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Abstract

In this paper we provide a survey of characterizations of the nonnegativity and
positivity of quadratic functionals arising in the theory of linear Hamiltonian and
symplectic systems. We study these functionals on traditional continuous time do-
main (under and without controllability), on discrete domain, and on time scale
domain which unifies and extends both previous types. For each case we distin-
guish functionals with zero, separated, and jointly varying endpoints. The pre-
sented conditions are formulated in terms of the properties of a special conjoined
basis of the considered linear system. It is now easy to compare all the results –
between continuous, discrete, and time scale cases, between the zero, separated,
and jointly varying endpoints, and between the nonnegativity and positivity.

AMS Subject Classifications:34C10, 39A12, 15A65, 49N10.
Keywords: Linear Hamiltonian system, discrete symplectic system, time scale, time
scale symplectic system, quadratic functional, conjoined basis, focal point, nonnegativ-
ity, positivity.

1 Introduction

In this paper we survey conditions characterizing nonnegativity and positivity of quad-
ratic functionals corresponding to linear Hamiltonian and symplectic systems. These
conditions are formulated in terms of the properties of special solution(s) of the given
linear system. More specifically, we will discuss
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• the linear Hamiltonian differential systems

x′ = A(t) x + B(t) u, u′ = C(t) x− AT (t) u, t ∈ [a, b], (Sc)

with the quadratic functional

Fc(x, u) :=

∫ b

a

{xT (t) C(t) x(t) + uT (t) B(t) u(t)} dt, (1.1)

• thediscrete symplectic systems

xk+1 = Akxk+Bkuk, uk+1 = Ckxk+Dkuk, k ∈ [0, N ]N := {0, ..., N}, (Sd)

with the discrete quadratic functional

Fd(x, u) :=
N∑

k=0

{xT
k CT

k Akxk + 2xT
k CT

k Bkuk + uT
kDT

k Bkuk}, (1.2)

• and thetime scale symplectic(or Hamiltonian) systems

x∆ = A(t) x + B(t) u, u∆ = C(t) x +D(t) u, t ∈ [a, ρ(b)]T, (St)

with the time scale quadratic functional

Ft(x, u) :=

∫ b

a

{xTCT (I +µA) x+2µxTCTBu+uT (I +µDT )Bu}(t) ∆t. (1.3)

Systems (Sc), (Sd), and (St) will be commonly referred to as (Si) for i ∈ {c, d, t}. As
it is well known, see e.g., [29], system (St) covers both systems (Sc) and (Sd) as special
cases.

Quadratic functionals in (1.1), (1.2), (1.3) arise as second variations in nonlinear
calculus of variations and optimal control problems, see e.g., [2, 16, 17, 37, 41, 53] for
the continuous time theory, e.g., [12,23,28] for the discrete time theory, and e.g., [5,27,
33,35] for the time scales theory.

In the literature there are several conditions used in order to characterize the defi-
niteness of quadratic functionals. These are theconjoined basesconditions [6, 25, 28,
39, 41, 43, 47, 51, 52],conjugate points theory[6, 13, 25, 31, 41, 43, 44, 54, 57],coupled
points theory[24, 26, 30, 47, 50–52, 55, 56],Riccati equationsor inequalities[6, 19, 20,
25, 31, 32, 34, 40, 42, 43, 47, 52, 53],perturbations[21, 22, 32, 45–47], andeigenvalue
problems[1,9,37,49]. In the present paper we focus on the first notion, namely the con-
ditions in terms of thenatural conjoined basis(or principal solution) of the given linear
system. We consider quadratic functionals with zero, separated, and jointly varying
endpoints, gradually increasing their generality.
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The paper is organized as follows. In the next section we introduce the quadratic
functionals for the three systems (Sc), (Sd), (St) and the corresponding boundary con-
ditions. Then in Section 3 we recall the notions of conjoined bases of systems (Si),
i ∈ {c, d, t}. In Sections 4, 5, 6 we present characterizations of the nonnegativity
and positivity of these quadratic functionals for the continuous time (under and without
controllability), discrete time, and time scales, respectively, and discuss their mutual re-
lation. It is then easy to compare the corresponding results for the zero, separated, and
jointly varying endpoints.

In this paper we shall not repeat the standard time scale notation and terminology,
which can be found e.g., in [10, 11, 27, 29]. In particular,σ(t) andρ(t) are the forward
and backward jumps at the pointt, andµ(t) := σ(t)− t is the graininess att.

2 Quadratic Functionals

In this section we introduce in details the quadratic functionals discussed in this paper.
We distinguish three types of boundary conditions (in the order of generality), namely

• thezero endpoints
x(a) = 0 = x(b), (2.1)

• theseparated endpoints

x(a) ∈ Im Ra, x(b) ∈ Im Rb, (2.2)

• and thejointly varying endpoints(
x(a)
x(b)

)
∈ Im R. (2.3)

In (2.2) the matricesRa, Rb ∈ Rn×n, while in (2.3) the matrixR ∈ R2n×2n.
The quadratic functionals for separated endpoints have the form

Gi(x, u) := xT (a) Γa x(a) + xT (b) Γb x(b) + Fi(x, u), i ∈ {c, d, t}, (2.4)

depending on the continuous or discrete or time scale setting, whereΓa, Γb ∈ Rn×n

are given symmetric matrices. The quadratic functionals with jointly varying endpoints
have the form

Hi(x, u) :=

(
x(a)
x(b)

)T

Γ

(
x(a)
x(b)

)
+ Fi(x, u), i ∈ {c, d, t}, (2.5)

whereΓ ∈ R2n×2n is a given symmetric matrix.
Note that when the matricesR = diag{Ra, Rb} andΓ = diag{Γa, Γb} haven × n

block diagonal structure, the boundary conditions (2.3) and the functionalsHi reduce
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to the separated boundary conditions (2.2) and to the functionalsGi. Furthermore, when
R = 0 = Γ, both boundary conditions (2.3) and (2.2) reduce to the zero boundary
conditions in (2.1), and the functionalsHi andGi reduce to the functionalFi.

We say that a pair(x, u) is admissiblefor the quadratic functionalFi,Gi,Hi, if (x, u)
satisfies the first equation of the linear system (Si) and the corresponding boundary
conditions (2.1), (2.2), (2.3), respectively. In the continuous time case we also assume
that x ∈ C1

p (piecewise continuously differentiable) on[a, b] andu ∈ Cp (piecewise
continuous) on[a, b], in the discrete casex is defined on[0, N + 1]N andu is defined
on [0, N ]N, while in the time scale setting we assume thatx ∈ C1

prd (piecewise rd-
continuously∆-differentiable) on[a, b]T andu ∈ Cprd (piecewise rd-continuous) on
[a, ρ(b)]T.

The functionalsFi, Gi, Hi arenonnegativeif they take nonnegative values on all
corresponding admissible pairs(x, u), while the functionalsFi, Gi, Hi arepositiveif
they take positive values on all corresponding admissible(x, u) with x 6≡ 0

Remark2.1. The boundary conditions for jointly varying endpoints in (2.3) are in some
literature in the form (

−x(a)
x(b)

)
∈ Im RT ,

for example in [14, 18, 32, 37, 39]. However, a simple transformation can be used to
obtain the boundary conditions in the form (2.3).

3 Conjoined Bases

We assume that the coefficients in systems (Si), i ∈ {c, d, t}, satisfy the following
standing hypotheses:

• for system (Sc), the matricesA(·), B(·), C(·) ∈ Rn×n belong toCp on [a, b], and
B(t) andC(t) are symmetric on[a, b],

• for system (Sd), the matricesAk, Bk, Ck, Dk ∈ Rn×n, k ∈ [0, N ]N, are such that
the2n× 2n matrixSk :=

(Ak Bk
Ck Dk

)
is symplectic, i.e.,

ST
k JSk = J for all k ∈ [0, N ]N, whereJ :=

(
0 I

−I 0

)
,

• for system (St), the matricesA(·), B(·), C(·), D(·) ∈ Rn×n belong toCprd on

[a, ρ(b)]T, and the2n× 2n matrixS(t) :=
(
A(t) B(t)
C(t) D(t)

)
satisfies

ST (t)J + JS(t) + µ(t)ST (t)JS(t) = 0 for all t ∈ [a, ρ(b)]T.



Definiteness of Quadratic Functionals 53

The above hypotheses imply that the solutions of systems (Si) globally exist and are
uniquely determined by the initial conditions at any given point of the considered inter-
val.

A matrix solution(X, U) of (Si) is a conjoined basisif the matrix XT (t) U(t) is
symmetric andrank(XT (t), UT (t)) = n at some (and hence for all)t. Given a separated
boundary conditions as in (2.2), anatural conjoined basis(Xa, Ua) of (Si) is determined
by the initial conditions

Xa(a) = Ra, RT
a Ua(a) = RT

a Γa Ra.

Given the zero boundary conditions as in (2.1), we shall use theprincipal solution
(X̂, Û) of system (Si) determined by the initial conditions

X̂(a) = 0, Û(a) = I, (3.1)

which is in this context a natural conjoined basis. For the jointly varying endpoints we
shall use the principal solution(X̂, Û) of (Si) as well as another solution(X̄, Ū) of (Si)
given by the initial conditions

X̄(a) = I, Ū(a) = 0. (3.2)

Note that(X̄, Ū) and(X̂, Û) are normalized conjoined bases of (Si) according to the
standard terminology, i.e.,̄XT Û − ŪT X̂ = I. For the case of jointly varying endpoints
we will also need the following2n× 2n matrices

X∗(t) :=

(
0 I

X̂(t) X̄(t)

)
, U∗(t) :=

(
−I 0

Û(t) Ū(t)

)
. (3.3)

Note that in some papers the authors use instead of(X̄, Ū) an alternative conjoined basis
(X̃, Ũ) which is given byX̃(a) = −I andŨ(a) = 0, see e.g., [32,37,39]. However, the
present approach via(X̄, Ū) is more convenient especially when dealing with Riccati
matrix equations [20,34,45].

4 Continuous Time Theory

In this section we consider the continuous time linear Hamiltonian system (Sc) and the
quadratic functionalsFc, Gc, andHc defined in (1.1), (2.4)c, and (2.5)c, respectively.
We present two sets of results, one set under a controllability assumption and one set
without controllability. These results basically come from [37, 39, 41, 48]. For an easy
comparison we first present the results pertaining the nonnegativity for zero, separated,
and jointly varying endpoints, and then the corresponding result pertaining the positiv-
ity.
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4.1 Continuous Time Theory under Controllability

Recall that the pair(A, B) is controllable (or completely controllable or identically
normal) if u′ = −AT (t) u andB(t) u = 0 on some nondegenerate subintervalI of
[a, b] always implies thatu(·) ≡ 0 on I. If (X, U) is a conjoined basis of system
(Sc), then a pointt0 ∈ [a, b] whereX(t0) is singular is called afocal pointof (X, U).
It is well known that underB(t) ≥ 0 on [a, b], the pair(A, B) is controllable if and
only if the focal points of every conjoined basis of (Sc) are isolated in[a, b], see [37,
Theorem 4.1.3].

Next we present the results on the nonnegativity. Recall that(X̂, Û) and(Xa, Ua)
are the principal solution and the natural conjoined basis of system (Sc), and(X∗, U∗) is
defined by (3.3).

Theorem 4.1 (Nonnegativity, zero endpoints).Assume that(A, B) is controllable.
Then the quadratic functionalFc in (1.1) is nonnegative if and only if

(i) B(t) ≥ 0 on [a, b],

(ii ) the matrixX̂(t) is invertible for allt ∈ (a, b).

Proof. See e.g., [37, Remark 2.4.2].

Theorem 4.2 (Nonnegativity, separated endpoints).Assume that(A, B) is control-
lable. Then the quadratic functionalGc in (2.4)c is nonnegative if and only if

(i) B(t) ≥ 0 on [a, b],

(ii ) the matrixXa(t) is invertible for allt ∈ (a, b),

(iii ) the matrixΓb + Ua(b) X†
a(b) ≥ 0 on Im Rb,

(iv) Im Rb ⊆ Im Xa(b).

Proof. See [48, Theorem 6.3], [39, Remark 2(iii)], and also [37, Remark 2.4.2].

Theorem 4.3 (Nonnegativity, jointly varying endpoints). Assume that(A, B) is con-
trollable. Then the quadratic functionalHc in (2.5)c is nonnegative if and only if

(i) B(t) ≥ 0 on [a, b],

(ii ) the matrixX̂(t) is invertible for allt ∈ (a, b),

(iii ) the matrixΓ + U∗(b) X†
∗(b) ≥ 0 on Im R,

(iv) Im R ⊆ Im X∗(b).

Proof. The sufficiency of conditions (i)–(iv) follows from [39, Remark 5] and from (a
more general) Theorem 4.10. The necessity of conditions (i)–(iv) can be established by
a similar technique as in the proof of [48, Theorem 6.3].
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The corresponding results for the positivity have the following form.

Theorem 4.4 (Positivity, zero endpoints).Assume that(A, B) is controllable. Then
the quadratic functionalFc in (1.1) is positive if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) the matrixX̂(t) is invertible for allt ∈ (a, b].

Proof. See [43, pp. 284–285] or a special case of [37, Theorem 2.4.2], which is in fact
Theorem 4.5 below.

Theorem 4.5 (Positivity, separated endpoints).Assume that(A, B) is controllable.
Then the quadratic functionalGc in (2.4)c is positive if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) the matrixXa(t) is invertible for allt ∈ (a, b],

(iii ) the matrixΓb + Ua(b) X−1
a (b) > 0 on Im Rb.

Proof. See [37, Theorem 2.4.2] or [48, Theorem 6.2].

Theorem 4.6 (Positivity, jointly varying endpoints). Assume that(A, B) is control-
lable. Then the quadratic functionalHc in (2.4)c is positive if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) the matrixX̂(t) is invertible for allt ∈ (a, b],

(iii ) the matrixΓ + U∗(b) X−1
∗ (b) > 0 on Im R.

Proof. See [37, Theorem 2.4.1].

Remark4.7. (i) The invertibility condition (ii) in Theorems 4.1–4.3 means that the prin-
cipal solution(X̂, Û) or the natural conjoined basis(Xa, Ua) hasno focal pointsin the
interval (a, b). The invertibility condition (ii) in Theorems 4.4–4.6 means that(X̂, Û)
or (Xa, Ua) hasno focal pointsin (a, b].

(ii) As it is noted in [37, Remark 2.4.2], the controllability assumption in Theo-
rems 4.2 and 4.5 can be dropped if the matrixRa is invertible, i.e., when the initial
endpoint is free. In this case the matrixXa(t) is invertible on[a, b) for the nonnegativ-
ity, resp. on[a, b] for the positivity.

(iii) Note that the statement of Theorem 4.3 is new.
(iv) The gap between the nonnegativity and positivity in the corresponding results

in Theorems 4.1 and 4.4, Theorems 4.2 and 4.5, and Theorems 4.3 and 4.6 is as small
as possible. Namely, the corresponding invertibility conditions (ii) differ only att = b,
and the final inequalities in (iii) are strict in the case of positivity.

(v) The invertibility of the matrixX∗(b) in Theorem 4.6 follows (or is in fact equiv-
alent with) the invertibility of the matrixX̂(b), as can be easily seen from its definition
in (3.3).
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4.2 Continuous Time Theory without Controllability

If the controllability assumption is removed, conjoined bases(X, U) of (Sc) may have
X(t) singular on a nondegenerate interval. In this case the inverseX−1 should be re-
placed by the Moore–Penrose pseudoinverseX†, see [3,4,39] for its properties. In par-
ticular, the result of [39, Lemma 6] shows thatX† ∈ C1

p providedX ∈ C1
p and the kernel

of X(·) is constant. In addition, if(X, U) is a conjoined basis of (Sc), thenB(t) ≥ 0 on
[a, b] implies that the kernel ofX(·) is piecewise constanton [a, b], by [39, Theorem 3].
In this case the invertibility conditions (ii) in Theorems 4.1, 4.2, and 4.3 (nonnegativity)
are replaced by a certainimage conditioninvolving admissible pairs(x, u), while the
invertibility conditions (ii) in Theorems 4.4, 4.5, and 4.6 (positivity) are replaced by a
certainkernel conditionfor X̂(·) or Xa(·), see the results below.

Recall that the conjoined bases(X̂, Û) and(X̄, Ū) of (Sc) and(X∗, U∗) are given
by (3.1), (3.2), and (3.3), respectively.

Theorem 4.8 (Nonnegativity, zero endpoints).The quadratic functionalFc in (1.1) is
nonnegative if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) the image conditionx(t) ∈ Im X̂(t) holds for allt ∈ [a, b] and for all admissible
(x, u) satisfying zero endpoints(2.1).

Proof. See the special case of [39, Theorem 2], which is Theorem 4.9 below.

Theorem 4.9 (Nonnegativity, separated endpoints).The quadratic functionalGc in
(2.4)c is nonnegative if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) the image conditionx(t) ∈ Im Xa(t) holds for allt ∈ [a, b] and for all admissible
(x, u) satisfying separated endpoints(2.2),

(iii ) the matrixΓb + Ua(b) X†
a(b) ≥ 0 on Im Rb ∩ Im Xa(b).

Proof. See [39, Theorem 2].

Theorem 4.10 (Nonnegativity, jointly varying endpoints).The quadratic functional
Hc in (2.5)c is nonnegative if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) the image conditionx(t) − X̄(t) x(a) ∈ Im X̂(t) holds for all t ∈ [a, b] and for
all admissible(x, u) satisfying jointly varying endpoints(2.3),

(iii ) the matrixΓ + U∗(b) X†
∗(b) ≥ 0 on Im R ∩ Im X∗(b).
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Proof. See [39, Corollary 3].

The corresponding results for the positivity now follow.

Theorem 4.11 (Positivity, zero endpoints).The quadratic functionalFc in (1.1) is
positive if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) Ker X̂(t) ⊆ Ker X̂(τ) for all t, τ ∈ [a, b], τ ≤ t.

Proof. See a special case of [39, Theorem 1], which is Theorem 4.12 below.

Theorem 4.12 (Positivity, separated endpoints).The quadratic functionalGc in (2.4)c
is positive if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) Ker Xa(t) ⊆ Ker Xa(τ) for all t, τ ∈ [a, b], τ ≤ t,

(iii ) the matrixΓb + Ua(b) X†
a(b) > 0 on Im Rb ∩ Im Xa(b).

Proof. See [39, Theorem 1].

Theorem 4.13 (Positivity, jointly varying endpoints). The quadratic functionalHc in
(2.4)c is positive if and only if

(i) B(t) ≥ 0 for all t ∈ [a, b],

(ii ) Ker X̂(t) ⊆ Ker X̂(τ) for all t, τ ∈ [a, b], τ ≤ t,

(iii ) the matrixΓ + U∗(b) X†
∗(b) > 0 on Im R ∩ Im X∗(b).

Proof. See [39, Corollary 2].

Remark4.14. (i) The matrixX̂(·) or Xa(·) in Theorems 4.8–4.13 can be singular on the
whole interval[a, b].

(ii) The kernel condition (ii) in Theorems 4.11–4.13 means that the principal solution
(X̂, Û) or the natural conjoined basis(Xa, Ua) hasno generalized focal pointsin (a, b],
see [39, Definition 1].

(iii) Note that the kernel condition (ii) in Theorems 4.11–4.13 implies the corre-
sponding image condition (ii) in Theorems 4.8–4.10, respectively, but not vice versa.
This follows from [39, Corollary 4].

(iv) The gap between the nonnegativity and positivity in the corresponding results in
Theorems 4.8 and 4.11, Theorems 4.9 and 4.12, and Theorems 4.10 and 4.13 is as small
as possible. Namely, the final inequalities in (iii) are strict in the case of positivity.

(v) Under the controllability assumption, the image condition (ii) in Theorems 4.8–
4.10 is equivalent to the invertibility condition (ii) and inclusion (iv) in Theorems 4.1–
4.3, respectively. This is discussed in [39, Remark 2(iii)].
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5 Discrete Time Theory

In this section we present discrete time results which are parallel to the continuous time
results from Section 5. Hence, we consider the discrete symplectic system (Sd) and the
quadratic functionalsFd, Gd, andHd defined in (1.2), (2.4)d, and (2.5)d, respectively.

In the discrete time setting all the points are naturally isolated. Therefore it is ex-
pected that in this case the controllability assumption shall not be needed. In this respect
the discrete time results in this section correspond to the results in Subsection 4.2. How-
ever, it is interesting to note that the continuous time results without the controllability
assumption (in Subsection 4.2) weremotivatedby the discrete time results from this
section.

In order to avoid double indices, we denote in this section the natural conjoined
basis(Xa, Ua) of system (Sd) by (X, U), and the matrices(X∗, U∗) defined in (3.3)
by (X∗, U∗). For the natural conjoined basis(X, U) of (Sd) we define the following
matrices

Pk := XkX
†
k+1Bk, Mk := (I −Xk+1X

†
k+1)Bk, Tk := I −M †

kMk.

For the case of zero and jointly varying endpoints these matrices are defined through the
principal solution(X̂, Û) of (Sd) and in this case they will also be denoted with hat, i.e.,

P̂k := X̂kX̂
†
k+1Bk, M̂k := (I − X̂k+1X̂

†
k+1)Bk, T̂k := I − M̂ †

kM̂k.

Since in the discrete case the time interval is[0, N + 1]N, i.e., the endpoints area = 0
andb = N + 1, we will denote in this section the matricesΓa, Γb, Ra, andRb by Γ0,
ΓN+1, R0, andRN+1, respectively.

First we state the results for the nonnegativity. Recall that the conjoined basis(X̄, Ū)
of (Sd) and(X∗, U∗) := (X∗, U∗) are given by (3.2) and (3.3).

Theorem 5.1 (Nonnegativity, zero endpoints).The quadratic functionalFd in (1.2) is
nonnegative if and only if

(i) T̂kP̂kT̂k ≥ 0 for all k ∈ [0, N ]N,

(ii ) the image conditionxk ∈ Im X̂k holds for allk ∈ [0, N + 1]N and for all admis-
sible(x, u) satisfying zero endpoints(2.1).

Proof. See [8, Theorem 1.1].

Theorem 5.2 (Nonnegativity, separated endpoints).The quadratic functionalGd in
(2.4)d is nonnegative if and only if

(i) TkPkTk ≥ 0 for all k ∈ [0, N ]N,

(ii ) the image conditionxk ∈ Im Xk holds for allk ∈ [0, N + 1]N and for all admis-
sible(x, u) satisfying separated endpoints(2.2),
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(iii ) the matrixΓN+1 + UN+1X
†
N+1 ≥ 0 on Im RN+1 ∩ Im XN+1.

Proof. See [7, Theorem 2].

Theorem 5.3 (Nonnegativity, jointly varying endpoints). The quadratic functional
Hd in (2.5)d is nonnegative if and only if

(i) T̂kP̂kT̂k ≥ 0 for all k ∈ [0, N ]N,

(ii ) the image conditionxk − X̄kx0 ∈ Im X̂k holds for allk ∈ [0, N + 1]N and for all
admissible(x, u) satisfying jointly varying endpoints(2.3),

(iii ) the matrixΓ + U∗
N+1(X

∗
N+1)

† ≥ 0 on Im R ∩ Im X∗
N+1.

Proof. See [19, Theorem 2].

Now we state the corresponding results for the positivity.

Theorem 5.4 (Positivity, zero endpoints).The quadratic functionalFd in (1.2) is pos-
itive if and only if

(i) P̂k ≥ 0 for all k ∈ [0, N ]N,

(ii ) Ker X̂k+1 ⊆ Ker X̂k for all k ∈ [0, N ]N.

Proof. See [6, Theorem 1].

Theorem 5.5 (Positivity, separated endpoints).The quadratic functionalGd in (2.4)d
is positive if and only if

(i) Pk ≥ 0 for all k ∈ [0, N ]N,

(ii ) Ker Xk+1 ⊆ Ker Xk for all k ∈ [0, N ]N,

(iii ) the matrixΓN+1 + UN+1X
†
N+1 > 0 on Im RN+1 ∩ Im XN+1.

Proof. See [25, Theorem 5].

Theorem 5.6 (Positivity, jointly varying endpoints). The quadratic functionalHd in
(2.4)d is positive if and only if

(i) P̂ ≥ 0 for all k ∈ [0, N ]N,

(ii ) Ker X̂k+1 ⊆ Ker X̂k for all k ∈ [0, N ]N,

(iii ) the matrixΓ + U∗
N+1(X

∗
N+1)

† > 0 on Im R ∩ Im X∗
N+1.

Proof. See [25, Theorem 10].
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Remark5.7. (i) Historically, the results on the positivity in Theorems 5.4–5.6 were
derived much earlier than the results for the nonnegativity in Theorems 5.1–5.3.

(ii) All the results in this section are nicely reviewed in [45].
(iii) The P -condition (i) together with the kernel condition (ii) in Theorems 5.4–5.6

mean that the principal solution(X̂, Û) or the natural conjoined basis(X, U) hasno
focal pointsin (0, N + 1]N, see [6, Definition 3]. This is different from the continuous
time where the notion of no focal points does not involve the Legendre conditionB(t) ≥
0 on [a, b], see Remark 4.7(i) and Remark 4.14(ii).

(iv) The matrix TkPkTk is always symmetric, see [38, Lemma 1]. Furthermore,
wheneverKer Xk+1 ⊆ Ker Xk holds, thenPk is symmetric, see [6, Lemma 3].

(v) The kernel condition (ii) in Theorems 5.4–5.6 implies the corresponding image
condition (ii) in Theorems 5.1–5.3, respectively, but not vice versa. This is contained
in [6, Remark 1(v)].

(vi) We can now see how the continuous image condition (ii) in Theorems 4.8–4.10
was motivated by the discrete image condition (ii) from Theorems 5.1–5.3. Also, the
continuous kernel condition (ii) in Theorems 4.11–4.13 was motivated by the discrete
kernel condition (ii) from Theorems 5.4–5.6, even though the latter was discovered some
seven years earlier.

6 Time Scale Theory

In this section we present results unifying the corresponding statements from the con-
tinuous and discrete time theories, as well as extending them to arbitrary time scales.
Hence, we consider the time scale symplectic system (St) and the quadratic functionals
Ft, Gt, andHt defined in (1.3), (2.4)t, and (2.5)t, respectively. We state these time scale
results without any controllability assumption, although historically some of them were
obtained earlier under certain controllability on time scale intervals[a, s]T wheres is a
dense point, see [14,15,18].

Similarly to the continuous time case we now have that the kernel ofX(·) is piece-
wise constantfor any conjoined basis(X, U) of (St), provided the functionalFt is non-
negative (which is, however, a stronger condition than the Legendre conditionB(t) ≥ 0
on [a, b] required in the continuous time case), see [29, Theorem 8.1]. As in the discrete
case, we shall use for time scales the Moore–Penrose generalized inverseX†. Analo-
gously to the continuous case, the differentiability ofX† is proven in [29, Lemma 2.1]
under the assumption thatX ∈ C1

prd and the kernel ofX(·) is constant.
For the natural conjoined basis(Xa, Ua) of (St) we define the following matrices

Pa(t) := Xa(t)[X
σ
a (t)]†B(t), Ma(t) := {[I −Xσ

a (Xσ
a )†]B}(t),

Ta(t) := I −M †
a(t) Ma(t).

Herefσ(t) stands for the compositionf
(
σ(t)

)
. For the case of zero and jointly varying

endpoints these matrices are defined through the principal solution(X̂, Û) of (St), and
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in this case we set

P̂ (t) := X̂(t)[X̂σ(t)]†B(t), M̂(t) := {[I − X̂σ(X̂σ)†]B}(t), T̂ (t) := I − M̂ †(t) M̂(t).

The main results on the nonnegativity are as follows. Recall that the conjoined basis
(X̄, Ū) of (St) and(X∗, U∗) are given by (3.2) and (3.3).

Theorem 6.1 (Nonnegativity, zero endpoints).The quadratic functionalFt in (1.3) is
nonnegative if and only if̂X(·) has piecewise constant kernel on[a, b]T and

(i) T̂ (t) P̂ (t) T̂ (t) ≥ 0 for all k ∈ [a, ρ(b)]T,

(ii ) the image conditionx(t) ∈ Im X̂(t) holds for allt ∈ [a, b]T and for all admissible
(x, u) satisfying zero endpoints(2.1).

Proof. See a special case of [29, Theorem 4.2], which is Theorem 6.2 below.

Theorem 6.2 (Nonnegativity, separated endpoints).The quadratic functionalGt in
(2.4)t is nonnegative if and only ifXa(·) has piecewise constant kernel on[a, b]T and

(i) Ta(t) Pa(t) Ta(t) ≥ 0 for all k ∈ [a, ρ(b)]T,

(ii ) the image conditionx(t) ∈ Im Xa(t) holds for allt ∈ [a, b]T and for all admissible
(x, u) satisfying separated endpoints(2.2),

(iii ) the matrixΓb + Ua(b) X†
a(b) ≥ 0 on Im Rb ∩ Im Xa(b).

Proof. See [29, Theorem 4.2].

Theorem 6.3 (Nonnegativity, jointly varying endpoints). The quadratic functional
Ht in (2.5)t is nonnegative if and only if̂X(·) has piecewise constant kernel on[a, b]T

and

(i) T̂ (t) P̂ (t) T̂ (t) ≥ 0 for all k ∈ [a, ρ(b)]T,

(ii ) the image conditionx(t) − X̄(t) x(a) ∈ Im X̂(t) holds for allt ∈ [a, b]T and for
all admissible(x, u) satisfying jointly varying endpoints(2.3),

(iii ) the matrixΓ + U∗(b) X†
∗(b) ≥ 0 on Im R ∩ Im X∗(b).

Proof. See [32, Theorem 4.2].

The results for the positivity are presented in the following.

Theorem 6.4 (Positivity, zero endpoints).The quadratic functionalFt in (1.3) is pos-
itive if and only if

(i) P̂ (t) ≥ 0 for all k ∈ [a, ρ(b)]T,
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(ii ) Ker X̂(t) ⊆ Ker X̂(τ) for all t, τ ∈ [a, b]T, τ ≤ t.

Proof. See a special case of [29, Theorem 4.1], which is Theorem 6.5 below.

Theorem 6.5 (Positivity, separated endpoints).The quadratic functionalGt in (2.4)t
is positive if and only if

(i) Pa(t) ≥ 0 for all k ∈ [a, ρ(b)]T,

(ii ) Ker Xa(t) ⊆ Ker Xa(τ) for all t, τ ∈ [a, b]T, τ ≤ t,

(iii ) the matrixΓb + Ua(b) X†
a(b) > 0 on Im Rb ∩ Im Xa(b).

Proof. See [29, Theorem 4.1].

Theorem 6.6 (Positivity, jointly varying endpoints). The quadratic functionalHt in
(2.5)t is positive if and only if

(i) P̂ (t) ≥ 0 for all k ∈ [a, b]T,

(ii ) Ker X̂(t) ⊆ Ker X̂(τ) for all t, τ ∈ [a, b]T, τ ≤ t,

(iii ) the matrixΓ + U∗(b) X†
∗(b) > 0 on Im R ∩ Im X∗(b).

Proof. See [32, Theorem 4.1].

Remark6.7. (i) It is very easy to see how the time scale results unify and extend the
corresponding results from the continuous and discrete cases in Sections 4 and 5.

(ii) The P -condition (i) together with the kernel condition (ii) in Theorems 6.4–6.6
mean that the principal solution(X̂, Û) or the natural conjoined basis(Xa, Ua) hasno
generalized focal pointsin (a, b]T, see [29, Definition 4.1]. This notion now unifies the
continuous and discrete time notions discussed in Remark 4.14(ii) and Remark 5.7(iii).

(iii) The P -condition (i) in Theorems 6.1–6.6 can be formulated in an equivalent
form in terms of the symmetric matrix

P(t) :=
{
B + µ [DT − BT Uσ(Xσ)†]B

}
(t),

as it is discussed in [36, Remark 3.5]. The above matrixP(t) reduces to the matrix
B(t) = B(t) in the continuous time case, so that theP -condition (i) in Theorems 6.1–
6.6 corresponds to the Legendre condition (i) in Theorems 4.1–4.6 and Theorems 4.8–
4.13.

(iv) The image condition (ii) in Theorems 6.1–6.3 unifies the continuous and dis-
crete image conditions (ii) from Theorems 4.8–4.10 and Theorems 5.1–5.3. The kernel
condition (ii) in Theorems 6.4–6.6 unifies the continuous and discrete kernel conditions
(ii) from Theorems 4.11–4.13 and Theorems 5.4–5.6.

(v) The kernel condition (ii) in Theorems 6.4–6.6 implies the corresponding image
condition (ii) in Theorems 6.1–6.3, respectively, but not vice versa. This is established
in [29, Proposition 5.2]. The kernel condition (ii) in Theorems 6.4–6.6 also implies that
the kernel ofX̂(·) or Xa(·) is piecewise constant on[a, b]T, since the kernel can actually
decrease in[a, b]T at mostn times.
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Remark6.8. All the characterizations of the nonnegativity and positivity of quadratic
functionals in this paper may contain another item, namely the statements regarding
the solvability of the corresponding continuous, discrete, and time scale Riccati matrix
equations. An overview of such results can be found in [34].
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