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Abstract

Necessary and sufficient conditions are obtained for the oscillation of all the
solutions of the neutral functional difference equation

A™ (yn - pnyT(n)) + QHG(yo(n)) = fn forn > ng.

Different ranges of the sequengg,, } are considered. The positive integercan
take both odd and even values. The results hold whfgh = {0} andG(u) = u
for u € R. This paper improves, generalizes and corrects some recent results.
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1 Introduction
In this paper, necessary and sufficient conditions are obtained so that every solution of

A™ (yn - pnyr(n)) + QnG(ya(n)) = fn forn Z no (11)

oscillates or asymptotically tends to zero-bso, whereA is the forward difference
operator given bYAy, = yn11 — Un, {Pn}, {¢.} @and{f,} are infinite sequences of
real numbers withy, > 0 for every integem > ny, andG € C(R,R). Further,
we assumeg7(n)}, {o(n)} are monotonic increasing sequences of integers such that
7(n),o(n) < n for every integem > ny. Different ranges ofp,} are considered.
The positive integem, which is the order of the equation, can take both odd and even
values.

Let n_; = min{7(ng),o(ny)}. By a solution of (1.1), we mean a real sequence
{y»} which is defined for every integer > n_; and satisfies (1.1) for every integer
n > ng. Clearly, if the initial condition

Yn=0¢, forn_i<n<ng+m-—1 (1.2)

is given, then the equation (1.1) has a unique solution satisfying the given initial condi-
tion (1.2). A solution{y, } of (1.1) is said to be oscillatory if for every integer > n,
there exists, > n; such thaty,,y,,+1 < 0, otherwise{y, } is said to be nonoscillatory.

In the sequel, we shall need the following conditions.

(Ho) G is nondecreasing and~(u) > 0 for all realu # 0.
(Hy) 7(n)/n > k for all n > ng and some reat > 0.
(Hs) o(n)/n > pforalln > ny and some regk > 0.

(Hs) 1|u|n inf (G(u)/u) > & for some reab > 0

(Hy) Z i™2¢; = oo whenm > 2.

i=ng

(Hs) Z q; = 0.

1=ng

(He) Z " lg; = oo

i=ng

(H;) There exists a sequen¢é;, } such thaf A™F,,} = {f,}, andlim F, = 0.

(Hs) There exists a bounded sequekég } such tha{ A™F,} = {f,.}.
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In this paper, we assume thigt, } satisfies one of the following conditions

(Ay) 1 < by <p, < by,

(A1)0§pn§b<1a
(A6) _b2§pn§07

(A3) - b2 S Pn S _bl
(A5) 0 S Pn S b27
(A7) 1 S DPn S b27

< -1,

whereb, by, by are positive real numbers
In recent years, several papers on oscillation of solutions of neutral delay difference
equations have appeared, see [1, 2,10-17] and the references cited there in. Sufficient

(1.3)

conditions for oscillation of
= f, forn>ng

A™ (yn - pnyn—k) + QnG(yn—l) —
are studied in [14]. In that pap€fp,, } is confined to (A) only andG is restricted with
a sublinear condition
+e dS
< oo foranye > 0. (1.4)
(1.5)

In [16] the authors study

wherel > « > 0, is a quotient of odd integers adg, } satisfies (A) or (A;). They
obtain the sufficient conditions of oscillation of (1.5) under the conditions

PnYn—k) + @Gya_, =0 forn > ny,

D (i =12 = o0 (1.6)
1=ng
and
ZQZ 1+pz am V= (17)
1=nQ
and presented the following results
.10 > p, > —1 forall

Theorem 1.1 (see [16, Theorem 2.1]). (i) Letm be even
large n and (1.7) hold, then all solutions of1.5) are oscillatory

If (A;) and (1.6) hold, then every solution ofl.5) oscillates or

(i) Letm be odd.
tends to zero at infinity.

Theorem 1.2 (see [16, Theorem 2.2])f (A;) and (1.6) hold, then every solution of

(1.5) oscillates or asymptotically tends to zero



72 B. Karpuz, R. N. Rath and S. K. Rath

We may note that fom > 2, (H,) implies (H;) and further, ift > « > 0, then (1.6)
implies (H,) for m > (2 — «)/(1 — «). Moreover, the equations (1.3) and (1.5) are
particular cases of (1.1). The results in [11, 14, 16] do not hold for a class of equations,
whered is either linear or superlinear, i.e., for example wiigm) = u or G(u) = u*
for u € R. Here, in this paper, an attempt is made to fill this existing gap in literature
and obtain sufficient conditions for oscillatory behaviour of solutions of a more general
equation (1.1) under the weaker conditionsXldr (Hs). Moreover, we observe that
the existing papers in the literature do not have much to offer Whgh satisfies (A),

(Ag) or (A7). In this direction, we find that the authors in [11] have obtained sufficient
conditions for the oscillation of solutions of the equation

A™ (yn - pnynfk) + QnG(ynfl) =0 forn 2 Ny, (18)
with (A4) or (A7) and presented the following results.

Theorem 1.3 (see [11, Theorem 2.6])Let {p,} satisfy(A;). If the condition(H;)
holds, then the following are valid statements.

(i) Every solution of(1.8) oscillates, ifm is even.
(i) Every solution of(1.8) oscillates or tends to zero asymptoticallyrifis odd.

Theorem 1.4 (see [11, Theorem 2.7])Let {p,} satisfy(A,). If (H5) holds, then the
following statements are true.

(i) Every solution of(1.8) oscillates form even.
(i) Every solution of(1.8) oscillates or tends to zero at infinitysi is odd.

Theorem 1.5 (see [11, Theorem 2.10])-et {p,} be in(A;) and! > k. Suppose that
(1.4)and

Y g = (1.9)

hold, wheregq; := min{g,,¢-(n)} for n > ny > ny. Then every solution of1.8)
oscillates.

Unfortunately, the following example contradicts all the above three theorems in
[11].

Example 1.6. Consider the neutral equation
A™ (Yo — A1) + 4By =0 forn >0, (1.10)

wherem may be any odd or even positive integer. Hee,} satisfies (4), (As) and
(A7). Also, note that{q,} = {4""*Y/3} satisfies (H) and it is monotonic increasing.
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Hence (1.9) is satisfied (refer Remark 4.3 of this paper). Clearly, (1.10) satisfies all the
conditions of Theorems 1.3-1.5. But, (1.10) has an unbounded positive sdlytipn-

{2"} which asymptotically tends teo. Thus, this example contradicts Theorems 1.3—
1.5. SinceGi(u) = v/u for u € R is sublinear, this example further establishes that the
results of [14, 16] do not hold whefp,, } is in (A4) or (A7).

As the papers [11, 14, 16] deal with sublinear equations, and their results do not
hold for linear or superlinear equations (i.e., (1.3) satisfying) @ (1.5) witha > 1),
our objective is to complement their work, i.e., to extend these results to linear and
superlinear equations. In this paper we study (1.1), With} in almost all possible
ranges. The results hold good fof,} = {0} andG(u) = w for u € R. In the last
section existence of a bounded positive solution of (1.1) is shown. The last but not the
least, this paper corrects, generalizes and improves some recent results in [10,11,14,16].

2 Some Lemmas

First, we state some lemmas that will be useful for our work. The following lemma
which can be easily proved, generalizes [10, Lemma 2.1].

Lemma 2.1. Let {f,},{¢.} and {p,} be sequences of real numbers defined for all
integersn > nq for some fixed integer, such that

fn = Gn — Pnfr(n) for all n > ni > ng,

where {r(n)} is member of a monotonic increasing unbounded sequence satisfying
7(n) < n for all large n. Suppose thaf{p, } satisfies one of condition@\), (As)
or (As). If ¢, > 0 forall n > ng, liminf ¢, = 0 and lim f,, = L exists, thern, = 0.

n—oo

Lemma 2.2 (see [3, 11])Let {z,} be a real valued function defined for all integers
n > ng, Whereng is a fixed integer, and,, > 0 with A"z, of constant sign for all
n > ng and not identically zero. Then there exists an integenn — 1 > p > 0, with
(m + p) odd forA™z, < 0 and(m + p) even forA™z, > 0, such that for alln > n,

Az, >0 foreachjwithp > j >0

and
(=1)PT Az, >0 foreachjwithm —1> 5 >p+1.

Definition 2.3. Define the factorial function (see [8, pp. 20]) by
n® .=nn-1)---(n—k+1),

wherek < n andn € Z andk € N. Note that'®) = 0, if & > n.
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Then we have
An®) = =1, (2.1)

wheren € Z, k € N and A is the forward difference operator. One can show by
summing up (2.1) that

n—1
1
(k) (k) (kD)
;z 1 (n m ) (2.2)
holds. Now, set
1, k=0
= - 2.
be(n, m) S bica(ni), keN (2:3)

Here, we evaluat&, by recursion. Clearly, fok = 1 in (2.3), we have

bl(n,m):Zbo(n,i):21:(n+1—m):(n—|—1—m)(1).

By (2.2) and fork = 2 in (2.3), we get

n n+l—-m

ba(n, m) :Zbl(n,z’) =Y n+1-)® =3 i

i=m =1

1 1 1

Note thatl® = 0. By (2.2) and fork = 3 in (2.3), we get

n 1 n 1n—|—2—m
- ) — = A C) R (2)
bg(n,m)—ZbQ(n,z)—2Z(n+2 i) =3 22 i
1
:6[(72 +3-m)® — 2(3)] = 5(n+3- m)®.

Using a simple induction, we obtain

1
br(n,m) = H(n +k—m)®. (2.4)
Lemma 2.4. Letp be a positive integer anfly,, } be a nonoscillatory sequence which is
eventually positive. If there exist a sequekigg } and an integep, withp—1>p >0
such thatlim AP°w,, exists (finite) andim A’w, = 0forall j withp—1 > j > py+1,
then
APw, = —Yn (25)
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implies

) ( 1)10 po—1
AP, = lim AP°w,, +

for all sufficiently largen.

Proof. Summing up (2.5) from: to oo, we get
lim AP tw, — APy, = — Z Yi

n—oo

or simply
_1wn = Zyz = Z bO(Z.a ’I'L)y

forall n > ny; > ng. Summing up (2.7) from to oo, we get

AP 2wy, = lim AP w, — i ibo(J} Dy = — i ibo(% i)y

i=n j=i Jj=n i=n

:—Zblj, Zblzn

for all n > n,. Again summing up (2.8) from to oo, we obtain

AP~ wn—h_{nAp 3wn+ZZblzJ ZZblzJ

Jj=n i=j t=n j=n
= i ba(i,m)y
for all n > n,. By the emerging pattern, we have
ANw, = (—1)P771 i by—j—1(i,n)y
foralln >nyandj =py+1,...,p — 1. Then by lettingj = py + 1, we get
APy, = (—1)PPo—2 i bp—po—2(i,n)y; foralln > ny.
Summing up (2.9) fromn to co and arranging we get

AP, = lim APow, + (—1)P7P°~ 1pr po—1(i,n)y; foralln > ny.

n—oo

75

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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From (2.4) and (2.10) it follows that

[e.o]

(_1)17—170—1

APow, = lim AP°w, + ) Z(Z +p—po—1—n)P Pl

n—00 (p— 1o
for all n > n;. Hence, the proof is complete. O

Lemma 2.5. If {w,} is a sequence of real numbers such thdtw, > 0 for all suffi-
ciently largen andj = 0,1,2,...,p for some integep > 1, and A?"'w,, < 0 for all
n > no for some integen,, then there exists a real number> 0 such thatw,, > Ln?~!
for all sufficiently largen.

Proof. From the given conditions, it is clear thAf\”'w,,} is increasing. Hence, we
can findn; > ng and a real numbed > 0 such that, > n; implies

APy, > A. (2.11)
Choosen > n; + 1, then summing (2.11) from= n; ton — 1, we obtain
AP 2w, > Aln —ny).

First takingn > n; + 2 and then summing up the above inequality from n; + 1 to
n — 1, we obtain

1
AP, > §A(n —ny)®.
Continuing the above iteration for a total @f — 3) times more and using (2.2), we

easily find
A(n —ny)®P~Y

(p— 1!
Sincen™ > (n — k + 1)* forall n. > k > 0, it follows from the above inequality that

Wy, > foralln >n, +p—1.

Aln —ny —p+2)P1

foralln >n, +p—1.
(p—1)! B

Wy, >

—o\P!
Clearly, lim (1 — mtp- 2

n—oo n

ny > ny + p — 1 such thath > n, implies

_9\P!
1_5<(1_M) 14
n

= 1. Hence, for anyl > ¢ > 0, we can find

Choose) < L < A/(p—1)! = Bsuchthat./B < 1 — e. Hence, for alln > ny, we
obtainw,, > LnP~!. O
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Remark2.6. Suppose thafw, } is a real sequence aridis a positive scalar as defined
in Lemma 2.5. If{z, } is a sequence, which satisfies the condition that w,, — ¢ for
all n > n; > ng, wheres > 0 is any preassigned arbitrary positive number, then there

—1
exist a positive scalat. > C' and a positive integeti, > max { (L c C) ’ ,nl}

such that, > n, impliesz, > CnP~!.
We state another lemma, which is useful for our main results.

Lemma 2.7 (see [9])Jf Y "w; and) _ v; are positive term series with
=1 =1
lim 2% — l,

n—0o0 /Un
wherel is a posmve finite constant, then the two series converge or dlverge together. If

[ =0, thenz v; is convergent |mplle§: u; is convergent. If = oo, thenz v; is
=1 =1 i=1

divergent implies) _ u; is divergent.

=1
Remark2.8. Since,(n — k + 1)F < n® < n* is true for alln > k, wherek is a fixed
nonnegative integer, then by Lemma 2.7 the following statements are true.

(H4) implies and is implied by the conditioE (1t —ng+m— 2)(7”‘2)% = o0.

i=ng

(He) implies and is implied by the conditioE (i —ng+m—1)m Vg = 0.

[e.9]

Zim_lfi

i=no

then (H) holds. Indeed, using Lemma 2.7 and Remark 2.8, we define

Remark2.9. Note that (H) implies (H). If the condition < oo Is satisfied,

—1)ym

ThenA™F, = f, for all n > ng and lim F,, = 0. Thus, (H) holds. We further note

n—oo

that (H;) implies and is implied by the condition “There exist a sequefieg} and a
constant) such tha{ A™F,,} = {f,}, and lim F, = ».” The implies part is obvious.

If » # 0, then we can replacéF,,} by {L,} = {F, —n}. Thenlim L, = 0 and
{A™L,} ={f.}. Thus, (H) holds and the equivalence is established.
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3 Sufficient Conditions — |

In this section, we present the results to find sufficient conditions so that every solu-
tion of (1.1) oscillates or asymptotically tends to zero wHen} satisfies one of the
conditions (A)—(As).

Theorem 3.1.Letm > 2. Suppose thaftp,, } satisfies one of the conditio(&,) or (Ay).
If (Ho), (H2)—(H,) and(Hg) hold, then every unbounded solution(df1) oscillates.

Proof. Let {y,} be an unbounded nonoscillatory solution of (1.1). Then eigher 0

ory, < 0 forall n > n, for somen; > ny. Supposey,, > 0forall n > n;. There exists
an integem, > n,; such thaty,,, y.,) > 0 andy, ., > 0 for all n > n,. For simplicity
of notation, define

Zp = Yn = Pp¥Yrm) fOrm > ny. (3.1)

Set
w, =z, — F, forn > ns. (3.2)

Then using (3.1)—(3.2) in (1.1), we obtain
A"w, = —0,G(Yomy) <0 foralln > n,. (3.3)

Hence,w,, Aw,, ..., A™ *w, are monotonic and of single sign for all> ns > n..
Then lim w, = A, where—oco < A < oo. Since{y,} is unbounded, there exists a

n—oo

subsequencéy,, } such that
ny — oo andy,, — oo ask — oo,

and
y(ng) = max{y, :ng <n <n,} foralkeN. (3.4)

Then from (H) it follows that we can find an integer, > ns such that: > n, implies
T(ng),o(nk) > ns and|F,,| < e for some constard > 0. Hence, for allk > ny, if
(A1) holds, then we have

Wny = Yn, (1 —0) — &,

Similarly, if (A,) holds, then for alk > n,, we have
Wy, = Yn, — €.

Takingk — oo, we find lim w,, = oo because of the monotonic nature{af,, }. Hence,

n—00

wy, > 0, Aw, > 0forall n > ny. SinceA™w, # 0 for all largen and is nonpositive, it
follows from Lemma 2.2 that there exists a positive intggsuch that(m — p) is odd
and for alln > ns; > n4, we haveA’w,, > 0for j = 0,1, ..., p andAdw, A" w, <0
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forj =p,p+1,...,m—2. Thenlim APw, = [ (finite) exists. Hencey > 1. Applying

n—oo

Lemma 2.4 to (3.3), we obtain

(0.9}

—1)ym—pr-1 . I
=) Z(Z —n+m—p—1)""PVgG (Yo (3.5)

Alw, =14+ —F—
v +(m—p—1)! —

for all n > ns. This implies

Z(z —n+m—p— 1" YgG(y,u) < 0o foralln > ns. (3.6)

i=n

In view of Lemma 2.7 and Remark 2.8, we have

D i P GG (o) < 00 (3.7)

1=ns

Because of (L), the above inequality yields

G g(n
lim inf M

n—o00 np—1

=0.

Then we claimim inf Yot) _ 0. Otherwise, there exists; > n; andy > 0 such that

n—oo mnpP—1
. . p—1 : G<ya(n))
n > ng impliesy, ) > yn?~". By (Hy) and (H;), we obtalnT
n

n > ng, a contradiction. Hence, our claim holds. Next, we assert

> ~¢6 > 0 for all

lim inf 2" — 0.
n—oo np_l

Otherwise, there exists; > ng andy > 0 such that: > n, implies ‘znl > v > 0.
-

As lim o(n) = oo, we can findng > n; such thatr(n) > n; for all n > ng. Then

n—oo

Yo(n)
(o(n))r=

> ~ for all n > ng. Due to (H), we haves(n) > un for all n > ns.

Consequently, for ath > ng, we havey,,, > v(un)"". Hence,yz(_"i > Pt >0
n
for all n > ng, a contradiction. Thus, our assertion that inf Z’il = 0 holds. Since
n—oo M

p > 1, due to Lemma 2.5, we can chooge > 0 such thatw, > BnP~! for all
n > ng > ng. Thus,

liminf 2% = 0. (3.8)
n—oo Wy
Set w
Dy = Pn ™ forn > ng.

Wn,
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Itis clear from (H), and lim w,, = oo that

.,
lim — =0.
n—0o0 wn

Then we have
1 = lim —}

n—oo [ Wy,

= lim
n—oo W,

(3.9)

= lim |—&— —pi—— — —
n—0oo | Wp Wr(n) Wn,
n—oo | Wy Wr(n)

. . . . w'r n .
Since{w,} is an increasing sequence, we have” < 1foralln > ng. If {pn}is
w

in (A,), then0 < p < p, < b < Lforalln > no. However, if{p,} is in (As), then
0>p: >p,>—b>—1foralln > ng. Hence, itis clear that ifp,, } satisfies (A) or
(A), then so doe$p’ }. Hence, use of Lemma 2.1 yields, due to (3.8), that

lim [y—n — Yrw) ] =0,

n—oo | Wy " Wr(n)

a contradiction to (3.9). Hence the unbounded solufigr} cannot be eventually posi-
tive. Next, if {y, } is an eventually negative solution of (1.1) for all> n;, then we set

T, = —y, forn > ng to obtainz,, > 0 for all n > n;. Thus, (1.1) reduces to
A™ (xn _pnIT(n)) + Qné(l‘a(n)) = }:;L forn Z ) (310)
where B B
{fn} ={-f.} and G(u) :=-G(—u) forueR. (3.11)
Further, B B B
{F.}:={-F,} implies {A"F,}={f.}. (3.12)

In view of the above facts, it can be easily verified that the following conditions hold.

(Hy) G is nondecreasing amﬁ(u) > (0 for all realu # 0,

(H3) liminf Glu)

|u|—o0 U

> 6 >0,

(Hs) There exists a bounded sequetiée} such that{ A™F,,} = {f,}.

Proceeding as in the proof for the previous case, we obtain a contradiction. Hignge,
is oscillatory and the proof is complete. O
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The following example illustrates Theorem 3.1.
Example 3.2. The neutral equation

1
AS (yn - §yn—1> + 135yn—2 =0 for n Z 1 (313)

satisfies all the conditions of Theorem 3.1. Hence, all the unbounded solutions are
oscillatory. As such{y,} = {(—2)"} is an unbounded solution, which oscillates. But
the results of [14, 16] cannot be applied to this equation, because= u for u € R

is linear.

Theorem 3.3.Letm > 2. Suppose thafp, } satisfies one of the conditioa;)—(As).
If (Ho), (Hg) and (H-) hold, then every bounded solution (f.1) oscillates or tends to
zero asn — oo.

Proof. Let {y,} be a bounded solution of (1.1). If it oscillates, then there is nothing
to prove. If it does not oscillate, then eithgr > 0 or y, < 0 for all n > ny for
somen; > ng. Supposey, > 0 for all n > ny. There exists an integer, > n; such
thaty,, v, > 0 andy,,) > 0 for all n > n,. Set{z,} and{w,} as in (3.1) and
(3.2) respectively, to obtain (3.3). Them,, Aw,, ..., A™ tw, are monotonic and of
single sign for alln > ny > ny. Since{y,} is bounded{z,} and{w,} are bounded
too. Using (H) and the monotonic nature ¢fv,, }, we obtainli_{n z, = lim w, = A,

which exists and is finite. Then applying Lemma 2.4 to (3.%),0\7ve obtain

E;leml)‘; Z(i —n+m—1)""qG(yon) (3.14)

=n

Wy, = A+
for all n > n,. Thus,
— 1) (m—1)! Z —n+m-— )(m_l)q@'G(ya(i)) <00 (3.15)
foralln > n,. Usmg Lemma 2.7 and Remark 2.8 in the above inequality, we obtain
iim_l%G(%m) <00 (3.16)

for all n > n,. The above inequality due to (Hyields lim inf G(y,,,)) = 0. Since
lim o(n) = oo, it can be easily shown th.’eitn infG(yn) = 0. This implies due to (k)

n—oo

thatliminf ¢, = 0. From Lemma 2.1, it foIIows thahm zn = 0. If {p,}isin (Ay),

n—oo

then

0 = lim 2, = limsup (yn - pnyT(n))

>limsupy, + hm mf ( — pnyT(n))

>(1 —b) limsup y,.

n—oo
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This implieslim sup y,, = 0. Hencey,, — 0 asn — oo. If {p,} isin (A2) or (A3), then

n—oo

sincey,, < z, for all n > ny, it follows thaty,, — 0 asn — oco. If {p,} satisfies (A),
thenz, <y, — by, for all n > n,. Hence, it follows that

0=lim z, < llm 1nf (yn bgyT(n))

n—~oo

<limsupy, + hm mf ( - b2y7'(n))

=(1 — by) limsup y,,.

n—oo

Thenlim sup y,, = 0. Thus, hm Yn = 0.

n—o0

If {y,} is eventually negatlve, then we may proceed with:= —y,, defined for
n > ng as in the proof of Theorem 3.1 and note thigt} is an eventually solution of
(3.10) with (3.11) and (3.12). Moreover, the conditidi,) along with the following
one holds.

(H,) There exists a sequen¢é),} such tha{ A™F,} = {f,} and lim F}, = 0.
Then proceeding as above, we proler y,, = 0. Thus, the proof is complete. [

Remark3.4. Theorem 3.3 holds whef is linear, superlinear, or sublinear.
Next, we give a few examples to establish the significance of our results.

Example 3.5. Consider the neutral equation

1
A™ (yn - §yn1> Yy =020 (3.17)
forn > 1, wherem > 2 anda is a positive rational, being the quotient of two odd
integers. Here{p,} = {1/2} satisfies (A) andgq, = n™™, f, = n~m9(2-n) for

n > 1. Itis clear thaty ~ i~ f; < co. Hence by Remark 2.9, it follows that
1=1

F, D 'Z —n4m—1)m;7meC=) forp > 1.

Obviously,F,, < oo for all » > 1. Hence, the equation (3.17) satisfies all the conditions
of Theorem 3.3. Hence, every bounded nonoscillatory solution tends to zero at infinity.
In particular{y,, } = {27"} is a solution of (3.17), which tends to zero at infinity.

If « > 1, then (3.17) does not come under the purview of the results in [14, 16],
hence those results fail to deliver any conclusion. Further, even<fl1, thenm > 2
impliesm —am+« > 1. This further implies (1.6) does not hold. Hence, Theorem 1.2
cannot be applied to (3.17). Thus, Theorem 3.3 along with Theorem 3.1 of this paper
improves and generalizes Theorem 1.2.
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Example 3.6. Consider the neutral equation

1
A™ (yn + Eyn—l) + My, = (=)Mo mme ) forp > 1, (3.18)

wherem > 2, « is a positive rational, which is the quotient of two odd integers. Here,
{p,} = {—1/2} satisfies (A) andg,, = n™™, f, = (—1)m27 "™+l 4 5 ~ma(2=1) for

n > 1. Easily, we can verify thaE i™ 1 f; < oo and the equation (3.18) satisfies all

i=1
the conditions of Theorem 3.3 for ¢\ Hence {y,} = {27"} is a solution of (3.18),
which asymptotically tends to zero. df > 1, then results of [14, 16] cannot be applied
to (3.18). Further, ity < 1, then neither Theorem 1.1(ii) nor [14, Corollary 3] be applied
because (1.6) does not hold. Thus, Theorem 3.3 along with Theorem 3.1 of this paper
improves and generalizes Theorem 1.1(ii) and [14, Corollary 3].

Example 3.7. Consider the equation

4 1 N 1 2a(l—n) .
A%y, + i1 = 5o + 7 orn>1, (3.19)

where« is a positive rational, being the quotient of two odd integers. Heregl = {0}
satisfies (A) and (&) andgq, = 1/n, f, = 1/2"" 4+ 220="/nt forn > 1. It

is easy to verify thatz: i3 f, < oo and equation (3.19) satisfies all the conditions of
=1

Theorem 3.3 for (). Hence,{y,} = {27"} is a solution of (3.19), which tends to

zero at infinity. Ifa > 1, then the results of the papers [14, 16] cannot be applied to

(3.19). Further, even i < 1, then Theorem 1.1(i) cannot be applied, because (1.7)

does not hold. Thus, Theorem 3.3 along with Theorem 3.1 of this paper improves and

generalizes Theorem 1.1(i) and [14, Corollary 3].

4 Sufficient Conditions — Il

In this section, we find sufficient conditions for oscillation of (1.1) wHeR} satisfies

one of the conditions (A—(A;). With the help of a counter example, we proved in
the introduction that some results of [11] withs)fand (A;) are inaccurate. Further,
Theorem 1.5 is true only for sublinear equations. Here an attempt is made to extend the
results to linear and superlinear equations and correct the results of [11].

Theorem 4.1. Suppose thatn > 2, and that(As) holds. Assume that(7(n)) =
7(o(n)) for all large n. Let(Hy)—(H3) and (H;) hold. Further, assume that

(Hy) G(—u) = —G(u) forall u € R,
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(Hyo) For all real u,v > 0, there exists a scalas > 0 such thatG(u)G(v) > G(uv)
andG(u) + G(v) > BG(u +v),

o
(Hi1) Z i™2qF = oo, where forn > ny, ¢ := min{g,, Qr(n) }-

1=ny
Then every solution ofl.1) oscillates or tends to zero as— oc.

Proof. Let {y,} be an eventually positive solution of (1.1) With, y- (), Yoy > 0 for

all n > ny > ng. Then se{z,} and{w,} as in (3.1) and (3.2) respectively to get
(3.3) for alln > ny > ny. Hencew,, Aw,, A%w,, ..., A™ tw, are monotonic for all
n > ns > ny. Consequently, from (B it follows that

lim w, = lim z, = A\, where — oo < A < 0. 4.1)

n—oo n—oo

If A\ <0,thenz, < 0 for all largen, a contradiction. I\ = 0, theny,, < z, for all large

n implies lim y,, = 0. If A > 0, thenw,, > 0 for all n > n3. Then from Lemma 2.2, it

n—oo

follows that there exists an integesuch thain—1 > p > 0 and(m—p) is odd, and for
alln > ny > ngs, we haveAw, > 0forj =0,1,...,pand(—=1)"" "' Afw, > 0 for
j=p+1p+2,...,m—1 Hencelim A"w, = [ exists (finite) andlim ANw, =0
fory=p+1,p+2,...,m—1. Ngteo?hato < A < oo impliesp :no,oobut)\ =
impliesp > 1 such thatm — p) is odd. Applying Lemma 2.4 to (3.3), we obtain (3.5)
and consequently (3.6) follows. In view of Lemma 2.7 and Remark 2.8, we obtain

DTG o) < 00 (4.2)

i=ns

for some fixedn; > ny. Note that, sincd7(n)} is monotonic increasing, it's inverse
function {7~!(n)} exists such that'(7(n)) = n for all n. > n;. Sinceq, > ¢,
for all n > ns, it follows that

e.¢]
DT ) G Yorw) < oo

i=ns

Then replacing: by 7(n) in the above inequality and multiplying by the scalaib.),
we obtain

[e.9]

G(b2) Z(T(i))m_p_1QfG(ya(T(i))) < 00,

i=ng

whereng > 77 (ns). By (Hy), 7(n)/n > k > 0 andp, > —b, for all n > ng. Then
due to (H), we obtain

DG G (=po) G o triy) < 00

1=ng
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This with the use of (k}) yields

m— 1*
Z@ r Po(i)Yo(r(i))) < 00

i=ng

Sinceo(7(n)) = 7(o(n)) for all n > ng, the above inequality takes the form

sz P G(—Pa(iyYr(ot) < 00 (4.3)

i=ng

From (4.2) and the fact that, > ¢, for all n > ng, we obtain

i G G (Yorn)) < 0o (4.4)

i=ng

Further, using (kb), (4.3) and (4.4), one may get

Z TP 1 ZU()) Q. (45)

i=ng

If p = 0, then (H,) and (4.5) impliesim inf (nG(z,(n))) = 0. Applying the assumption
lim o(n) = oo and (H)), we obtainlim z, = 0, a contradiction. If{p > 0, then by

n—oo

Lemma 2.5, there existd > 0 such thatw, > AnP~! for all n > n; > ng. For any
e > 0, using (H) we obtainz,, > w, —¢ for alln > ng > n;. Thus, due to Remark 2.6,
we can findA > B > 0 such that

2, > BnP~t foralln > ng > ng. (4.6)

By (Hs), we haver(n)/n > > 0 for all n > ng. Using this, (4.6) and (k) we obtain

Z PG G (2o s) >B§Z g (o (4)P

1=ng i=ng

>6BuP! sz ¢ = o0,

i=ng

by (Hi1), a contradiction due to (4.5). Hence the proof for the case wheré is
eventually positive is complete.

If {y,} is eventually negative, then we may proceed With} := {—y,} as in the
proof of Theorem 3.1 and note thiat, } is an eventually positive solution of (3.10) with
(3.11) and (3.12). Further, we note thatmnpliesG = G. In view of this, itis easy to
verify that the conditionsH{,) and ;) along with the following two conditions hold.
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(Ho) G(—u) = —G(u)forallu € R,

(Hyo) For all realu, v > 0, there exists a scalat > 0 such thatG (u)G(v) > G(uv)
andG(u) + G(v) > BG(u + v).

Also, it is not difficult to see thati{;) holds. Then proceeding as above, in the proof for
the case wheré¢y, } eventually negative, we prove thétm y, = 0 and complete the

proof of the theorem. O

Remark4.2 The prototype of the functiot’ satisfying (H), (Hs), (Hy) and (Hy) is
G(u) = (B + |ul")|u|*sgn(u) for u € R, where\ > 0, x> 0, \+p > 1and3 > 1 are
reals. For verification, we may take help of the well-known inequality (see [7, p. 292])

uP + P >

(u+v)?P, 0<p<l,
2'7P(u+v)P, p>1.

Remark4.3. Form > 2, the condition (1.9) implies (H). Further the condition (1.9)
implies (H;). However, if{q,} is monotonic, then both (1.9) and {Hare equivalent.
Indeed, if{q,} is decreasing, thefiy:} = {¢.}. Hence, the equivalence of (1.9) and
(Hs) is immediate. On the other hand{if,, } is increasing, then assume thatjHolds.

Then{q;} = {¢-m}. Hence,> "¢ =) q¢i, = cosince > ¢ = oc. Thus (1.9)
)

i=n1 i=nq i=7(n1

and (H) are equivalent, whefy,, } is monotonic.

Lemma 4.4. Suppose thafp, } satisfies the conditio(A;). Further, assume that there
exists a positive integer such thatr(n) = n — k for all large n. Let(Ho), (Hs), (Hs),
(Hg¢) and (H-) hold. Then for every nonoscillatory solutign,, } of (1.1)with {z,} and
{w,} as defined ir(3.1)and (3.2) respectively, eitheTgLrEO w, = 0o0r nh_{& w, = —00.
Proof. Let {y,} be an eventually positive solution of (1.1) With, ¥-(n); Yo(n) > 0
forall n > ny > ng. Then forn > n;, we obtain (3.3). Hence, we learn that
Wh, Aw,, A%w,,, ..., A™ w, are monotonic for alh > n, > ny. Then (4.1) holds,
i.e., lim w, = A\, where—oo < \ < oo. By the method of contradiction, we now show

n—oo

that A\ # oo. Assume, if possible that = co. Thenw, > 0 andAw, > 0 for all
n > ny. Due to (3.3) and Lemma 2.2, it follows that there exigt> n, and an integer
pwithm — 1 > p > 0and(m — p) is odd, such that > n3 implies

Nw, >0 forj=0,1,2,...,p,

_ymHi—1AG _ _ (4.7)
(—1) ANw,>0 forj=p+1,p+2,...,m—1.

Hence, lim APw, = [ exists andlim A/w, =0forj =p+1,p+2,...,m — 1. If

n—o0 n—oo

p =0, then0 < \ < oo, a contradiction. Hencep — 1 > p > 1. Applying Lemma 2.4
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to (3.3), we obtain (3.5). Consequently, (3.6) and then (3.7) follows due to Lemma 2.7
and Remark 2.8. From this, it follows, due togjHthatlim inf(G (y(n))/n*) = 0.

Hence,lim inf(y,)/n?) = 0, by (Hy) and (H). As lim o(n) = oo and by (H),

o(n) > un for all largen, we obtainlim inf y_z = 0. Due to Lemma 2.5, we can find
n—oo T

M, > 0 such thatw, > Myn?~! for all n > ns > ns. For anye > 0, from (3.2) it

follows due to (H) thatz, > w, —  for all largen. From this, it follows, again by

Remark 2.6 that there exisig; with My, > M; > 0, andy, — paYr(n) > MynP~! for

all n > ns > ny. Thatis
Yn > Yr(n) + MnP~ foralln > ns (4.8)
due to (&). Let
ng > max{(p — 2)k/3,n5}, M :=min{y, :neg <n < ng+ k}

and

M Ml}

0 .
<p< mm{(ng—i-k)p’ 2pk

Define »

M, — pBk)n~! 0 (P ki, p>2
(M, — pBk)n +5i22( )<z> nto, p2
My — Bk, p=1
for n > ng. If pis odd, then we may write

;’”;_w(f;) s [ (2) e = (2) o]
(@) (e
el e Gl

A(n) =

to obtain )
S -1y (?) kinP~i > 0,
1=2 v
because
p EinP~i > p it 1y p—i=1
i i+ 1 ’
if and only if

i, )/ ()=
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fori =2,4,...,p— 1. Furthern > ng implies that

— Nk — 4k k
n2n6><p ) >(p ) > e > =
3 5} P

If pis even, then we put the terms in pair as above with the last single positive term
(—1)" <p> k. Thus,A(n) > 0 for all n > ng. Sincey, > M for all n with ng < n <
p

ne + k andM > ((ng + k), theny, > pn? for all n with ng < n < ng + k. Since
T(n) =n — k, thenng + k < n < ng + 2k impliesng < 7(n) < ng + k. Using (4.8),
we obtain, for allhg + k£ < n < ng + 2k,

Yn >Yr(n) + Myn?~' > B(7(n))P + Mn*~!
=B(n — k)P + Min?~' > pnP,

because, fop > 2,

Bn? < A(n) + Bn? =(M; — pBk)n”~" + B[(n — k)P — nP + pkn? "] + Bn?
=MnP~! + B(n — k)P,

and forp = 1, A(n) + fn = M, + S(n — k) > (n. Proceeding as above we have
yn > OnP for all n > ng. Hence,

liminf 22 > 3> 0,

n—oo NP T
a contradiction. Thus) # oo. If A # —oo, then ) is finite. This implies that
(-1)™H Alw, <0forj =1,2,...,m—1,andlim A/w, =0forj =1,2,...,m—1.

Then applying Lemma 2.4 to (3.3), we obtaiﬁ?§14). Consequently (3.16) holds. From
this it follows, due to (H), thatliminf G(y,) = 0, and hencéim inf y,, = 0 by (Hp).

Then application of Lemma 2.1 yieldsm 2z, = 0. Thus, lim w,, = 0 by (4.1). The

n—oo

proof for the case whefy,, } is eventually negative is similar. O

Theorem 4.5. Suppose thafp, } satisfieqA;), andm is odd. AssuméH,), (Hz), (Hs)
and(Hg). Then every solution of the equation

A™ (yn - pnyn—k) + qnG<ya(n)) =0 forn > Ny (49)
oscillates or tends te-co asn — oo.

Proof. Assume thafy, } is any nonoscillatory positive solution of (4.9) such that
N1 > Mo, Yns Yr(n)> Yo(n) > 0. Then setting z, } as in (3.1), we obtain

A"z, = 02 G(Yomy) <0 foralln > n,. (4.10)
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Then applying the Lemma 4.4 fd1f,,} = {0}, we havehm 2z, =0o0r lim z, = —oo.

n—00

If the former holds, i.e.lim z, = 0, then from Lemma 2 4 and (4.10), we find

Zn D ] Z —n+m-— )(m_l)in(yg(i)) foralln > ny (4.11)

sincem is odd. Thus,

o0

Z(z —n+m— 1)(m_1)in(yg(i)) < 00 (4.12)

for all n > n3 > n,. Note thatz, > 0 for all largen, sincem is odd. This implies
liminf gy, > 0 due to (4&). Then there exists such that,, > v > O0foralln > ny >

n—oo

ns. Hence, for ah > n4, we have

o0 [e.9]

Z(@ —n+m—1)""YqG(yw) > G() Z(l —n+m—1)""Yg = oo,

a contradiction to (4.12) by (). If lim z, = —o0o, then from (&) and (3.1) it follows
thaty, , > —z,/bs for all largen. This implies lim y, = oo. Similarly, we prove
lim y, = —oo, Wheny,, < 0 for all largen. Thus, the proof is complete. O

n—oo

Corollary 4.6. Suppose thafp, } satisfieqA;), andm is odd. AssuméH,), (Hz), (Hs)
and (Hg). Then every bounded solution of the equa(®®) oscillates.

Proof. It follows directly from Theorem 4.5. O]

Theorem 4.7. Suppose that: is odd. AssuméH,), (H,), (Hs) and (Hg). Then every
solution of the equation

A™ (yn - yn—k;) + @G (Yomy) =0 forn > ng
oscillates.

Proof. Applying Lemma 4.4, we obtailim z, = 0 or lim z, = —oo. If the latter

n—oo n—oo

holds, therz, < 0 for all largen. This implies{y, } is bounded. ConsequentHy,, }
is bounded, a contradiction. If the former holds, then proceeding as in the proof of
Theorem 4.5, we get another contradiction. Hence, the proof is complete. O

For our next result we need the following hypothesis.

(H12) Suppose that for every subsequefge } of {¢,}, we have

[e.o]

Z(nj)m—lcsz = 00,

J=0

or equivalentylim inf(n™ '¢,) > 0 (see Remark 4.8 below).
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Remark4.8. Consider the following two statements.
(S1) Z qn; = oo for every subsequengg,,, } of {¢,},
j=1

($) liminfgq, > 0.

It is mentioned in [11, pp. 95] that (pis weaker than (g, i.e., (S) implies (§) but

not the other way around. To support their claim, the authors have presented the counter
example{q,} = {1/n}, which is in fact, not correct. It is because we can find a
subsequencén;} = {j*} of {n} such that the subsequen¢e, } does not satisfy

(S1). We now claim that (§ is equivalent to (§. It is obvious that (§ implies ().
Conversely, suppose that,|RIoes not hold. Then, we can find an increasing divergent
subsequencén; } of positive integers such thaim ¢n; = 0. Without the loss of any

generallty, we may assume thiat, } Sa'[ISerSqn < 1/5% for all j € N. Then clearly,
an < Z 1/4% = 7%/6 < oco. This proves our claim. Therefore,,(Sholds if and

onIy if (82) holds

Theorem 4.9. Suppose thafp,, } satisfies the conditiofA;). Further, assume that there
exists a positive integer such thatr(n) = n — k for all large n. Let(Hy), (Hz), (Hs),
(H7) and(H5) hold. Then

(i) every bounded solution @fL..1) oscillates or tends to zero as— oo,
(i) every unbounded solution ¢1.1)oscillates or tends te-oo asn — oo.

Proof. Clearly (H2) implies (H;). Now, let us prove (i) and assume,,} be any
nonoscillatory positive solution of (1.1) which is bounded. We have to prove that
lim y, = 0. Set{z,} and{w,} as in (3.1) and (3.2) respectively to get (3.3). Since

(Hy2) implies (H;), we apply Lemma 4.4 to gelim w,, = 0 or lim w, = —oo. Since
{yn} is bounded{w,} is bounded, and hencBm w, = —oc is not possible. Thus,

n—oo

lim w, = 0. Then we apply Lemma 2.4 to (3.3) to get (3.14). Consequently, (3.15)
’éﬁé" (3.16) follows. Then we apply (Hto getliminf G(y,n)) = 0. This implies

hm 1nf Yoy = 0, because of (). Then applying?ﬁ% conditionhm o(n) = oo, we
obtalnhm mf yn = 0. Supposéimsupy, = w > 0. Then we can flnd a subsequence

n—oo

such thatyT(nj) >n > 0forall 7 > n;. Hence,

Z(nj)m‘lq G(Yr(n;)) = G(n) Z(nj)m_l(an = 00,

a contradiction to (3.16). The proof for the case whegre< 0 for all largen is similar.
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Next, let us prove (ii) and assurde, } be an unbounded positive solution of (1.1).
Then we proceed as in case (i) above, apply Lemma 4.4 to obtairw, = 0 or

n—oo

lim w, = —oo. In this case, we clairrhm w,, = 0 cannot hold. Otherwise, as in the

n—oo

proof for the case (i), we prove (3. 16) holds Sifeg } is unbounded, we can find a
subsequence such that,, ;) > ¢ > 0 forall j > n;. Hence

o0 [e.9]

> )" 40, Glyr) = GO D (1) g, = 00,

Jj=n1 Jj=n1

a contradiction to (3.16). Thudjm w, = —oo. We observe that (4.1) holds because

of (H;). Hence, hm 2, = —O00. F?om (A7) and (3.1) it follows thai,(,,) > —z,/b, for
all largen. ThIS |mpI|es hm y, = oo. The proof for the case;, < 0 for largen, is

similar. u

Theorem 4.10.Suppose thafp, } satisfies the conditio(?;). Assume that there exists
a positive integek such thatr(n) = n — k for all large n. Let(Hy), (H2)—(H4), (H7)
and(H;2) hold. Then

(i) every bounded solution d¢fL..1) oscillates or tends to zero as— oo,
(i) every unbounded solution ¢f.1)oscillates or tends tecoco asn — oc.

Proof. Suppose{y, } is an eventually positive solution of (1.1). Note that Lemma 2.1
can be applied for (8 and{p,} is in (A;) implies{p;.} is in (A5). Then using (H)

and proceeding as in the proof of Theorem 3.1, we prine w,, = oo, iS not possible.
Then using (H,) and proceeding as in the proof of Theorem 4.9, we get the desired
result. O

5 Necessary Conditions

In this section, we would like to find necessary conditions for every solution of (1.1) to
oscillate or tend to zero as — oo. For the purpose, we require the following fixed
point theorem.

Lemma 5.1 (Krasnoselskii’s fixed point theorem [5]).LetY be a Banach space. Let
S be a bounded closed convex subset'aind let A, B be maps of5 into Y such that
Ax + By € S for every pair ofr,y € S. If Ais a contraction andB is completely
continuous, then the equation

Ay+ By =1y

has a solution inS.
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Definition 5.2 (see [4, Definition 3.2, pp. 196])A set of sequences ifi° is uniformly
Cauchy (or equi-Cauchy) if for every> 0 there exists an integer; such that

lyi —y;l <e
whenever, j > n, for every{y,} in S.

Theorem 5.3 (see [4, Theorem 3.3, pp. 196]A bounded uniformly Cauchy subset
of [*° is relatively compact.

Theorem 5.4. Suppose thafp, } satisfieqA;) or (A;). Let(Hg) hold. If every solution
of (1.1)oscillates or tends to zero as— oo, then(Hg) holds.

Proof. Suppose thafp, } satisfies (A). Assume for the sake of contradiction thag{H
does not hold. Then

> imlg < 0. (5.1)
i=ng
Hence, all we need to show is the existence of a bounded sol{gignof (1.1) with
liminfy, > 0. From (H), we find a positive constaitand a positive integer; > ng

such that
|F,| <k foralln >n,. (5.2)

Choose two positive constanfsandc such thatl, > 5k/(1 — b) andc < k. Since
G e C(R,R), let
p:=max {|G(u)| : ¢ <u < L}, (5.3)

Then using (5.1) and Remark 2.8, for> 0, one can fixng > ns such thatn > nj
implies
,uZ(z —n4+m—1)mYg < e (5.4)

For (A)) let us takes < k. Choosens > nj3 such that, := min{7(ns),o(ns)} > ns.
LetY = ¢, Banach space of real bounded sequences{y, } withy; = 3, = --- =
Yn, @nd supremum norm
[yl := sup{[ynl : n = na}.
Define
S={yeY:c<y,<Lforalln>n4}. (5.5)

Clearly, S is a bounded closed and convex subsét.oNow, we define two operators
AandB: S — Y asfollows. Fory = {y,} € S, define

AY)ns <n<
(Ay), = § A ta == (5.6)
PnYr(n) +Fn+/\a n = ns,
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where) := 3k, and

(BY)ns, ny <n<ns

(By)n = Er_nl—zml_)' Z(@ —n+m—1)""YG(Y@), n>ns &1

First we show that it = {z,},y = {y.} € S, thenAz + By € S. Hence, for any
{z.}, {yn} € S and alln > n;, we obtain

1 o
T > (i =ntm = 1" Vgl Gyow)| + [ Fl
<bL+3k+k+k<L.

On the other hand

1 o0
- — _ 1)(m=1),. ] —
(Az)n + (By)yn =3k (m—1)! ;(2 n+m-—1) Gl G(Yo(i))| — | Fnl
>3k —k—k>c.
Hence
¢ < (Azx), + (By), < L foralln > ns.
Thus, we proved thatlz + By € S for anyz,y € S. Next, we show thatl is a

contraction ons. In fact forz,y € S and alln > ns; we have

[(Az)n = (AY)all < [PollTrm) — Yrm)l < bllz = yll-

This impliesA is a contraction because< b < 1. Next, we show thaB is completely
continuous. For this as a first step we show tRais continuous. Supposg/.} is a
sequence of points i (with / taken from the index set) which convergesig} in S
as/ — oo. SinceS is closedy € S. Forn > N; we have

(By')n — (By)ul <D (i = n+m = 1" V| Glyhe) — Glyem)l-
Sinced are continuous, therefore

‘G(yi(i)) — G(Yoi))| = 0 asl — oo.

Hence,B is continuous. Next what remains to showds' is relatively compact. Using
the result [4, Theorem 3.3], i.e., Theorem 5.3 we need only showtRas uniformly
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Cauchy (see Definition 5.2). L&, } be a sequence ifi. From (5.1) and Remark 2.8,
it follows that fore > 0, there existsi; > n5 such that for alh > ng,

o0

. m— €
D (i=n+m—1)""g|Gysw)| < 5

=n

Then, for anyi > j > ng, we have

[(By)i = (By);| <e.

Thus, BS is uniformly Cauchy. Hence, it is relatively compact. Then by Lemma 5.1,
we can findy® = {y°} in S such thatdy® + By’ = ¢°. Clearly,{3°} is a bounded,
positive solution of (1.1) with limit infimum greater than or equakto- 0. Thus, the
proof is complete. If{p,} satisfies (A), then the proof is similar, only thing we have
to do is to suitably fix:, L, e and\. In this regard, first decrementf necessary, so that

b < 1/5. ThenselecL,c,e and\suchthabk < L <k/b,0<c<k—-0L,0<e<k
and )\ := 3k. The mappingsA and B are defined similarly, as defined for {A Then
proceeding as above we complete the proof. O

Remarls.5. Theorem 5.4 improves [11, Theorems 4.1 and 4.2], where there are restric-
tions onm and on the bounds dfF,, }. Further, it generalizes and extends the necessary
part of [10, Theorem 2.3]. In all these results of [10, 11] the authors requijea(tt

the condition that is Lipschitzian in intervals of the forra, b] unlike in Theorem 5.4.
Further, Theorem 5.4 holds even{if, } changes sign. In that case we have to replace

{an} by {|gn|} in (He).

Theorem 5.6. Suppose thafp, } satisfieqA;) or (A,). Let(Hs) hold. If every solution
of (1.1)oscillates or converges to zero as— oo, then(Hg) holds.

Proof. Suppose thafp,, } satisfies (A). The proofis similar to the proof of Theorem 5.4
with the following changes in the parametetd,, A ands. ChooselL := k(2b; +
3b2)/b1(by — 1) and0 < ¢ < k/by. ThenL > ¢ > 0 and assume = k. We may define
the mappingsA andB as

Ayn57 Ny S n S ns,
A n = T—1(n A FT* n
(Ay) Yt ()
DPr=1(n) Pr=1(n) DPr=1(n)

) n2n5>

where\ := 3b,k /b, and

By, ng <n <ng

By), = —1)m™ = .
o (m—(l)!)z%l(n). Z (=77 (n) +m = 1" GG (o), 12 ns.

i=7"1(n)
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The functionr—! used in the definition of the operatafsand B, is the inverse function

of 7, which exists becausgr(n)} is increasing, withr ' (7(n)) = n for all n. > n,.

Then proceeding as in the proof of Theorem 5.4, we find a positive bounded solution
with limit infimum not less tham > 0. If {p,,} satisfies (A), then the proof is similar to

the proof for the case (4, hence we leave it for the reader to guess and find the values
of ¢, L, e, A and complete the proof. H

6 Final Comments

In view of Theorems 3.3, 5.4 and 5.6, the following result follows as a corollary.

Corollary 6.1. Suppose that any one of the conditi¢As)—(A,) holds. Then under the
assumptiongH,) and (H-) every bounded solution ¢f..1) oscillates or asymptotically
tends to zero if and only ifHg) holds.

We conclude this paper with two open problems for further research.
Open Problen6.2. Can we prove Theorem 4.1 under a condition weaker thap)?H

Open Problen6.3. Can we prove Theorem 4.9 with the assumptiog)(id place of
(H12)? Or with any other condition weaker than;(i?
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