7—al—1>)D<k+r—al—1,j+f—al—1>]
> q(j)f(%)f(—Lgl‘z(k:—i-T—al—1)>f[D(k+T—01—1,j+7—01—1)].

Summing both sides of the above inequality from & + 7 — 03 — 1 to k — 1, we have

Lsz(k) — Lsz(k+717—01—1)> f (%) f (—Léz(k +7—01— 1)) X
k—1

X Z q)fIDk+717—01—1,j+7—01—1)],

j=ktr—o1—1
that is,
—Lsz(k+17—01—1)
F(—Liz(k+7— o — 1))

sz) S 4Dk AT~ LT - 1))

j=k4+717—01—1
Hence
k—1 1
lim sup Z qNfIDk+1—01—1,j+7—01—1)] < =,
k=00 k11 Bif(3)
a contradiction to our hypothesis (H;3). This completes the proof. O

Theorem 2.3. Let 0 < p(n) < b < oo and o1 < 7. If (H\)—(Hs) and (H,4)—(H,7) hold,
then (1.3) is oscillatory.
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Proof. Let y(n) be a nonoscillatory solution of (1.3) such that y(n) > 0 for n > ny. It
follows from (2.1) that L,z(n) > 0 for n > ny > ng + max{7,0;}. Consequently,
we have three cases as in Theorem 2.1. Assume that Case (a) holds. Summing the
inequality

Lyz(n) + g(b)Laz(n — 7) = pR(n)g(z(n + 02))
from ktot; — 1fort; — 1 > k > ny, we get

t1—1

Lyz(th) + g(0)Lsz(tr —7) > Y R(D)g((t + 03))

> pug(z(k +02)) > R(t)

due to L3z(n) > 0and since z(n) is nondecreasing. Hence forto—1 > t;1—1 > k > ny,
the last inequality yields

ta—1 ta—1 t1—1
Z [Lsz(t1) + g(b)Lsz(t; — 7)) > p Z z(k + 09) Z R(t
t1=k t1=k
that is,
to—1t1—1
Lyz(t) + g(b) Laz(ts — 7) > pg(2(k +02)) Y | > R(t)
t1=k t=k
Therefore

to—1t1—1

(14 g(b)) Laz(ts) > pg(2(k +02)) Y | > R(t)

t1=k t=k
implies that
[ i to—11t1—1 é
A?z(t 2( ) gézk—i—a a(t R(t
)= (75 ) ot G+ o) alt) X2 3 Rt

Summing the last inequality from £ to t3 — 1, we get

Az(t3) > (1+/;(b))agé(z(k+02 Z [ t2) ZZR

to=k ti=k t=k

where t3 — 1 >ty — 1 > t; — 1 > k > n;. Further summing the above inequality from
ktok+ oy — 1, we get

k+o2—1 Iu é k+o9—1t3—1 to—1t1—1 o
> Az(t3)2(1+ (b)) w(k+02) > Z[ )Y D RE)|
ts=k g ts=k to t1=k t=k




264 A. K. Tripathy

that is,

Q=

(k’ + 0_2) [ é k+o2—1t3—1 to—1t1—1
Gt o) (Hg(b)) 2 2 [a(tQ)ZX_:R(t)

ts=k to=k

Hence, using (H;4) we obtain

k4+o2—11t3 —1t1—1 3 1+g(b))é
s 3 3~ e 33| < ,
k—o0 —k to t1=k t=k Hee 64

a contradiction to our assumption (Hys).
Let Case (b) hold. From (2.1) and (2.6) it follows that

ZL4z )+ f(b)Lyz(s — 7) >>\ZQ z(s —01)),
s=k

that is,
—Lz(k) — f(b)Lsz(k — 1) > Af(z(k — 01)) ZQ

for k > ny. Thus for oq < 7,

(L+ fO)(=Laz(k = 7)) = Af(z(k—01) Y Q(s)

From (2.5) it follows that

z2(k—71) > Blk—T1,n4] [—Léz(k — 7')]

> vl o (1555 ) S ) (Z @<s>> a

for Kk — 7 > n; + 2. Hence

2k —7) o AV (S :
fé(z(k—T))ZB[k ’1](1+f<b)> <§Q< ))

implies that

lim sup B[k — 7, n4] <ZQ )‘* Sw,

k—o0
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a contradiction to our assumption (Hyg).
Finally, we consider Case (c). Proceeding, as in Case (b), we obtain

(L4 F(0) (~Loz(ty — 7)) = M (=(k — 1) (Z@ )

s=t1

fork—1>1t, > ny. Hence for k — 1 >ty > t; > ny, we get

(14 £ (b)) Z_: (=Lsz(ti = 7)) = Af(2(k — 01) ( Q(s )

=t sS=
that is,
k=1 k-1
(1—|—f( ))LzZ(tg—T) >>\f —01 [ Q ]
t1=t2 S=tq1
Consequently,
k=1 k-1 a )
(1+ F(b)aA22(ty — 1) > e |a(ts) > ) Qs ] fo(z(k — o))
t1=to S=t1

for k —1 >ty > t; > ny. Summing the last inequality from {3 to k — 1 > 13 > t5 >
t1 > ny, we get

)\ é N k—1 k—1 k-1 l

t2 i3 1=t2 S=

Since Az(n) is nondecreasing, the above inequality becomes

\ é 1 E—1 k—1 k-1 a
AZ(tB) Z (Tf.(b)) fa(Z(k_o-l tzzt;a [a t2 t1=t2 s= tlQ ] |

k—1 A é k—1 k—1 k—1 k—1 3
T astt> (1) fhetemen 3 le 22 ] |

1=t2 5=

1 k—1 k—1 k—1 k-1 L
0> (7)) 740 [ W2 20 ]
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implies that

k— k—1 k—1 (1)4 1
lim sup Z Z[ to) ZZQ ] _w,

ko0 tz=k—oy ta=t3 t1=t2 s=t1 )\aﬁd
a contradiction to (Hy7). Hence the proof is complete. ]

Theorem 2.4. Assume that —oo < —b < p(n) < 0and b > 0. If (Hs), (Hs), (H14) and
(H13)-(Hs21) hold, then (1.3) is oscillatory.

Proof. Proceeding as in the proof of the Theorem 2.2, we obtain

Lyz(n) <r(n)g(z(n+ 0)).
Hence fort; — 1 > n > ng,

t1—1

S L) = S r(tgla(t + )

> gzt o) ()

dueto L3z(n) > 0, z(n) > 0and since z(n) is nondecreasing. Thus the above inequality

becomes
t1—1

Lyz(t1) 2 g(2(n+02) Y r(b).

t=n

Summing the last inequality fromntots —1 >t — 1 > n > ny, we get

Loz(ty) > g(z(n + 09) <Z Z >

ti=n t=n
that is,
to—1t1—1 o
1
A?z(ty) > g (2(n+ 03)) <a(t2) > r(t))
ti=n t=n
Consequently,
tz3—1 tz3—1 to—11t1—1 @
S M%) > gt (ol 4 on) 3 (a<t2> 3 r<t>)
to=n to=n ti1=n t=n

implies that
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Further summing the above inequality from n to n + o5 — 1, we have

ntoa—1t3—1 to—1¢1—1 =
(n+02)>g z(n + 03)) Z Z( (t2) ZZ )

tg=n t2=n ti=n t=n

that is,
Z(n+0' n+ogo—1 tz3—1 to—11t1—1 é
S LTSS (i S5 )
I 2 :
ga( <n+02 t3=n to= n( t1=n t=n
Hence

n+ogo—1t3—1 to—1t1—1 H 1
lim sup Z Z( (t2) ZZ ) ﬁ_

n—oo ts3=n to=n ti=n t=n

a contradiction to (Hyg).
Consider Case (b). From (2.1), it follows that

o0

—Lsz(n) > > q(s)f(y(s —o1))
> > q(s)f(x(s — )
> f(z(n—01))) qls),

where z(n) < y(n) for n > n;. Using the inequality (2.5), we have

z(n—o01) > Bn—o1,n] <—L§z(n—01)>

> B[n—al,nl]fl TL_O'l (Zq ) )

[

where (—L3z(n)) is nonincreasing and z(n) is nondecreasing for n — oy > ny + 2.
Hence

n—oo
sS=n

lim sup B[n — o1, n4] <i q(8)> ) < é,

a contradiction to (Hyy).
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Suppose Case (c) holds. Forn — 1 > t; > nq, (2.1) yields

[y

—Lsz(t) = ) q(®)f(y(t —o1))

=t

3

~
—_ e

3

v

() f(2(t = 01))

t1

> fen— o) Y alh).

t=t1

-
Il

The rest of the proof follows from Case (c) of Theorem 2.3.
Next, we assume that z(n) < 0 for n > ny. Then z(n) > —by(n — 7) implies that

1
y(n —o1) > (—=)z(n+ 7 — o1) for n > ny > ny. In this case also, we consider the

three Cases (a), (b) and (c). It is easy to verify that Cases (a) and (b) are not possible.
Let Case (c) hold. From the inequality (2.7), it follows that

—z(n —o01) > D[n,n — o1] (—Léz(n)) : (2.8)
On the other hand, (2.1) yields

Lyz(n) > q(n)f(y(n - o1))

vV

=
=
—
/I\\
| —
2
3

I

2
N

and hence fort; — 1 > n > no,

t1—1 t1—1

) 2 s (e -o)

: > fE%z(n - 01)) t::z_: q(t),

that is, .
CLyx(n) > f (—%z(n - 0—1)) S ).

Consequently, (2.8) becomes

~sln=01) 2 Dl = ol (pstn— o) <§q<t>> ;
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Thus

"

—ZETL—O_I) > D[n’n—al] (lz_ Q<t)>a

fa (—Ez(n - 01))
implies that
t1—1 é b
limsup D[n,n — o1] (Z Q(t)> < 3
n—oo t=n 3

a contradiction to our assumption (Hs;). Hence the proof is complete. [

Example 2.5. Consider

2| (3) &% () + 501+ (-1 tn - 2))|
=202+ P, 20, @9)

where 0 < p(n) = %(1 + (=1)") < ;, a(n) = %, a =1, f(u) = v’ and g(u) = u°.

Clearly, all the conditions of Theorem 2.1 are satisfied. Hence (2.9) is oscillatory. In
particular, y(n) = (—1)" is one of the oscillatory solutions of (2.9).

Theorem 2.6. Let —oo < —b < p(n) < 0,b > 0and 7 < 0y. Assume that (Hy) and

Ax(n) —r(n)g (A [n + 09,0+ %D g (xi [n + %D =0, (2.10)
Au(n) + q(n) f(Bln — o1, mi))f (uém . 01)> —0, @.11)
Av(n) +q(n)f (C’ [n — %,n — 01]> f <Ué <n — %)) =0, (2.12)

Aw(n) +q(n)f (—) f(Din+71—01—1,n+2(1r — 0oy — 1)])x
><f<wi(n+r—al—1)> —0 (2.13)

are oscillatory, then every solution of (1.3) oscillates.

Proof. Let y(n) be a nontrivial eventually positive solution of (1.3). Proceeding as in
the proof of Theorem 2.2, we have three Cases (a), (b) and (c).

For Case (a), L;z(n) > 0,i = 1,2,3 for n > ny. Then z(k) > A[k,m]L$ z(m) for
k>m+2>n; + 2. Hence

1
z(n4o09) > A n—i—ag,n—i-%] L§z<n+%>
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forn+o0y>n+ % + 2 > ny + 2. Consequently, (1.3) yields

ALszz(n) r(n)g(y(n + o2))

r(n)g(z(n+02))

At F)o (8= (n+5))

AVARLY,

Vv

/N

r(n)g

for n > ny due to (H;). Thus

ALzz(n) —r(n)g (A [n + o9,m + %D g (Léz (n + %)) >0

has a positive solution L3z(n) for n > n;. By [6, Corollary 7.4.1], (2.10) has an
eventually positive solution, a contradiction to our hypothesis. Case (b) and Case (c) are
similar.

Next, we suppose that z(n) < 0 for n > ng. Hence we have three Cases (a), (b)
and (c) and out of which Case (c) is the desired case. Proceeding as in Theorem 2.2, we
obtain

L) 2 a0 () £ (~Listn+ 7= o1 1)) x
X fDn+7—01—1,n+2(1—0—1))]

for n > ny. Therefore,

ALsz(n) + f (%) gqn)f[Dn+17—01—1,n+2(1t—0; —1))] X
x f (—L§z(n+7— o) — 1)) > 0.

By [6, Corollary 7.4.1], (2.13) has a negative solution, a contradiction to our hypothesis.
This completes the proof. [

Theorem 2.7. Let 0 < p(n) < b < 1. Assume that (Hy) and (Hs) hold. If

Az(n) —g(1 —b)r(n)g (A [n + o9,n + %D g <:13é [n + %D =0

and

Au(n) + g(1 = D)a(n) f(Bln — or,mi]) f (ui (n— 1)) =0
are oscillatory, then every unbounded solution of (1.3) is oscillatory.

Proof. Suppose to the contrary that y(n) is an unbounded nonoscillatory solution of
(1.3) such that y(n) > 0 for n > ng. Using the same type of reasoning as in Theorem
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2.1, we consider three Cases (a), (b) and (c). For each of Cases (a) and (b), z(n) is
nondecreasing for n > ny > ny. Hence for n > nq,

(1 —=p(n))z(n) < z(n)—pn)z(n—7
= y(n) —p(n)p(n — 7)y(n — 27) < y(n).
It is easy to check Cases (a) and (b) as in the proofs of Theorems 2.1 and 2.6. For Case

(c), z(n) happens to be bounded due to (—1)"L;z(n) > 0, i = 1,2, 3. Hence this case
does not exist. The proof is complete. U

Remark 2.8. When p(n) = 0, the results of [5] follow from Theorems 2.2, 2.4 and 2.6.
Hence for p(n) < 0, the work of [5] is a particular case of the present work. We note
that Theorems 2.1, 2.3 and 2.7 are different in their own right.

Remark 2.9. Due to the method employed here, it is evident to consider the assumption
(Hs). However, we cannot apply the present method in the case of

(Hs2) Zaé(n) < 00.
n=0

It seems that some more conditions or a different method along with (Hss) is necessary
to see that (1.3) is oscillatory.
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