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Abstract

Necessary and sufficient conditions are obtained for the oscillation of all the
solutions of the neutral functional difference equation

∆m
(
yn − pnyτ(n)

)
+ qnG(yσ(n)) = fn for n ≥ n0.

Different ranges of the sequence{pn} are considered. The positive integerm can
take both odd and even values. The results hold when{fn} = {0} andG(u) = u
for u ∈ R. This paper improves, generalizes and corrects some recent results.
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1 Introduction

In this paper, necessary and sufficient conditions are obtained so that every solution of

∆m
(
yn − pnyτ(n)

)
+ qnG(yσ(n)) = fn for n ≥ n0 (1.1)

oscillates or asymptotically tends to zero or±∞, where∆ is the forward difference
operator given by∆yn = yn+1 − yn, {pn}, {qn} and{fn} are infinite sequences of
real numbers withqn ≥ 0 for every integern ≥ n0, andG ∈ C(R, R). Further,
we assume{τ(n)}, {σ(n)} are monotonic increasing sequences of integers such that
τ(n), σ(n) ≤ n for every integern ≥ n0. Different ranges of{pn} are considered.
The positive integerm, which is the order of the equation, can take both odd and even
values.

Let n−1 = min{τ(n0), σ(n0)}. By a solution of (1.1), we mean a real sequence
{yn} which is defined for every integern ≥ n−1 and satisfies (1.1) for every integer
n ≥ n0. Clearly, if the initial condition

yn = φn for n−1 ≤ n ≤ n0 + m− 1 (1.2)

is given, then the equation (1.1) has a unique solution satisfying the given initial condi-
tion (1.2). A solution{yn} of (1.1) is said to be oscillatory if for every integern1 ≥ n0,
there existsn2 ≥ n1 such thatyn2yn2+1 ≤ 0, otherwise{yn} is said to be nonoscillatory.

In the sequel, we shall need the following conditions.

(H0) G is nondecreasing anduG(u) > 0 for all realu 6= 0.

(H1) τ(n)/n ≥ κ for all n ≥ n0 and some realκ > 0.

(H2) σ(n)/n ≥ µ for all n ≥ n0 and some realµ > 0.

(H3) lim inf
|u|→∞

(
G(u)/u

)
≥ δ for some realδ > 0

(H4)
∞∑

i=n0

im−2qi = ∞ whenm ≥ 2.

(H5)
∞∑

i=n0

qi = ∞.

(H6)
∞∑

i=n0

im−1qi = ∞.

(H7) There exists a sequence{Fn} such that{∆mFn} = {fn}, and lim
n→∞

Fn = 0.

(H8) There exists a bounded sequence{Fn} such that{∆mFn} = {fn}.



Functional Difference Equation of Neutral Type 71

In this paper, we assume that{pn} satisfies one of the following conditions.

(A1) 0 ≤ pn ≤ b < 1, (A2) − 1 < −b ≤ pn ≤ 0,

(A3) − b2 ≤ pn ≤ −b1 < −1, (A4) 1 < b1 ≤ pn ≤ b2,

(A5) 0 ≤ pn ≤ b2, (A6) − b2 ≤ pn ≤ 0,

(A7) 1 ≤ pn ≤ b2,

whereb, b1, b2 are positive real numbers.
In recent years, several papers on oscillation of solutions of neutral delay difference

equations have appeared, see [1, 2, 10–17] and the references cited there in. Sufficient
conditions for oscillation of

∆m
(
yn − pnyn−k

)
+ qnG(yn−l) = fn for n ≥ n0 (1.3)

are studied in [14]. In that paper,{pn} is confined to (A2) only andG is restricted with
a sublinear condition ∣∣∣∣ ∫ ±ε

0

ds

G(s)

∣∣∣∣ < ∞ for anyε > 0. (1.4)

In [16] the authors study

∆m
(
yn − pnyn−k

)
+ qny

α
n−l = 0 for n ≥ n0, (1.5)

where1 > α > 0, is a quotient of odd integers and{pn} satisfies (A1) or (A2). They
obtain the sufficient conditions of oscillation of (1.5) under the conditions

∞∑
i=n0

qi(i− l)α(m−1) = ∞ (1.6)

and
∞∑

i=n0

qi(1 + pi−l)
α(m−1) = ∞ (1.7)

and presented the following results.

Theorem 1.1 (see [16, Theorem 2.1]). (i) Let m be even. If0 ≥ pn > −1 for all
largen and (1.7)hold, then all solutions of(1.5)are oscillatory.

(ii ) Let m be odd. If (A2) and (1.6) hold, then every solution of(1.5) oscillates or
tends to zero at infinity.

Theorem 1.2 (see [16, Theorem 2.2]).If (A1) and (1.6) hold, then every solution of
(1.5)oscillates or asymptotically tends to zero.
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We may note that form ≥ 2, (H4) implies (H6) and further, if1 > α > 0, then (1.6)
implies (H4) for m ≥ (2 − α)/(1 − α). Moreover, the equations (1.3) and (1.5) are
particular cases of (1.1). The results in [11,14,16] do not hold for a class of equations,
whereG is either linear or superlinear, i.e., for example whenG(u) = u or G(u) = u3

for u ∈ R. Here, in this paper, an attempt is made to fill this existing gap in literature
and obtain sufficient conditions for oscillatory behaviour of solutions of a more general
equation (1.1) under the weaker conditions (H4) or (H6). Moreover, we observe that
the existing papers in the literature do not have much to offer when{pn} satisfies (A4),
(A6) or (A7). In this direction, we find that the authors in [11] have obtained sufficient
conditions for the oscillation of solutions of the equation

∆m
(
yn − pnyn−k

)
+ qnG(yn−l) = 0 for n ≥ n0, (1.8)

with (A4) or (A7) and presented the following results.

Theorem 1.3 (see [11, Theorem 2.6]).Let {pn} satisfy (A7). If the condition(H5)
holds, then the following are valid statements.

(i) Every solution of(1.8)oscillates, ifm is even.

(ii ) Every solution of(1.8)oscillates or tends to zero asymptotically ifm is odd.

Theorem 1.4 (see [11, Theorem 2.7]).Let {pn} satisfy(A4). If (H5) holds, then the
following statements are true.

(i) Every solution of(1.8)oscillates form even.

(ii ) Every solution of(1.8)oscillates or tends to zero at infinity ifm is odd.

Theorem 1.5 (see [11, Theorem 2.10]).Let {pn} be in (A5) and l ≥ k. Suppose that
(1.4)and

∞∑
i=n1

q∗i = ∞ (1.9)

hold, whereq∗n := min{qn, qτ(n)} for n ≥ n1 ≥ n0. Then every solution of(1.8)
oscillates.

Unfortunately, the following example contradicts all the above three theorems in
[11].

Example 1.6.Consider the neutral equation

∆m
(
yn − 4yn−1

)
+ 4(n+1)/3 3

√
yn−2 = 0 for n ≥ 0, (1.10)

wherem may be any odd or even positive integer. Here,{pn} satisfies (A4), (A5) and
(A7). Also, note that{qn} = {4(n+1)/3} satisfies (H5) and it is monotonic increasing.
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Hence (1.9) is satisfied (refer Remark 4.3 of this paper). Clearly, (1.10) satisfies all the
conditions of Theorems 1.3–1.5. But, (1.10) has an unbounded positive solution{yn} =
{2n} which asymptotically tends to∞. Thus, this example contradicts Theorems 1.3–
1.5. SinceG(u) = 3

√
u for u ∈ R is sublinear, this example further establishes that the

results of [14,16] do not hold when{pn} is in (A4) or (A7).

As the papers [11, 14, 16] deal with sublinear equations, and their results do not
hold for linear or superlinear equations (i.e., (1.3) satisfying (H3) or (1.5) withα ≥ 1),
our objective is to complement their work, i.e., to extend these results to linear and
superlinear equations. In this paper we study (1.1), with{pn} in almost all possible
ranges. The results hold good for{fn} = {0} andG(u) = u for u ∈ R. In the last
section existence of a bounded positive solution of (1.1) is shown. The last but not the
least, this paper corrects, generalizes and improves some recent results in [10,11,14,16].

2 Some Lemmas

First, we state some lemmas that will be useful for our work. The following lemma
which can be easily proved, generalizes [10, Lemma 2.1].

Lemma 2.1. Let {fn}, {qn} and {pn} be sequences of real numbers defined for all
integersn ≥ n0 for some fixed integern0 such that

fn = qn − pnqτ(n) for all n ≥ n1 ≥ n0,

where{τ(n)} is member of a monotonic increasing unbounded sequence satisfying
τ(n) ≤ n for all large n. Suppose that{pn} satisfies one of conditions(A2), (A3)
or (A5). If qn > 0 for all n ≥ n0, lim inf

n→∞
qn = 0 and lim

n→∞
fn = L exists, thenL = 0.

Lemma 2.2 (see [3, 11]).Let {zn} be a real valued function defined for all integers
n ≥ n0, wheren0 is a fixed integer, andzn > 0 with ∆mzn of constant sign for all
n ≥ n0 and not identically zero. Then there exists an integerp, m − 1 ≥ p ≥ 0, with
(m + p) odd for∆mzn ≤ 0 and(m + p) even for∆mzn ≥ 0, such that for alln ≥ n0,

∆jzn > 0 for eachj with p ≥ j ≥ 0

and
(−1)p+j∆jzn > 0 for eachj with m− 1 ≥ j ≥ p + 1.

Definition 2.3. Define the factorial function (see [8, pp. 20]) by

n(k) := n(n− 1) · · · (n− k + 1),

wherek ≤ n andn ∈ Z andk ∈ N. Note thatn(k) = 0, if k > n.
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Then we have
∆n(k) = kn(k−1), (2.1)

wheren ∈ Z, k ∈ N and ∆ is the forward difference operator. One can show by
summing up (2.1) that

n−1∑
i=m

i(k) =
1

k + 1

(
n(k+1) −m(k+1)

)
(2.2)

holds. Now, set

bk(n, m) :=


1, k = 0

n∑
i=m

bk−1(n, i), k ∈ N.
(2.3)

Here, we evaluatebk by recursion. Clearly, fork = 1 in (2.3), we have

b1(n,m) =
n∑

i=m

b0(n, i) =
n∑

i=m

1 = (n + 1−m) = (n + 1−m)(1).

By (2.2) and fork = 2 in (2.3), we get

b2(n, m) =
n∑

i=m

b1(n, i) =
n∑

i=m

(n + 1− i)(1) =
n+1−m∑

i=1

i(1)

= =
1

2
(n + 2−m)(2) − 1

2
1(2) =

1

2
(n + 2−m)(2).

Note that1(2) = 0. By (2.2) and fork = 3 in (2.3), we get

b3(n,m) =
n∑

i=m

b2(n, i) =
1

2

n∑
i=m

(n + 2− i)(2) =
1

2

n+2−m∑
i=2

i(2)

=
1

6

[
(n + 3−m)(3) − 2(3)

]
=

1

3!
(n + 3−m)(3).

Using a simple induction, we obtain

bk(n, m) =
1

k!
(n + k −m)(k). (2.4)

Lemma 2.4. Letp be a positive integer and{yn} be a nonoscillatory sequence which is
eventually positive. If there exist a sequence{wn} and an integerp0 with p−1 ≥ p ≥ 0
such thatlim

n→∞
∆p0wn exists (finite) andlim

n→∞
∆jwn = 0 for all j with p−1 ≥ j ≥ p0+1,

then
∆pwn = −yn (2.5)
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implies

∆p0wn = lim
n→∞

∆p0wn +
(−1)p−p0−1

(p− p0 − 1)!

∞∑
i=n

(i + p− p0 − 1− n)(p−p0−1)yi. (2.6)

for all sufficiently largen.

Proof. Summing up (2.5) fromn to∞, we get

lim
n→∞

∆p−1wn −∆p−1wn = −
∞∑

i=n

yi

or simply

∆p−1wn =
∞∑

i=n

yi =
∞∑

i=n

b0(i, n)yi (2.7)

for all n ≥ n1 ≥ n0. Summing up (2.7) fromn to∞, we get

∆p−2wn = lim
n→∞

∆p−2wn −
∞∑

i=n

∞∑
j=i

b0(j, i)yi = −
∞∑

j=n

j∑
i=n

b0(j, i)yi

=−
∞∑

j=n

b1(j, n)yj = −
∞∑

i=n

b1(i, n)yi (2.8)

for all n ≥ n1. Again summing up (2.8) fromn to∞, we obtain

∆p−3wn = lim
n→∞

∆p−3wn +
∞∑

j=n

∞∑
i=j

b1(i, j)yi =
∞∑

i=n

i∑
j=n

b1(i, j)yi

=
∞∑

i=n

b2(i, n)yi

for all n ≥ n1. By the emerging pattern, we have

∆jwn = (−1)p−j−1

∞∑
i=n

bp−j−1(i, n)yi

for all n ≥ n1 andj = p0 + 1, . . . , p− 1. Then by lettingj = p0 + 1, we get

∆p0+1wn = (−1)p−p0−2

∞∑
i=n

bp−p0−2(i, n)yi for all n ≥ n1. (2.9)

Summing up (2.9) fromn to∞ and arranging we get

∆p0wn = lim
n→∞

∆p0wn + (−1)p−p0−1

∞∑
i=n

bp−p0−1(i, n)yi for all n ≥ n1. (2.10)
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From (2.4) and (2.10) it follows that

∆p0wn = lim
n→∞

∆p0wn +
(−1)p−p0−1

(p− p0 − 1)!

∞∑
i=n

(i + p− p0 − 1− n)(p−p0−1)yi

for all n ≥ n1. Hence, the proof is complete.

Lemma 2.5. If {wn} is a sequence of real numbers such that∆jwn > 0 for all suffi-
ciently largen andj = 0, 1, 2, . . . , p for some integerp ≥ 1, and∆p+1wn < 0 for all
n ≥ n0 for some integern0, then there exists a real numberL > 0 such thatwn > Lnp−1

for all sufficiently largen.

Proof. From the given conditions, it is clear that{∆p−1wn} is increasing. Hence, we
can findn1 ≥ n0 and a real numberA > 0 such thatn ≥ n1 implies

∆p−1wn ≥ A. (2.11)

Choosen ≥ n1 + 1, then summing (2.11) fromi = n1 to n− 1, we obtain

∆p−2wn > A(n− n1).

First takingn ≥ n1 + 2 and then summing up the above inequality fromi = n1 + 1 to
n− 1, we obtain

∆p−3wn >
1

2
A(n− n1)

(2).

Continuing the above iteration for a total of(p − 3) times more and using (2.2), we
easily find

wn >
A(n− n1)

(p−1)

(p− 1)!
for all n ≥ n1 + p− 1.

Sincen(k) ≥ (n− k + 1)k for all n ≥ k ≥ 0, it follows from the above inequality that

wn >
A(n− n1 − p + 2)p−1

(p− 1)!
for all n ≥ n1 + p− 1.

Clearly, lim
n→∞

(
1 − n1 + p− 2

n

)p−1

= 1. Hence, for any1 > ε > 0, we can find

n2 ≥ n1 + p− 1 such thatn ≥ n2 implies

1− ε <

(
1− n1 + p− 2

n

)p−1

< 1 + ε.

Choose0 < L < A/(p − 1)! = B such thatL/B < 1 − ε. Hence, for alln ≥ n2 we
obtainwn > Lnp−1.
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Remark2.6. Suppose that{wn} is a real sequence andL is a positive scalar as defined
in Lemma 2.5. If{zn} is a sequence, which satisfies the condition thatzn ≥ wn − ε for
all n ≥ n1 ≥ n0, whereε > 0 is any preassigned arbitrary positive number, then there

exist a positive scalarL > C and a positive integern2 ≥ max

{(
ε

L− C

) 1
p−1

, n1

}
such thatn ≥ n2 implieszn ≥ Cnp−1.

We state another lemma, which is useful for our main results.

Lemma 2.7 (see [9]).If
∞∑
i=1

ui and
∞∑
i=1

vi are positive term series with

lim
n→∞

un

vn

= l,

wherel is a positive finite constant, then the two series converge or diverge together. If

l = 0, then
∞∑
i=1

vi is convergent implies
∞∑
i=1

ui is convergent. Ifl = ∞, then
∞∑
i=1

vi is

divergent implies
∞∑
i=1

ui is divergent.

Remark2.8. Since,(n − k + 1)k < n(k) < nk is true for alln ≥ k, wherek is a fixed
nonnegative integer, then by Lemma 2.7 the following statements are true.

(H4) implies and is implied by the condition
∞∑

i=n0

(i− n0 + m− 2)(m−2)qi = ∞.

(H6) implies and is implied by the condition
∞∑

i=n0

(i− n0 + m− 1)(m−1)qi = ∞.

Remark2.9. Note that (H7) implies (H8). If the condition

∣∣∣∣ ∞∑
i=n0

im−1fi

∣∣∣∣ < ∞ is satisfied,

then (H7) holds. Indeed, using Lemma 2.7 and Remark 2.8, we define

Fn =
(−1)m

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)fi for n ≥ n0.

Then∆mFn = fn for all n ≥ n0 and lim
n→∞

Fn = 0. Thus, (H7) holds. We further note

that (H7) implies and is implied by the condition “There exist a sequence{Fn} and a
constantη such that{∆mFn} = {fn}, and lim

n→∞
Fn = η.” The implies part is obvious.

If η 6= 0, then we can replace{Fn} by {Ln} = {Fn − η}. Then lim
n→∞

Ln = 0 and

{∆mLn} = {fn}. Thus, (H7) holds and the equivalence is established.
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3 Sufficient Conditions – I

In this section, we present the results to find sufficient conditions so that every solu-
tion of (1.1) oscillates or asymptotically tends to zero when{pn} satisfies one of the
conditions (A1)–(A4).

Theorem 3.1.Letm ≥ 2. Suppose that{pn} satisfies one of the conditions(A1) or (A2).
If (H0), (H2)–(H4) and (H8) hold, then every unbounded solution of(1.1)oscillates.

Proof. Let {yn} be an unbounded nonoscillatory solution of (1.1). Then eitheryn > 0
or yn < 0 for all n ≥ n1 for somen1 ≥ n0. Supposeyn > 0 for all n ≥ n1. There exists
an integern2 ≥ n1 such thatyn, yτ(n) > 0 andyσ(n) > 0 for all n ≥ n2. For simplicity
of notation, define

zn := yn − pnyτ(n) for n ≥ n2. (3.1)

Set
wn := zn − Fn for n ≥ n2. (3.2)

Then using (3.1)–(3.2) in (1.1), we obtain

∆mwn = −qnG(yσ(n)) ≤ 0 for all n ≥ n2. (3.3)

Hence,wn, ∆wn, . . . , ∆
m−1wn are monotonic and of single sign for alln ≥ n3 ≥ n2.

Then lim
n→∞

wn = λ, where−∞ ≤ λ ≤ ∞. Since{yn} is unbounded, there exists a

subsequence{ynk
} such that

nk →∞ andynk
→∞ ask →∞,

and
y(nk) = max{yn : n3 ≤ n ≤ nk} for all k ∈ N. (3.4)

Then from (H8) it follows that we can find an integern4 ≥ n3 such thatk ≥ n4 implies
τ(nk), σ(nk) ≥ n3 and|Fnk

| < ε for some constantε > 0. Hence, for allk ≥ n4, if
(A1) holds, then we have

wnk
≥ ynk

(1− b)− ε.

Similarly, if (A2) holds, then for allk ≥ n4, we have

wnk
≥ ynk

− ε.

Takingk →∞, we find lim
n→∞

wn = ∞ because of the monotonic nature of{wn}. Hence,

wn > 0, ∆wn > 0 for all n ≥ n4. Since∆mwn 6≡ 0 for all largen and is nonpositive, it
follows from Lemma 2.2 that there exists a positive integerp such that(m − p) is odd
and for alln ≥ n5 ≥ n4, we have∆jwn > 0 for j = 0, 1, . . . , p and∆jwn∆j+1wn < 0
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for j = p, p+1, . . . ,m−2. Then lim
n→∞

∆pwn = l (finite) exists. Hence,p ≥ 1. Applying

Lemma 2.4 to (3.3), we obtain

∆pwn = l +
(−1)m−p−1

(m− p− 1)!

∞∑
i=n

(i− n + m− p− 1)(m−p−1)qiG(yσ(i)) (3.5)

for all n ≥ n5. This implies

∞∑
i=n

(i− n + m− p− 1)(m−p−1)qiG(yσ(i)) < ∞ for all n ≥ n5. (3.6)

In view of Lemma 2.7 and Remark 2.8, we have

∞∑
i=n5

im−p−1qiG(yσ(i)) < ∞. (3.7)

Because of (H4), the above inequality yields

lim inf
n→∞

G(yσ(n))

np−1
= 0.

Then we claimlim inf
n→∞

yσ(n)

np−1
= 0. Otherwise, there existsn6 ≥ n5 andγ > 0 such that

n ≥ n6 impliesyσ(n) > γnp−1. By (H0) and (H3), we obtain
G(yσ(n))

np−1
> γδ > 0 for all

n ≥ n6, a contradiction. Hence, our claim holds. Next, we assert

lim inf
n→∞

yn

np−1
= 0.

Otherwise, there existsn7 ≥ n6 andγ > 0 such thatn ≥ n7 implies
yn

np−1
> γ > 0.

As lim
n→∞

σ(n) = ∞, we can findn8 ≥ n7 such thatσ(n) ≥ n7 for all n ≥ n8. Then
yσ(n)

(σ(n))p−1
> γ for all n ≥ n8. Due to (H2), we haveσ(n) > µn for all n ≥ n8.

Consequently, for alln ≥ n8, we haveyσ(n) > γ(µn)p−1. Hence,
yσ(n)

np−1
> γµp−1 > 0

for all n ≥ n8, a contradiction. Thus, our assertion thatlim inf
n→∞

yn

np−1
= 0 holds. Since

p ≥ 1, due to Lemma 2.5, we can chooseB > 0 such thatwn > Bnp−1 for all
n ≥ n9 ≥ n8. Thus,

lim inf
n→∞

yn

wn

= 0. (3.8)

Set
p∗n := pn

wτ(n)

wn

for n ≥ n9.
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It is clear from (H8), and lim
n→∞

wn = ∞ that

lim
n→∞

Fn

wn

= 0.

Then we have

1 = lim
n→∞

[
wn

wn

]
= lim

n→∞

[
yn − pnyτ(n) − Fn

wn

]
= lim

n→∞

[
yn

wn

− p∗n
yτ(n)

wτ(n)

− Fn

wn

]
= lim

n→∞

[
yn

wn

− p∗n
yτ(n)

wτ(n)

]
.

(3.9)

Since{wn} is an increasing sequence, we have
wτ(n)

wn

< 1 for all n ≥ n9. If {pn} is

in (A1), then0 ≤ p∗n < pn ≤ b < 1 for all n ≥ n9. However, if{pn} is in (A2), then
0 ≥ p∗n ≥ pn ≥ −b > −1 for all n ≥ n9. Hence, it is clear that if{pn} satisfies (A1) or
(A2), then so does{p∗n}. Hence, use of Lemma 2.1 yields, due to (3.8), that

lim
n→∞

[
yn

wn

− p∗n
yτ(n)

wτ(n)

]
= 0,

a contradiction to (3.9). Hence the unbounded solution{yn} cannot be eventually posi-
tive. Next, if{yn} is an eventually negative solution of (1.1) for alln ≥ n1, then we set
xn := −yn for n ≥ n0 to obtainxn > 0 for all n ≥ n1. Thus, (1.1) reduces to

∆m
(
xn − pnxτ(n)

)
+ qnG̃(xσ(n)) = f̃n for n ≥ n0 (3.10)

where
{f̃n} := {−fn} and G̃(u) := −G(−u) for u ∈ R. (3.11)

Further,
{F̃n} := {−Fn} implies {∆mF̃n} = {f̃n}. (3.12)

In view of the above facts, it can be easily verified that the following conditions hold.

(H0) G̃ is nondecreasing anduG̃(u) > 0 for all realu 6= 0,

(H3) lim inf
|u|→∞

G̃(u)

u
≥ δ > 0,

(H8) There exists a bounded sequence{F̃n} such that{∆mF̃n} = {f̃n}.

Proceeding as in the proof for the previous case, we obtain a contradiction. Hence,{yn}
is oscillatory and the proof is complete.
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The following example illustrates Theorem 3.1.

Example 3.2.The neutral equation

∆3

(
yn −

1

2
yn−1

)
+ 135yn−2 = 0 for n ≥ 1 (3.13)

satisfies all the conditions of Theorem 3.1. Hence, all the unbounded solutions are
oscillatory. As such,{yn} = {(−2)n} is an unbounded solution, which oscillates. But
the results of [14, 16] cannot be applied to this equation, becauseG(u) = u for u ∈ R
is linear.

Theorem 3.3. Let m ≥ 2. Suppose that{pn} satisfies one of the conditions(A1)–(A4).
If (H0), (H6) and (H7) hold, then every bounded solution of(1.1)oscillates or tends to
zero asn →∞.

Proof. Let {yn} be a bounded solution of (1.1). If it oscillates, then there is nothing
to prove. If it does not oscillate, then eitheryn > 0 or yn < 0 for all n ≥ n1 for
somen1 ≥ n0. Supposeyn > 0 for all n ≥ n1. There exists an integern2 ≥ n1 such
that yn, yτ(n) > 0 andyσ(n) > 0 for all n ≥ n2. Set{zn} and{wn} as in (3.1) and
(3.2) respectively, to obtain (3.3). Thenwn, ∆wn, . . . , ∆

m−1wn are monotonic and of
single sign for alln ≥ n2 ≥ n1. Since{yn} is bounded,{zn} and{wn} are bounded
too. Using (H7) and the monotonic nature of{wn}, we obtain lim

n→∞
zn = lim

n→∞
wn = λ,

which exists and is finite. Then applying Lemma 2.4 to (3.3), we obtain

wn = λ +
(−1)m−1

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)qiG(yσ(i)) (3.14)

for all n ≥ n2. Thus,

1

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)qiG(yσ(i)) < ∞ (3.15)

for all n ≥ n2. Using Lemma 2.7 and Remark 2.8 in the above inequality, we obtain
∞∑

i=n

im−1qiG(yσ(i)) < ∞ (3.16)

for all n ≥ n2. The above inequality due to (H6) yields lim inf
n→∞

G(yσ(n)) = 0. Since

lim
n→∞

σ(n) = ∞, it can be easily shown thatlim inf
n→∞

G(yn) = 0. This implies due to (H0)

that lim inf
n→∞

yn = 0. From Lemma 2.1, it follows thatlim
n→∞

zn = 0. If {pn} is in (A1),

then

0 = lim
n→∞

zn = lim sup
n→∞

(
yn − pnyτ(n)

)
≥ lim sup

n→∞
yn + lim inf

n→∞

(
− pnyτ(n)

)
≥(1− b) lim sup

n→∞
yn.
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This implieslim sup
n→∞

yn = 0. Hence,yn → 0 asn →∞. If {pn} is in (A2) or (A3), then

sinceyn ≤ zn for all n ≥ n2, it follows thatyn → 0 asn → ∞. If {pn} satisfies (A4),
thenzn ≤ yn − b2yτ(n) for all n ≥ n2. Hence, it follows that

0 = lim
n→∞

zn ≤ lim inf
n→∞

(
yn − b2yτ(n)

)
≤ lim sup

n→∞
yn + lim inf

n→∞

(
− b2yτ(n)

)
=(1− b2) lim sup

n→∞
yn.

Thenlim sup
n→∞

yn = 0. Thus, lim
n→∞

yn = 0.

If {yn} is eventually negative, then we may proceed withxn := −yn defined for
n ≥ n0 as in the proof of Theorem 3.1 and note that{yn} is an eventually solution of
(3.10) with (3.11) and (3.12). Moreover, the condition (H0) along with the following
one holds.

(H7) There exists a sequence{F̃n} such that{∆mF̃n} = {f̃n} and lim
n→∞

F̃n = 0.

Then proceeding as above, we provelim
n→∞

yn = 0. Thus, the proof is complete.

Remark3.4. Theorem 3.3 holds whenG is linear, superlinear, or sublinear.

Next, we give a few examples to establish the significance of our results.

Example 3.5.Consider the neutral equation

∆m

(
yn −

1

2
yn−1

)
+ n−myα

n−2 = n−m2α(2−n) (3.17)

for n ≥ 1, wherem ≥ 2 andα is a positive rational, being the quotient of two odd
integers. Here,{pn} = {1/2} satisfies (A1) and qn = n−m, fn = n−m2α(2−n) for

n ≥ 1. It is clear that
∞∑
i=1

im−1fi < ∞. Hence by Remark 2.9, it follows that

Fn =
(−1)m

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)i−m2α(2−i) for n ≥ 1.

Obviously,Fn < ∞ for all n ≥ 1. Hence, the equation (3.17) satisfies all the conditions
of Theorem 3.3. Hence, every bounded nonoscillatory solution tends to zero at infinity.
In particular{yn} = {2−n} is a solution of (3.17), which tends to zero at infinity.

If α ≥ 1, then (3.17) does not come under the purview of the results in [14, 16],
hence those results fail to deliver any conclusion. Further, even ifα < 1, thenm ≥ 2
impliesm−αm+α > 1. This further implies (1.6) does not hold. Hence, Theorem 1.2
cannot be applied to (3.17). Thus, Theorem 3.3 along with Theorem 3.1 of this paper
improves and generalizes Theorem 1.2.
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Example 3.6.Consider the neutral equation

∆m

(
yn +

1

2
yn−1

)
+ n−myα

n−2 = (−1)m2−n−m+1 + n−m2α(2−n) for n ≥ 1, (3.18)

wherem ≥ 2, α is a positive rational, which is the quotient of two odd integers. Here,
{pn} = {−1/2} satisfies (A2) andqn = n−m, fn = (−1)m2−n−m+1 + n−m2α(2−n) for

n ≥ 1. Easily, we can verify that
∞∑
i=1

im−1fi < ∞ and the equation (3.18) satisfies all

the conditions of Theorem 3.3 for (A2). Hence,{yn} = {2−n} is a solution of (3.18),
which asymptotically tends to zero. Ifα ≥ 1, then results of [14,16] cannot be applied
to (3.18). Further, ifα < 1, then neither Theorem 1.1(ii) nor [14, Corollary 3] be applied
because (1.6) does not hold. Thus, Theorem 3.3 along with Theorem 3.1 of this paper
improves and generalizes Theorem 1.1(ii) and [14, Corollary 3].

Example 3.7.Consider the equation

∆4yn +
1

n4
yα

n−1 =
1

2n+4
+

2α(1−n)

n4
for n ≥ 1, (3.19)

whereα is a positive rational, being the quotient of two odd integers. Here,{pn} = {0}
satisfies (A1) and (A2) and qn = 1/n4, fn = 1/2n+4 + 2α(1−n)/n4 for n ≥ 1. It

is easy to verify that
∞∑
i=1

i3fi < ∞ and equation (3.19) satisfies all the conditions of

Theorem 3.3 for (A2). Hence,{yn} = {2−n} is a solution of (3.19), which tends to
zero at infinity. Ifα ≥ 1, then the results of the papers [14, 16] cannot be applied to
(3.19). Further, even ifα < 1, then Theorem 1.1(i) cannot be applied, because (1.7)
does not hold. Thus, Theorem 3.3 along with Theorem 3.1 of this paper improves and
generalizes Theorem 1.1(i) and [14, Corollary 3].

4 Sufficient Conditions – II

In this section, we find sufficient conditions for oscillation of (1.1) when{pn} satisfies
one of the conditions (A5)–(A7). With the help of a counter example, we proved in
the introduction that some results of [11] with (A5) and (A7) are inaccurate. Further,
Theorem 1.5 is true only for sublinear equations. Here an attempt is made to extend the
results to linear and superlinear equations and correct the results of [11].

Theorem 4.1. Suppose thatm ≥ 2, and that (A6) holds. Assume thatσ(τ(n)) =
τ(σ(n)) for all large n. Let (H0)–(H3) and (H7) hold. Further, assume that

(H9) G(−u) = −G(u) for all u ∈ R,
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(H10) For all real u, v > 0, there exists a scalarβ > 0 such thatG(u)G(v) ≥ G(uv)
andG(u) + G(v) ≥ βG(u + v),

(H11)
∞∑

i=n1

im−2q∗i = ∞, where forn ≥ n1, q∗n := min{qn, qτ(n)}.

Then every solution of(1.1)oscillates or tends to zero asn →∞.

Proof. Let {yn} be an eventually positive solution of (1.1) withyn, yτ(n), yσ(n) > 0 for
all n ≥ n1 ≥ n0. Then set{zn} and{wn} as in (3.1) and (3.2) respectively to get
(3.3) for alln ≥ n2 ≥ n1. Hence,wn, ∆wn, ∆

2wn, . . . , ∆
m−1wn are monotonic for all

n ≥ n3 ≥ n2. Consequently, from (H7) it follows that

lim
n→∞

wn = lim
n→∞

zn = λ, where−∞ ≤ λ ≤ ∞. (4.1)

If λ < 0, thenzn < 0 for all largen, a contradiction. Ifλ = 0, thenyn ≤ zn for all large
n implies lim

n→∞
yn = 0. If λ > 0, thenwn > 0 for all n ≥ n3. Then from Lemma 2.2, it

follows that there exists an integerp such thatm−1 ≥ p ≥ 0 and(m−p) is odd, and for
all n ≥ n4 ≥ n3, we have∆jwn > 0 for j = 0, 1, . . . , p and(−1)m+j−1∆jwn > 0 for
j = p + 1, p + 2, . . . ,m− 1. Hence, lim

n→∞
∆pwn = l exists (finite) andlim

n→∞
∆jwn = 0

for j = p + 1, p + 2, . . . ,m − 1. Note that0 < λ < ∞ implies p = 0, but λ = ∞
impliesp ≥ 1 such that(m − p) is odd. Applying Lemma 2.4 to (3.3), we obtain (3.5)
and consequently (3.6) follows. In view of Lemma 2.7 and Remark 2.8, we obtain

∞∑
i=n5

im−p−1qiG(yσ(i)) < ∞ (4.2)

for some fixedn5 ≥ n4. Note that, since{τ(n)} is monotonic increasing, it’s inverse
function{τ−1(n)} exists such thatτ−1(τ(n)) = n for all n ≥ n5. Sinceqn ≥ q∗τ−1(n)

for all n ≥ n5, it follows that

∞∑
i=n5

im−p−1q∗τ−1(i)G(yσ(i)) < ∞.

Then replacingn by τ(n) in the above inequality and multiplying by the scalarG(b2),
we obtain

G(b2)
∞∑

i=n6

(τ(i))m−p−1q∗i G(yσ(τ(i))) < ∞,

wheren6 ≥ τ−1(n5). By (H1), τ(n)/n > κ > 0 andpn ≥ −b2 for all n ≥ n6. Then
due to (H0), we obtain

∞∑
i=n6

im−p−1q∗i G(−pσ(i))G(yσ(τ(i))) < ∞.
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This with the use of (H10) yields

∞∑
i=n6

im−p−1q∗i G(−pσ(i)yσ(τ(i))) < ∞.

Sinceσ(τ(n)) = τ(σ(n)) for all n ≥ n6, the above inequality takes the form

∞∑
i=n6

im−p−1q∗i G(−pσ(i)yτ(σ(i))) < ∞. (4.3)

From (4.2) and the fact thatqn ≥ q∗n for all n ≥ n6, we obtain

∞∑
i=n6

im−p−1q∗i G(yσ(i)) < ∞. (4.4)

Further, using (H10), (4.3) and (4.4), one may get

∞∑
i=n6

im−p−1q∗i G(zσ(i)) < ∞. (4.5)

If p = 0, then (H11) and (4.5) implieslim inf
n→∞

(
nG(zσ(n))

)
= 0. Applying the assumption

lim
n→∞

σ(n) = ∞ and (H0), we obtain lim
n→∞

zn = 0, a contradiction. Ifp > 0, then by

Lemma 2.5, there existsA > 0 such thatwn > Anp−1 for all n ≥ n7 ≥ n6. For any
ε > 0, using (H7) we obtainzn ≥ wn−ε for all n ≥ n8 ≥ n7. Thus, due to Remark 2.6,
we can findA > B > 0 such that

zn > Bnp−1 for all n ≥ n9 ≥ n8. (4.6)

By (H2), we haveσ(n)/n > µ > 0 for all n ≥ n9. Using this, (4.6) and (H3) we obtain

∞∑
i=n9

im−p−1q∗i G(zσ(i)) ≥Bδ

∞∑
i=n9

im−p−1q∗i (σ(i))p−1

≥δBµp−1

∞∑
i=n9

im−2q∗i = ∞,

by (H11), a contradiction due to (4.5). Hence the proof for the case where{yn} is
eventually positive is complete.

If {yn} is eventually negative, then we may proceed with{xn} := {−yn} as in the
proof of Theorem 3.1 and note that{xn} is an eventually positive solution of (3.10) with
(3.11) and (3.12). Further, we note that (H9) impliesG = G̃. In view of this, it is easy to
verify that the conditions (H0) and (H3) along with the following two conditions hold.
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(H9) G̃(−u) = −G̃(u) for all u ∈ R,

(H10) For all realu, v > 0, there exists a scalarβ > 0 such thatG̃(u)G̃(v) ≥ G̃(uv)

andG̃(u) + G̃(v) ≥ βG̃(u + v).

Also, it is not difficult to see that (H7) holds. Then proceeding as above, in the proof for
the case where{yn} eventually negative, we prove thatlim

n→∞
yn = 0 and complete the

proof of the theorem.

Remark4.2. The prototype of the functionG satisfying (H0), (H3), (H9) and (H10) is
G(u) = (β + |u|µ)|u|λsgn(u) for u ∈ R, whereλ > 0, µ > 0, λ + µ ≥ 1 andβ ≥ 1 are
reals. For verification, we may take help of the well-known inequality (see [7, p. 292])

up + vp ≥

{
(u + v)p, 0 ≤ p < 1,

21−p(u + v)p, p ≥ 1.

Remark4.3. For m ≥ 2, the condition (1.9) implies (H11). Further the condition (1.9)
implies (H5). However, if{qn} is monotonic, then both (1.9) and (H5) are equivalent.
Indeed, if{qn} is decreasing, then{q∗n} = {qn}. Hence, the equivalence of (1.9) and
(H5) is immediate. On the other hand if{qn} is increasing, then assume that (H5) holds.

Then{q∗n} = {qτ(n)}. Hence,
∞∑

i=n1

q∗i =
∞∑

i=n1

q∗τ(i) = ∞ since
∞∑

i=τ(n1)

qi = ∞. Thus (1.9)

and (H5) are equivalent, when{qn} is monotonic.

Lemma 4.4. Suppose that{pn} satisfies the condition(A7). Further, assume that there
exists a positive integerk such thatτ(n) = n − k for all large n. Let (H0), (H2), (H3),
(H6) and (H7) hold. Then for every nonoscillatory solution{yn} of (1.1)with {zn} and
{wn} as defined in(3.1)and (3.2) respectively, eitherlim

n→∞
wn = 0 or lim

n→∞
wn = −∞.

Proof. Let {yn} be an eventually positive solution of (1.1) withyn, yτ(n), yσ(n) > 0
for all n ≥ n1 ≥ n0. Then for n ≥ n1, we obtain (3.3). Hence, we learn that
wn, ∆wn, ∆

2wn, . . . , ∆
m−1wn are monotonic for alln ≥ n2 ≥ n1. Then (4.1) holds,

i.e., lim
n→∞

wn = λ, where−∞ ≤ λ ≤ ∞. By the method of contradiction, we now show

that λ 6= ∞. Assume, if possible thatλ = ∞. Thenwn > 0 and∆wn > 0 for all
n ≥ n2. Due to (3.3) and Lemma 2.2, it follows that there existn3 ≥ n2 and an integer
p with m− 1 ≥ p ≥ 0 and(m− p) is odd, such thatn ≥ n3 implies

∆jwn > 0 for j = 0, 1, 2, . . . , p,

(−1)m+j−1∆jwn > 0 for j = p + 1, p + 2, . . . ,m− 1.
(4.7)

Hence, lim
n→∞

∆pwn = l exists andlim
n→∞

∆jwn = 0 for j = p + 1, p + 2, . . . ,m − 1. If

p = 0, then0 ≤ λ < ∞, a contradiction. Hence,m− 1 ≥ p ≥ 1. Applying Lemma 2.4
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to (3.3), we obtain (3.5). Consequently, (3.6) and then (3.7) follows due to Lemma 2.7
and Remark 2.8. From this, it follows, due to (H6), that lim inf

n→∞
(G(yσ(n))/n

p) = 0.

Hence,lim inf
n→∞

(yσ(n)/n
p) = 0, by (H0) and (H3). As lim

n→∞
σ(n) = ∞ and by (H2),

σ(n) > µn for all largen, we obtainlim inf
n→∞

yn

np
= 0. Due to Lemma 2.5, we can find

M0 > 0 such thatwn > M0n
p−1 for all n ≥ n4 ≥ n3. For anyε > 0, from (3.2) it

follows due to (H7) that zn ≥ wn − ε for all largen. From this, it follows, again by
Remark 2.6 that there existsM1 with M0 > M1 > 0, andyn − pnyτ(n) > M1n

p−1 for
all n ≥ n5 > n4. That is

yn > yτ(n) + M1n
p−1 for all n ≥ n5 (4.8)

due to (A7). Let

n6 ≥ max{(p− 2)k/3, n5}, M := min{yn : n6 ≤ n ≤ n6 + k}

and

0 < β < min

{
M

(n6 + k)p
,
M1

2pk

}
.

Define

A(n) :=

(M1 − pβk)np−1 + β

p∑
i=2

(−1)i

(
p

i

)
kinp−i, p ≥ 2

M1 − βk, p = 1

for n ≥ n6. If p is odd, then we may write

p∑
i=2

(−1)i

(
p

i

)
kinp−i =

[(
p

2

)
k2np−2 −

(
p

3

)
k3np−3

]
+

[(
p

4

)
k4np−4 −

(
p

5

)
k5np−5

]
+ · · ·+

[(
p

p− 1

)
kp−1n−

(
p

p

)
kp

]
,

to obtain
p∑

i=2

(−1)i

(
p

i

)
kinp−i > 0,

because (
p

i

)
kinp−i >

(
p

i + 1

)
ki+1np−i−1,

if and only if

n > k

(
p

i + 1

)/(
p

i

)
=

(p− i)k

i + 1
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for i = 2, 4, . . . , p− 1. Further,n ≥ n6 implies that

n ≥ n6 >
(p− 2)k

3
>

(p− 4)k

5
> · · · > k

p
.

If p is even, then we put the terms in pair as above with the last single positive term

(−1)p

(
p

p

)
kp. Thus,A(n) > 0 for all n ≥ n6. Sinceyn ≥ M for all n with n6 ≤ n ≤

n6 + k andM > β(n6 + k)p, thenyn > βnp for all n with n6 ≤ n ≤ n6 + k. Since
τ(n) = n − k, thenn6 + k ≤ n ≤ n6 + 2k impliesn6 ≤ τ(n) ≤ n6 + k. Using (4.8),
we obtain, for alln6 + k ≤ n ≤ n6 + 2k,

yn >yτ(n) + M1n
p−1 > β(τ(n))p + M1n

p−1

=β(n− k)p + M1n
p−1 > βnp,

because, forp ≥ 2,

βnp < A(n) + βnp =(M1 − pβk)np−1 + β
[
(n− k)p − np + pknp−1

]
+ βnp

=M1n
p−1 + β(n− k)p,

and forp = 1, A(n) + βn = M1 + β(n − k) > βn. Proceeding as above we have
yn > βnp for all n ≥ n6. Hence,

lim inf
n→∞

yn

np
≥ β > 0,

a contradiction. Thus,λ 6= ∞. If λ 6= −∞, then λ is finite. This implies that
(−1)m+j∆jwn < 0 for j = 1, 2, . . . ,m−1, and lim

n→∞
∆jwn = 0 for j = 1, 2, . . . ,m−1.

Then applying Lemma 2.4 to (3.3), we obtain (3.14). Consequently (3.16) holds. From
this it follows, due to (H6), that lim inf

n→∞
G(yn) = 0, and hencelim inf

n→∞
yn = 0 by (H0).

Then application of Lemma 2.1 yieldslim
n→∞

zn = 0. Thus, lim
n→∞

wn = 0 by (4.1). The

proof for the case when{yn} is eventually negative is similar.

Theorem 4.5. Suppose that{pn} satisfies(A7), andm is odd. Assume(H0), (H2), (H3)
and (H6). Then every solution of the equation

∆m
(
yn − pnyn−k

)
+ qnG(yσ(n)) = 0 for n ≥ n0 (4.9)

oscillates or tends to±∞ asn →∞.

Proof. Assume that{yn} is any nonoscillatory positive solution of (4.9) such thatn ≥
n1 ≥ n0, yn, yτ(n), yσ(n) > 0. Then setting{zn} as in (3.1), we obtain

∆mzn = −qnG(yσ(n)) ≤ 0 for all n ≥ n1. (4.10)
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Then applying the Lemma 4.4 for{fn} = {0}, we havelim
n→∞

zn = 0 or lim
n→∞

zn = −∞.

If the former holds, i.e.,lim
n→∞

zn = 0, then from Lemma 2.4 and (4.10), we find

zn =
1

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)qiG(yσ(i)) for all n ≥ n2 (4.11)

sincem is odd. Thus,
∞∑

i=n

(i− n + m− 1)(m−1)qiG(yσ(i)) < ∞ (4.12)

for all n ≥ n3 ≥ n2. Note thatzn > 0 for all largen, sincem is odd. This implies
lim inf
n→∞

yn > 0 due to (A7). Then there existsγ such thatyn > γ > 0 for all n ≥ n4 ≥
n3. Hence, for aln ≥ n4, we have

∞∑
i=n

(i− n + m− 1)(m−1)qiG(yσ(i)) > G(γ)
∞∑

i=n

(i− n + m− 1)(m−1)qi = ∞,

a contradiction to (4.12) by (H6). If lim
n→∞

zn = −∞, then from (A7) and (3.1) it follows

that yn−k ≥ −zn/b2 for all largen. This implies lim
n→∞

yn = ∞. Similarly, we prove

lim
n→∞

yn = −∞, whenyn < 0 for all largen. Thus, the proof is complete.

Corollary 4.6. Suppose that{pn} satisfies(A7), andm is odd. Assume(H0), (H2), (H3)
and (H6). Then every bounded solution of the equation(4.9)oscillates.

Proof. It follows directly from Theorem 4.5.

Theorem 4.7. Suppose thatm is odd. Assume(H0), (H2), (H3) and (H6). Then every
solution of the equation

∆m
(
yn − yn−k

)
+ qnG(yσ(n)) = 0 for n ≥ n0

oscillates.

Proof. Applying Lemma 4.4, we obtainlim
n→∞

zn = 0 or lim
n→∞

zn = −∞. If the latter

holds, thenzn < 0 for all largen. This implies{yn} is bounded. Consequently,{yn}
is bounded, a contradiction. If the former holds, then proceeding as in the proof of
Theorem 4.5, we get another contradiction. Hence, the proof is complete.

For our next result we need the following hypothesis.

(H12) Suppose that for every subsequence{qnj
} of {qn}, we have

∞∑
j=0

(nj)
m−1qnj

= ∞,

or equivalentlylim inf
n→∞

(nm−1qn) > 0 (see Remark 4.8 below).
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Remark4.8. Consider the following two statements.

(S1)
∞∑

j=1

qnj
= ∞ for every subsequence{qnj

} of {qn},

(S2) lim inf
n→∞

qn > 0.

It is mentioned in [11, pp. 95] that (S1) is weaker than (S2), i.e., (S2) implies (S1) but
not the other way around. To support their claim, the authors have presented the counter
example{qn} = {1/n}, which is in fact, not correct. It is because we can find a
subsequence{nj} = {j2} of {n} such that the subsequence{qnj

} does not satisfy
(S1). We now claim that (S1) is equivalent to (S2). It is obvious that (S2) implies (S1).
Conversely, suppose that (S2) does not hold. Then, we can find an increasing divergent
subsequence{nj} of positive integers such thatlim

j→∞
qnj

= 0. Without the loss of any

generality, we may assume that{nj} satisfiesqnj
≤ 1/j2 for all j ∈ N. Then clearly,

∞∑
j=1

qnj
≤

∞∑
j=1

1/j2 = π2/6 < ∞. This proves our claim. Therefore, (S1) holds if and

only if (S2) holds.

Theorem 4.9.Suppose that{pn} satisfies the condition(A7). Further, assume that there
exists a positive integerk such thatτ(n) = n − k for all large n. Let (H0), (H2), (H3),
(H7) and (H12) hold. Then

(i) every bounded solution of(1.1)oscillates or tends to zero asn →∞,

(ii ) every unbounded solution of(1.1)oscillates or tends to±∞ asn →∞.

Proof. Clearly (H12) implies (H6). Now, let us prove (i) and assume{yn} be any
nonoscillatory positive solution of (1.1) which is bounded. We have to prove that
lim

n→∞
yn = 0. Set{zn} and{wn} as in (3.1) and (3.2) respectively to get (3.3). Since

(H12) implies (H6), we apply Lemma 4.4 to getlim
n→∞

wn = 0 or lim
n→∞

wn = −∞. Since

{yn} is bounded,{wn} is bounded, and hencelim
n→∞

wn = −∞ is not possible. Thus,

lim
n→∞

wn = 0. Then we apply Lemma 2.4 to (3.3) to get (3.14). Consequently, (3.15)

and (3.16) follows. Then we apply (H6) to get lim inf
n→∞

G(yσ(n)) = 0. This implies

lim inf
n→∞

yσ(n) = 0, because of (H0). Then applying the condition,lim
n→∞

σ(n) = ∞, we

obtainlim inf
n→∞

yn = 0. Supposelim sup
n→∞

yn = ω > 0. Then we can find a subsequence

such thatyτ(nj) ≥ η > 0 for all j ≥ n1. Hence,

∞∑
j=n1

(nj)
m−1qnj

G(yτ(nj)) ≥ G(η)
∞∑

j=n1

(nj)
m−1qnj

= ∞,

a contradiction to (3.16). The proof for the case whereyn < 0 for all largen is similar.
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Next, let us prove (ii) and assume{yn} be an unbounded positive solution of (1.1).
Then we proceed as in case (i) above, apply Lemma 4.4 to obtainlim

n→∞
wn = 0 or

lim
n→∞

wn = −∞. In this case, we claimlim
n→∞

wn = 0 cannot hold. Otherwise, as in the

proof for the case (i), we prove (3.16) holds. Since{yn} is unbounded, we can find a
subsequence such thatyτ(nj) ≥ ζ > 0 for all j ≥ n1. Hence

∞∑
j=n1

(nj)
m−1qnj

G(yτ(nj)) ≥ G(ζ)
∞∑

j=n1

(nj)
m−1qnj

= ∞,

a contradiction to (3.16). Thus,lim
n→∞

wn = −∞. We observe that (4.1) holds because

of (H7). Hence, lim
n→∞

zn = −∞. From (A7) and (3.1) it follows thatyτ(n) ≥ −zn/b2 for

all largen. This implies lim
n→∞

yn = ∞. The proof for the case,yn < 0 for largen, is

similar.

Theorem 4.10.Suppose that{pn} satisfies the condition(A5). Assume that there exists
a positive integerk such thatτ(n) = n − k for all large n. Let (H0), (H2)–(H4), (H7)
and (H12) hold. Then

(i) every bounded solution of(1.1)oscillates or tends to zero asn →∞,

(ii ) every unbounded solution of(1.1)oscillates or tends to±∞ asn →∞.

Proof. Suppose{yn} is an eventually positive solution of (1.1). Note that Lemma 2.1
can be applied for (A5) and{pn} is in (A5) implies {p∗n} is in (A5). Then using (H4)
and proceeding as in the proof of Theorem 3.1, we provelim

n→∞
wn = ∞, is not possible.

Then using (H12) and proceeding as in the proof of Theorem 4.9, we get the desired
result.

5 Necessary Conditions

In this section, we would like to find necessary conditions for every solution of (1.1) to
oscillate or tend to zero asn → ∞. For the purpose, we require the following fixed
point theorem.

Lemma 5.1 (Krasnoselskii’s fixed point theorem [5]).LetY be a Banach space. Let
S be a bounded closed convex subset ofY and letA, B be maps ofS into Y such that
Ax + By ∈ S for every pair ofx, y ∈ S. If A is a contraction andB is completely
continuous, then the equation

Ay + By = y

has a solution inS.
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Definition 5.2 (see [4, Definition 3.2, pp. 196]).A set of sequences inl∞ is uniformly
Cauchy (or equi-Cauchy) if for everyε > 0 there exists an integern1 such that

|yi − yj| < ε

wheneveri, j ≥ n1 for every{yn} in S.

Theorem 5.3 (see [4, Theorem 3.3, pp. 196]).A bounded uniformly Cauchy subsetS
of l∞ is relatively compact.

Theorem 5.4.Suppose that{pn} satisfies(A1) or (A2). Let (H8) hold. If every solution
of (1.1)oscillates or tends to zero asn →∞, then(H6) holds.

Proof. Suppose that{pn} satisfies (A1). Assume for the sake of contradiction that (H6)
does not hold. Then

∞∑
i=n0

im−1qi < ∞. (5.1)

Hence, all we need to show is the existence of a bounded solution{yn} of (1.1) with
lim inf
n→∞

yn > 0. From (H8), we find a positive constantk and a positive integern1 ≥ n0

such that
|Fn| < k for all n ≥ n1. (5.2)

Choose two positive constantsL andc such thatL ≥ 5k/(1 − b) andc ≤ k. Since
G ∈ C(R, R), let

µ := max
{
|G(u)| : c ≤ u ≤ L

}
. (5.3)

Then using (5.1) and Remark 2.8, forε > 0, one can fixn3 > n2 such thatn ≥ n3

implies

µ

∞∑
i=n

(i− n + m− 1)(m−1)qi < ε. (5.4)

For (A1) let us takeε ≤ k. Choosen5 ≥ n3 such thatn4 := min{τ(n5), σ(n5)} ≥ n3.
Let Y = `N0

∞ , Banach space of real bounded sequencesy = {yn} with y1 = y2 = · · · =
yn4 and supremum norm

‖y‖ := sup{|yn| : n ≥ n4}.

Define
S =

{
y ∈ Y : c ≤ yn ≤ L for all n ≥ n4

}
. (5.5)

Clearly, S is a bounded closed and convex subset ofY . Now, we define two operators
A andB : S → Y as follows. Fory = {yn} ∈ S, define

(Ay)n =

{
(Ay)n5 , n4 ≤ n ≤ n5

pnyτ(n) + Fn + λ, n ≥ n5,
(5.6)
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whereλ := 3k, and

(By)n =


(By)n5 , n4 ≤ n ≤ n5

(−1)m−1

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)qiG(yσ(i)), n ≥ n5.
(5.7)

First we show that ifx = {xn}, y = {yn} ∈ S, thenAx + By ∈ S. Hence, for any
{xn}, {yn} ∈ S and alln ≥ n5, we obtain

(Ax)n + (By)n ≤pnxτ(n) + 3k

+
1

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)qi|G(yσ(i))|+ |Fn|

≤bL + 3k + k + k ≤ L.

On the other hand

(Ax)n + (By)n ≥3k − 1

(m− 1)!

∞∑
i=n

(i− n + m− 1)(m−1)qi|G(yσ(i))| − |Fn|

≥3k − k − k ≥ c.

Hence
c ≤ (Ax)n + (By)n ≤ L for all n ≥ n5.

Thus, we proved thatAx + By ∈ S for any x, y ∈ S. Next, we show thatA is a
contraction onS. In fact forx, y ∈ S and alln ≥ n5 we have

‖(Ax)n − (Ay)n‖ ≤ |pn||xτ(n) − yτ(n)| ≤ b||x− y||.

This impliesA is a contraction because0 < b < 1. Next, we show thatB is completely
continuous. For this as a first step we show thatB is continuous. Suppose{yl

n} is a
sequence of points inS (with l taken from the index set) which converges to{yn} in S
asl →∞. SinceS is closedy ∈ S. Forn ≥ N1 we have

|(Byl)n − (By)n| ≤
∞∑

i=n

(i− n + m− 1)(m−1)qi|G(yl
σ(i))−G(yσ(i))|.

SinceG are continuous, therefore

|G(yl
σ(i))−G(yσ(i))| → 0 asl →∞.

Hence,B is continuous. Next what remains to show isBS is relatively compact. Using
the result [4, Theorem 3.3], i.e., Theorem 5.3 we need only show thatBS is uniformly
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Cauchy (see Definition 5.2). Let{yn} be a sequence inS. From (5.1) and Remark 2.8,
it follows that forε > 0, there existsn6 ≥ n5 such that for alln ≥ n6,

∞∑
i=n

(i− n + m− 1)(m−1)qi|G(yσ(i))| <
ε

2
.

Then, for anyi ≥ j ≥ n6, we have

|(By)i − (By)j| < ε.

Thus,BS is uniformly Cauchy. Hence, it is relatively compact. Then by Lemma 5.1,
we can findy0 = {y0

n} in S such thatAy0 + By0 = y0. Clearly,{y0
n} is a bounded,

positive solution of (1.1) with limit infimum greater than or equal toc > 0. Thus, the
proof is complete. If{pn} satisfies (A2), then the proof is similar, only thing we have
to do is to suitably fixc, L, ε andλ. In this regard, first decrementb if necessary, so that
b < 1/5. Then selectL, c, ε andλ such that5k ≤ L < k/b, 0 < c ≤ k− bL, 0 < ε ≤ k
andλ := 3k. The mappingsA andB are defined similarly, as defined for (A1). Then
proceeding as above we complete the proof.

Remark5.5. Theorem 5.4 improves [11, Theorems 4.1 and 4.2], where there are restric-
tions onm and on the bounds of{Fn}. Further, it generalizes and extends the necessary
part of [10, Theorem 2.3]. In all these results of [10, 11] the authors require (H0) and
the condition thatG is Lipschitzian in intervals of the form[a, b] unlike in Theorem 5.4.
Further, Theorem 5.4 holds even if{qn} changes sign. In that case we have to replace
{qn} by {|qn|} in (H6).

Theorem 5.6.Suppose that{pn} satisfies(A3) or (A4). Let (H8) hold. If every solution
of (1.1)oscillates or converges to zero asn →∞, then(H6) holds.

Proof. Suppose that{pn} satisfies (A4). The proof is similar to the proof of Theorem 5.4
with the following changes in the parametersc, L, λ and ε. ChooseL := k(2b1 +
3b2)/b1(b1 − 1) and0 < c ≤ k/b1. ThenL > c > 0 and assumeε = k. We may define
the mappingsA andB as

(Ay)n :=

Ayn5 , n4 ≤ n ≤ n5,
yτ−1(n)

pτ−1(n)

+
λ

pτ−1(n)

+
Fτ−1(n)

pτ−1(n)

, n ≥ n5,

whereλ := 3b2k/b1, and

(By)n :=


Byn5 , n4 ≤ n ≤ n5

(−1)m

(m− 1)!pτ−1(n)

∞∑
i=τ−1(n)

(i− τ−1(n) + m− 1)m−1qiG(yσ(i)), n ≥ n5.
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The functionτ−1 used in the definition of the operatorsA andB, is the inverse function
of τ , which exists because{τ(n)} is increasing, withτ−1(τ(n)) = n for all n ≥ n0.
Then proceeding as in the proof of Theorem 5.4, we find a positive bounded solution
with limit infimum not less thanc > 0. If {pn} satisfies (A3), then the proof is similar to
the proof for the case (A4), hence we leave it for the reader to guess and find the values
of c, L, ε, λ and complete the proof.

6 Final Comments

In view of Theorems 3.3, 5.4 and 5.6, the following result follows as a corollary.

Corollary 6.1. Suppose that any one of the conditions(A1)–(A4) holds. Then under the
assumptions(H0) and (H7) every bounded solution of(1.1)oscillates or asymptotically
tends to zero if and only if(H6) holds.

We conclude this paper with two open problems for further research.

Open Problem6.2. Can we prove Theorem 4.1 under a condition weaker than (H11)?

Open Problem6.3. Can we prove Theorem 4.9 with the assumption (H6) in place of
(H12)? Or with any other condition weaker than (H12)?
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