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Abstract

In this paper, some necessary and sufficient conditions for the oscillation of the
higher order partial difference equation of the form

AMAT A+ (=D)AL =0, (m,n) € N2
are established, where k,l € Ny, h,r € Ny, p is a nonnegative real number.
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1 Introduction

Partial difference equations are difference equations that involve functions with two or

more independent variables. Recently, there are many papers that devoted to the de-
velopment of qualitative theory of difference equations [5—7,9]. Their significance is

illustrated in applications involving random walk problems, molecular structure prob-

lems and numerical difference approximation problems etc.
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In this paper, we consider the higher order partial difference equations of the form
ARAT Ay 4+ (1) Ay =0, (1.1)

where m,n, k,l € Ng, r,h € Ny, N, = {a,a + 1,a + 2,...}, p is a nonnegative
real number. The forward partial differences A,, and A,, are defined as usual, i.e.,
ApApn = Apiin — Amp and Ay A, = A1 — A . The higher order partial
differences for any positive integers  and h are defined as A} A,, ,, = Am(A;’lAmm),
AL Ay = Ay AP AL = A (AFTEA,L ) and ALA,L L = A,

There are several works about qualitative theory of higher order partial difference
equations. B. G. Zhang and S. T. Liu [7,8] studied the oscillatory behaviour of solutions
of the partial difference equations of the forms

S1 52

Atk + Z Z G j Amtk—int+i—j = 0

i=1 j=1
and

u v
Am,n = E piAmfki,nfli + g QjAm+T]~,n+crj-
i=1 j=1

B. G. Zhang, Y. Zhou and Y. Q. Huang [10] investigated existence of positive solutions
for nonlinear higher order neutral partial difference equations of the form

AZATm(Am,n - CAm—k,n—l) + (_1)h+r+1pm,nf(Am—T7n—U) = 0.

In 2007, C. F. Li and Y. Zhou [2] studied existence of bounded and unbounded nonoscil-
latory solutions for partial difference equations of the form

AZA:n(Am,n + Cm,nAm—k,n—l) + pm,nAm—crl,n—m - qm,nAm—ag,n—pg =0.

Ch. G. Philos and Y. G. Sficas [3] studied the oscillation of the ordinary difference
equations of the form

(=)™ A AL+ prAny, = 0.
k=0

By a solution of (1.1), we mean a nontrivial double sequence {4, ,,} which is defined
for m > —k and n > —[ and satisfies (1.1) for m > 0, n > 0. A solution {4,,,} of
(1.1) is said to be eventually positive (or negative) if A,,, > 0 (or A,,, < 0) for all
large m and n. Itis said to be oscillatory if it is neither eventually positive nor eventually
negative.
A solution {4;;} of (1.1) is called to be proper, if there exist positive numbers ),
« and [ such that
| Al < Ma™", (1.2)
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for all large m and n.

The set 2 = N_;, x N_;/N;y x Nj is called the initial domain. A function ¢; ; defined
on {2 is called the initial function. It is easy to construct by induction a double sequence
{4, ;} which equals ¢; ; on € and satisfies (1.1) on Ny x Nj. It is not difficult to prove
that if the initial data satisfy

|Omn| < Mia™p", (m,n) € €, (1.3)

for some positive numbers M7, a and 3, then the corresponding solution is proper.
We look for the solutions of the form

A = A"1", (1.4)

where A and . are complex numbers. Substituting (1.4) into (1.1), we obtain the char-
acteristic equation

A p)=A=1)"(p—1)"+ (=DM HprFut =0 (1.5)

or

Z-‘r] 7” /\'r i h J+( 1)h+T+1p/\ k. -l =0.

M:ﬁ

=0 ]:O

(A, 1) is said to be positive root of equation (1.5), if it satisfies Equation (1.5); moreover,
A>0and p > 0.

2 Some Auxiliary Lemmas

Lemma 2.1 (See [9]). Assume that there exist positive constants My, M, and N such
that
Al < Myrf'ry, m> M, n > N.

Then the z-transform of { A, }, which is defined by Z (A Z Amnzi "2y ",

m,n=0
exists in the region |z,| > 11 and |z3| > ro.
In the following, we always assume that 4,,, , = 0 for m < 0 and n < 0 in the series

of
SO A

m=p n=q

By direct calculations, we can prove the following lemma.

Lemma 2.2 (See [9]). The following formulas are true:
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Z(Apm—m1) = 21725 F (21, 29).

(ii)

E

-1

ZF(k +i,29)2" = 2 (F(Zb 22) — F(m722)21m> ;

where F(k + i, z5) Z Akrinzy "

0

3
I

(111)
oo -1 oo I-1 k—1 1—1
E —i ,—n k E § —-m _—n
=0 n=0 m=0 n=0 m=0 n=0
(iv)
co 1—1 -1
-m  ,—n 2\ o, —1
E E Amnzy "2 :E F(z,1)z ",
m=0 n=0 =0
oo
where F(z1,n g Az ™
(v)
k—1 -1
kI -n
Z(Amiknst) =217 | F(21,22) — (m, 22)21 F(z1,n)2,

F
k—1 1—1
+ZZmM%>

m=0 n=0

3 Main Results

Theorem 3.1. Every proper solution {A,,,} of (1.1) is oscillatory if and only if its
characteristic equation (1.5) has no positive roots.

Proof. Necessity. Otherwise, let (Ao, 11o) be a positive root of (1.5). Then it is easy to
find that {A,,,,} with A,,,, = Ay is a positive proper solution of (1.1), a contradic-
tion.

Sufficiency. Assume that (1.5) has no positive roots. Let { 4,, ,,} be a positive proper
solution of (1.1) with the initial data ¢, , such that |¢,, ,| < c. Then, by induction, it is
easy to find that there exist b > 0 such that

|Apn| < b™ (myn) € N2 (3.1)
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Thus, by Lemma 2.1, for |z;| > ¢, i = 1,2, the z-transform of {4,,, ,}

Z (Am,n) = Z Am,nzl_mzz_n =F (Zla 22) (32)

m,n=0

exists. By taking the z-transform of both sides of (1.1), we obtain

D (21,29) F (2122) = V (21, 22) (3.3)
|zi| > ¢, 1 =1,2, where
rh
D (1,2) = SN (1) () ()T 4 (1)
i=0 j=0

and

o r—i—1 oo h—j-—1
X < E E Amnzy M2yt + E E Az 25"

We write (3.3) in the form

d (1/2’1, 1/2’2) F(l/Zl, 1/22) =V (1/2’1, 1/2’2) . (34)
Set .
w(z1,22) = F(1/21,1/29) = Z A 2725 . (3.5)
m,n=0

Equation (3.5) has radius of convergence p;, i = 1,2. That is, (3.4) holds for |z;| <
pi» © = 1,2. Equivalently, (3.3) holds for |z;| > 1/p;, i = 1,2. It is known that a
power series with positive coefficients having radius of convergence p;, © = 1,2 has
a singularity at z; = p;, ¢ = 1,2 [1]. By condition ® (z1,29) # 0 for (z1,29) €
(0,00) x (0,00). Thus ® (1/p1,1/p2) # 0, and hence,

U (1/z1,1/2)
O (1/21,1/29)

is analytic in the region |z; — p1| < d;j and |z — ps| < ds, wWhich contradicts the singu-
larity of w (21, 22) at z; = p;, @ = 1, 2. Therefore we must have p; = o0, i = 1,2, i.e.,
(3.3) holds for |z;| > 0,7 = 1,2, which leads to A,,, = 0 for all large m and n. Oth-
erwise, the left-hand side of (3.3) does not equal the right-hand side. This contradiction
finishes the proof. O

w (21, 22) =
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From Theorem 3.1, we can derive some sufficient and necessary conditions for os-
cillation of (1.1).

Theorem 3.2. Assume that p > 0. Then every proper solution of (1.1) oscillates if and
only if
(/{Z + rr)k-ﬁ-r (l + h)l-‘rh
Lkllyr hh
Proof. Necessity. It is sufficient to prove that if (3.6) does not hold, then (1.1) has a
positive solution.

> 1. (3.6)

(i) Letr + h be odd. Obviously, if (3.6) does not hold, then in view of (1.5), we get

®(1,1/(1+h) >0

and
& (k) (k + )./ 4+ h)) =
’ (k+7)" (1 +h)"
y _1+p(/{3+7’)k+r (l+h>l+h 0
kkllrrhh :
(i) Letr + h be even. If (3.6) does not hold, then we get
O (1,1/(I+h)) <0
and
® (k) (k +7),1/(1+ h)) rrht
T), =
(k+7) (l+n)"
k+r l+h
<1 (k+r)""(l+h) >0

kEllrr hh -

Since @ (A, ) is continuous, there exist Ao € [k/(k+7),1) and pg = /(I + h) such that
® (Ao, 11o) = 0. By Theorem 3.1, (1.1) has a positive solution. This is a contradiction.

Sufficiency. It is sufficient to prove that under condition (3.6), the characteristic
equation (1.5) has no positive roots.

(i) Ifr+hisodd, then (1.5) has no positive roots for the case that (A—1)"(u—1)" > 0.
For the case that (A — 1)"(u — 1)" < 0, we write ®(), 1) in the form

_ . T - h . P
O (N\pu)=—A=1)"(p—1) 1+—/\k,ul()\—1)r(,u—1)h'
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(ii)

Set
FOup) ==X (A=1)" (n=1)".

It is easy to find that f (A, u) reaches its maximum value at Ay = k/(k + ),
to = 1/(1+ h). Hence,

max f (A p) = f (o, o) = KELh
X R 3 .
A,pe(0,1) " 0, 1o (k T)k-‘ﬂ" (l h)l—l-h

Thus, for A\, ;o € (0, 1), we have

OA\p) > —A=1"(u=1)" [-1+p

(k) + r)k-i-r (l + h)l—‘rh
kkllyr hh > O’

which implies that (1.5) has no positive roots.

If 7+ h is even, then (1.5) has no positive roots for the case that (A—1)"(u—1)" <
0. For the case that (A — 1)"(u — 1)" > 0, we write ®(\, ) in the form

o 1\ _1\h - p
® ) = (A= 1) (= 1) [1 Aku,(A_l)rw_l)h]'

Set
FOG ) =X (A=1)" (n—1)".

Then it is not difficult to find that f (\, ) reaches its maximum value at \y =
k/(k+r1), no =1/(l + h). Hence,

- f ()\ ) f ()\ ) k?kllrrhh
X , = , = .
A,p€(0,1) or A,u>1 K 0: Ho (k + T)k—w (l + h)l+h

Thus, for A, € (0,1) or A\, u > 1, we have

(k+7)" (14 h)*"

SN\ ) <A—1)" (p—1"[1- <0
(A ) <( )" (p—1) p Lkl ph ’
which implies that (1.5) has no positive roots.
By Theorem 3.1, every proper solution of (1.1) oscillates. [
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