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Abstract

In this paper, the dynamics of the difference equation

Tn—5
+1=+ Tn—1Tn—-3Tn—5

Tpal = , nec N(),

where the initial conditions are arbitrary nonzero real bens, is studied. More-
over, the solutions are obtained.
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1 Introduction

This paper studies the dynamics of the solutions of receisdguences satisfying

Tn—5

, ne No, (11)

o1 = ] Tpn—1Tp—-3Tn—5
where the initial conditions are arbitrary nonzero real ens. Also, we get explicit
forms of the solutions.

Recently there has been a great interest in studying thétafixad properties of ra-
tional difference equations. The study of rational diffeve equations of order greater
than one is quite challenging and rewarding because sontetypes for the devel-
opment of the basic theory of the global behavior of nonlirdéierence equations of
order greater than one come from the results for ration&gihce equations. However,
there have not been any effective general methods to delaltiagtglobal behavior of
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rational difference equations of order greater than oneasoTherefore, the study of
rational difference equations of order greater than oneoiwfurther consideration.
Alogeili [1] obtained the solutions of the difference eqaat
Tn—1

Tpp1 = ————.
4 — TpTp-1

Cinar [2—4] considered the solutions of the difference ¢équa

Tn—1 Tn—1 Alp—1

Tpy1 = Tpy1 = Tpy1 = ————.
’ ’ 14+ bxpx,_1

1+ az,z,-1 -1+ ax,x,—1

Elabbasy et al [5] investigated the global stability, pdiotty character and gave the
solution of a special case of the recursive sequence

bx,,
Tpil = ALy — ——————.
CTy — dTp_1q

Elabbasy et al [7] studied the global stability, periodiaharacter, boundedness and
obtained the solution of some special cases of the differegoation

Alp—k
A .
B+~ Hi:O Ln—i

Elabbasy et al [8] investigated the global stability, pdiotty character and gave the
solution of some special cases of the difference equation

Tnt1 =

dxn—lxn—k
Tpy1 = ——— T a
CTp_s— b

Karatas et al [10] obtained the form of the solution of théellénce equation

Tn—5

Tt = 1 + Tp2Tp—5 ‘
Simsek et al [17] found explicit forms of the solutions of di#erence equation

Tp—3

Tpt1 = —.
i ]-+=Tn—1

For related work see also [13-22]. For the systematicalissuof rational and nonra-
tional difference equations, one can refer to the papersqland references therein.

Here, we recall some notations and results which will beulsefour investigation.
Let I be some interval of real numbers and let

oI =T
be a continuously differentiable function. Then for evesy af initial conditions

T py T a1y 20 € 1,
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the difference equation

Tp4+1 = f(wrm Tp—1y-- - axnsz)> n e I\IO (12)

has a unique solutiofiz,,}>> , [12]. A pointZ € I is called an equilibrium point of
a.2)if
T=f(z,7,...,T).

Thatis,z, = 7 for n > 0, is a solution of (1.2), or equivalently,is a fixed point off.

Definition 1.1 (Stability). (i) The equilibrium point of (1.2) is calledocally stable
if for every e > 0, there exist$ > 0 such that for all

TfyTf1y ey To1, %0 € 1
with
|tk —Z| 4+ g1 —T| + ... + |xg — T| <6,
we have
|z, —%| <e forall n>—Fk.

(i) The equilibrium pointz of (1.2) is calledlocally asymptotically stabld 7 is a
locally stable solution of (1.2) and there exists- 0, such that for all

Ty kg1, -+ T—1,T0 € I
with
Top —T|+|Topp1 — T+ .. F o — T <7,

we have
lim z, =7.

n—oo

(ii) The equilibrium pointz of (1.2) is called aylobal attractorif for all

Tgy Tofgls - To1, %0 € 1,
we have
lim z, =7.
n—oo

(iv) The equilibrium pointz of (1.2) is calledglobally asymptotically stablé 7 is
locally stable and is also a global attractor of (1.2).

(v) The equilibrium pointr of (1.2) is calledunstablaf z is not locally stable.

The linearized equation of (1.2) about the equilibrimms the linear difference equa-
tion
k —

of(z,xz,..., T
Yn+1 = Z f( )ynfz

i=0 O




188 E. M. Elsayed

Theorem 1.2(see [11]) Assume thah, ¢ € R andk € Ny. Then
[+ gl <1
is a sufficient condition for the asymptotic stability of thiference equation
Tni1 +PpTn +qr,r =0, néeNj.
Remarkl.3. Theorem 1.2 can be easily extended to general linear eaqsatiche form
Tpik +P1Tnak—1+ ...+ oz, =0, n € Ny, (1.3)
wherepy, po, ..., pr € Randk € N. Then (1.3) is asymptotically stable provided that

k
Z pi| < 1.
i—1

Definition 1.4 (Periodicity) A sequencgz,} > , is said to beeriodicwith periodp
if x4, = x, foralln > —&.

Ln—5
1+ Ln—1Ln—3Ln-5

2 The Difference Equationz,, ., =

In this section we give a specific form of the solutions of tifeecence equation

Tn—5

y n € No, (21)

Tpy1 =
I+ Tp-1Tn—-3Tn-5

where the initial conditions are arbitrary nonzero positigeal numbers.

Theorem 2.1.Let{x,}>° . be a solution of(2.1). Then forn € N,

n=-—>5
féﬁl (1 + 3ibdf) céﬁl (1+ (3i + 1)ace)
Ten—5 = T3 = » LTon—2 = nio ’
IT (1+ (3i+ 1)bdf) IT (1 + (3i + 2)ace)
=0 1=0
e TI (1 + 3iace) bTI (1 + (3i + 2)bdf)
Ten—a4 = = » Ten—1 = nz_:lo )
IT (1 + (3i+ 1)ace) IT (1 + (3i+ 3)bdf)
i=0 1=0
dfl_l (14 (3i + 1)bdf) arﬁl (1 + (3i + 2)ace)
Ton—3 — nz_:lo y  Len = nio )
(14 (3i + 2)bdf) IT (1 + (3¢ + 3)ace)
=0 1=0

wherer_5s=f,x_4y=e,x_ 3=d,x_o=c,x_1 = b, x9g = a.
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Proof. Forn = 0 the result holds. Now suppose that> 0 and that our assumption
holds forn — 1. That s,

anQ (1 4 3ibdf) cnl_f (1+ (3i + 1)ace)

Ten—-11 = -5 = » Ten—8 = nzo )
11 (14 (3¢ + 1)bdf) 1:% (1+ (3i + 2)ace)

¢TI (1 + 3iace) b T (1 + (3i + 2)bdf)

Len—10 = D) = s Len—7 = ni;o )
IT (1+ (3i+ 1)ace) IT (1 + (3i+ 3)bdf)

i=0 =0
n—

aT] (L4 (3i -+ 1)bdf) o T (1+ (31 + 2)ace)

=0

Ten—9 = ) Ten—6 =

[T (1 + (3i+2)bdf) IT (14 (3i+ 3)ace) |

1=0 =0
Now, it follows from (2.1) that

Ten—11
1 + Ten—7T6n—9T6n—11

Ten—5 =

frﬁ2 (1 + 3ibdf)
TL (1 + (30 + 1)bdf)

1=0

n—2

DT (14 (3 +2)bdf) d TT (14 (3i + Vbdf) £ TT (1 + 3ibdf)
=0 =0 =0
n—2 n—2 n—2

[T 1+ Bi+3)bdf) [] (1+ (3i+2)bdf) [] (1+ (3i+ 1)bdf)

i=0 =0 =0

£TT (1 + 3ibdf)
=0

1+

flﬁz U+ @i+ pdf) [ 14— df flﬁz (1 + 3ibdf)
=0 [T (1+ (3i+3)bdf) °

1=0

n—2

/ 130 (1+ 3ibdf) (1+ (3n — 3)bdf)

bdf (1+ (3n — 3)bdf)
3n — 3)bdf))

n—2

[T (14 (3i+ 1)bdf) (1+(1+(

1=0
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f"UOl (1 + 3ibdf)
: T (1 3+ D8 {(1+ (3= 30 + b}
fj:[:(l + 3ibdf)
) nﬁj (14 (31 + Dbdf) {1+ (3 — 2}

Hence, we have

n—1
11 (1 + 3ibdf)
Ten—5 = n—1 =0 .

T1 (1 + (3i + 1)bdf)

=0
Similarly, one can prove the other relations. The proof is\ptete. O

Theorem 2.2. Equation(2.1) has only the trivial equilibrium point which is always not
locally asymptotically stable.

Proof. For the equilibrium points of (2.1), we can write

Then
i.e.,

Thus the equilibrium point of (2.1) is = 0. Let f : (0, 00)*> — (0, co0) be the function
defined by

u
f(u,v,w) 14+ uwvw’
Therefore it follows that
1 —uw —u2v
fu(U,U,U}) - (1 + U’UU})27 fv(uvv7w) - (1 + UU’LU)Q’ fw(U,U,w) - (1 + UU’LU)Q'
We see that
fu@,72,7) =1, f,(T,7,72) =0, fu,(Z,7,7)=0.
The proof now follows by using Theorem 1.2. O

Theorem 2.3. Every positive solutiom of (2.1)is bounded andim x,, = 0.

n—~o0
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Proof. It follows from (2.1) that

Tp—5
Tnt+1 = = < Zp_s.
I+ Tp-1Tpn—3Tn—5

Then the subsequencess, s}, o, {Ton—a}n—o: {Ton—3}nz0: {Ten—2}n0: {Ten—1}n0s
{zen}o, are decreasing and so are bounded from above by

M = max{a:,g,, T_4,_3,T_9,T_1, [L'Q}.

This completes the proof. O

Remark2.4. Equation (2.1) has no prime period two solution.
To illustrate the results of this section, we now considanatical examples which
represent different types of solutions to (2.1).

Example 2.5.Assume thatt 5 =9,z 4, =8,z 3=3,x_ 5 =15,2_1 =7, 29 = 4.
See Figure 2.1.

Tpn—s
I+ Tp-1Tn—-3Tn-5

Figure 2.1: Solution of the Difference Equatiop,, =

plot of x(n+1)= (x(n—5)/(1+x(n-1)*x(n-3)*x(n-5))
15 T T T T T

10

x(n)

0 10 20 30 40 00

LUAMAMAAMAM

Example 2.6.Assume thatt 5 =4,z 4, =11, 2.3 =13, x5 =35,z = 1.7,
xro = 2.4. See Figure 2.2,
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Tn—5
1+ Tp-1Tn—3Tn—5

Figure 2.2: Solution of the Difference Equatiop,; =

plot of x(n+1)= (x(n=5)/(1+x(n-1)*x(n-3)*x(n-5))

3.5p

25F

x(n)
N

15pF

0.5

Ln—5

3 The Difference Equationzx,, ,; =
1 - Ln—1Tp—-3Tn-5

Here the specific form of the solutions of the difference ¢gma

Tn—5

) n e NO> (31)

Tpt1 =
1- Tp-1Tp—3Tn—5

where the initial conditions are arbitrary nonzero real twens, will be derived.

Theorem 3.1.Let{x,}>> . be a solution of(3.1). Then forn € N,

n=-—>5
FTI (1= 3ibdf) ¢TI (1= (3i + 1ace)
Len-5 = T3 = v Ten—2 = ni_:10 )
[T (1 —(3i+ 1)bdf) IT (1 —(3i+2)ace)
=0 =0
¢TI (1 = 3iace) b TT (1= (3 + 2)bdf)
Lon—a4 = n—1 =0 ’ Ten—1 = niflo )
IT (1 —(3i+ 1)ace) IT (1 — (3i+ 3)bdf)

=0 =0
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dé]:[l (1 — (3¢ + 1)bdf) &é]:f (1 — (3i + 2)ace)
7 ”ﬁ: (1 = (3¢ + 2)bdf) | nﬁ: (1 — (3¢ + 3)ace) |

wherex_5s = f,x_4s=e,x_3=d,x_o=c,x_1 =b, 19 = a,andjbdf # 1, jace # 1
for j € N,

Proof. The proof is similar to the proof of Theorem 2.1 and therefovell be omitted.
U

Theorem 3.2.Equation(3.1) has a unique equilibrium point = 0, which is not locally
asymptotically stable.

Remark3.3. Equation (3.1) has no prime period two solution.
Example 3.4. Figure 3.1 shows the solution when; = 9, 2z 4 = 8, v 3 = -3,

T_9 = 5, r_1 = —7, g = 4.

Tn—5
1- Tp-1Tpn—3Tn—5

Figure 3.1: Solution of the Difference Equatiop,; =

plot of x(n+1)= (x(n=5)/(1-x(n-1)*x(n-3)*x(n-5))

10

'l 'l
0 50 100 150

Example 3.5. Figure 3.2 shows the solution when; = 1.1, x4, = 0.13, z_3 = 1.3,
T_9 = 05, r_1 = 17, g = 2.1.
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Tn—5

Figure 3.2: Solution of the Difference Equatiop,; =
1— Tp—1Tp—3Tn—5

plot of x(n+1)= (x(n=5)/(1-x(n-1)*x(n-3)*x(n-5))

x(n)
N

_l 'l 'l 'l 'l 'l 'l 'l 'l
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o
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Ln—5
—1+ Lp—1Ln—-3Tn—5

4 The Difference Equationzx,, 1 =

In this section, we investigate the solutions of the diffieequation

Ln—5

, neN, (4.1)

Tp4+1 =
-1+ Tpn-1Tpn—3Ln—5

where the initial conditions are arbitrary nonzero real tens withz_sx_ 3z, # 1
and$_4$_2$0 7é 1.

Theorem 4.1. Every solution{z, }:° . of (4.1)is periodic with period twelve and is
of the form

/
—1+0bdf -1+ ace’

b a
—1 oy
c(—1+ ace), 1t bdf —1—|—ace’f’e’ }

{f, e,d,c,b,a, d(—1+ bdf),
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Proof. From (4.1), we see that

(&
T %bdf’ To — m, xgzd(—l—l—bdf), $4:C(—1+GC€),
b a f
Ty = ——— Tg=———, Tr=f=x_5 Tg=€=1x_4.
> —1+bdf " —1+ace T by 8 4
Hence, the proof is completed. O

Theorem 4.2. Equation(4.1) has two equilibrium points which ar@ +/2, and these
equilibrium points are not locally asymptotically stable.

Proof. The proof is the same as the proof of Theorem 2.2 and henceitkedm [

Theorem 4.3. Equation(4.1) has a periodic solution of period six ifice = bdf = 2,
and then takes the forgyf, e, d, ¢, b, a, f,e,d, ¢, b, a, . . .}.

Proof. The proof is obtained from Theorem 4.1. O
Remark4.4. Equation (4.1) has no prime period two solution.

Example 4.5. Figure 4.1 shows the solution when; = 1.1, x4 = 0.8, z_3 = 1.3,
T_9 = 05, r_1 = —]_7, o = 2.1.

Example 4.6. Figure 4.2 shows the solution when; = 0.1, x4 = 0.3, x_3 = 2,
T_9 = 5, r_1 = 10, Tog = 4/3

Ln—5
—1 - Ln—-1Ln—-3TLn—5

5 The Difference Equationzx,, ;1 =

In this section, we study the solutions of the differenceagigpmn

Tn—5

. neN, (5.1)

Tnt1 =
-1 Lp—1Tp—-3Tn—5

where the initial conditions are arbitrary nonzero real iens withz_sz_3z_; # —1
andx_4x_osxg # —1.

Theorem 5.1. Every solution{z, }>> - of (5.1)is periodic with period twelve and is
of the form

_f e
1+ bdf’ 1+ ace’

{f, e,d,c,b,a, —d(1 + bdf),

—b —a
—c(1
el +ace)’1+bdf’1+ace’f’e’ }



196 E. M. Elsayed

Tn—5
-1+ Tp-1Tp—3Tn—5

Figure 4.1: Solution of the Difference Equatiop,; =

plot of x(N+1)= (x(N-5)/(~1+x(N-1)*x(n-3)*x(n-5))

x(n)

-10F

-12F

-14
0

Proof. The proof is similar to the proof of Theorem 4.1 and thereferemitted. [

Theorem 5.2. Equation(5.1) has one equilibrium point which i§ and this equilibrium
point is not locally asymptotically stable.

Theorem 5.3. Equation(5.1) has a periodic solution of period six iite = bdf = —2,
and then takes the forgyf, e, d, ¢, b, a, f,e,d, ¢, b, a, . . .}.

Proof. The proof is obtained from Theorem 5.1. O
Remarks.4. Equation (5.1) has no prime period two solution.

Example 5.5.We considerr_5 = —3.1,z 4 = —-13, 2. 3=02,2 o= -9,2_1 =7,
xo = 0.4. See Figure 5.1.

Example 5.6. See Figure 5.2 for the initial conditions 5 = —0.2, x_y, = —0.7,
r_3 = 3, rT_9 = 2, r_1 = 10/3, o — 10/7
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Tn—5
-1+ Tp-1Tp—3Tn—5

Figure 4.2: Solution of the Difference Equatiop,; =

plot of x(n+1)= (x(n—5)/(—1+x(n-1)*x(n—3)*x(n-5))
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