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Abstract

This paper introduces easily verified conditions which guarantee that all solu-
tions to the equatiow,, = f(yn—k, Yn—m), With k;m > 1 andged(k,m) = 1
are asymptotically periodic with period two. A recent result of Sun and Xi is em-
ployed. Several examples are included.
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1 Introduction
In this paper, we consider recursive equations of the form

Yn = f(ynflw ynfm)a (11)

for n > 0, wherek,m > 1, ged(k,m) = 1, s = max{k,m} andy_s,y_s+1,...,y-1 €
(0, 00).

Recently, Sun and Xi [6] and St&v[4] proved the following interesting result re-
garding criteria for asymptotically two-periodic behavior of solutions to (1.1).

Theorem 1.1. Suppose thafy; } satisfieq1.1), and in addition
(i) f € C((0,00)% (a,00)) with
a= inf  f(u,v) >0, (1.2)

(u,v)€(0,00)?
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(it) f(u,v)isincreasing inu and decreasing im,

(ii) there exists a decreasing functigre C'((a, o), (a, c0)) such that

g(g(x)) =z, forz > a, (1.3)
r = f(x,g(z)), forz > a, (1.4)

and
lim g(x) = oo and lim g(x) = a. (1.5)

Then, ifk is even andn is odd, every positive solution {d.1) converges to a (not
necessarily prime) two-periodic solution. Otherwise, every solution converges to the
unique equilibrium of(1.1).

For earlier related results and motivation, see [1, 2, 5].

Remarkl.2 Note that the self-inverse property in (1.3) gives that the rangerofist
comprise all of(a, o). Hence under the assumption thas decreasing, (1.5) is imme-
diately satisfied and may be removed from the statement of Theorem 1.1.

2 Main Result and Examples

In this short note, we will give easily verified conditions for existence of a fungjion
satisfying the requirements of Theorem 1.1. In particular, we will prove the following.

Theorem 2.1. Suppose thafy; } satisfieq1.1)with f(u,v) = h(u,v)/v for some func-
tion » where

(i) h € C((0,00)% (0,00)) is such thati(u, v) is symmetric in: andv and increas-
ing in u,
(ii) the functionf is decreasing in,

(iii) witha asin(1.2), for all v > a, there exist, and D,, (possibly infinite) such that

lim+ flu,v)/u=C, >1and lim f(u,v)/u=D, < 1. (2.1)

u—a

Then, there exists a continuous functipsatisfying(1.3), (1.4) and (1.5). Hence by
Theorem 1.1, if is even andn is odd, every positive solution {d.1) converges to

a (not necessarily prime) two-periodic solution, and otherwise, every positive solution
converges to the unique equilibrium @f.1).
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Now, note that under assumptions (1) and (2) in Theorem 2.1, we have that, for fixed
v > a,
f(uv) _ hluv) _ (vl _ f(v,u) 22)

u uv u (% (%

is decreasing im and hence the (possibly infinite) limits in (2.1) exist. A key point here
is that there is no need to have a closed formyftw verify the hypotheses of Theorem
1.1. In fact, finding such a closed form may not be very practical in practice (see for
instance Example 2.6 below).

Before turning to a proof of Theorem 2.1, we give several examples of difference
equations satisfying the requirements of the theorem.

Example 2.2. Consider the equation

oy = 1420k (2:3)

:U'I’Lfm

Here we havé:i(u,v) = u + v, f(u,v) =1+ u/v,a =1, and forv > 1,

1 1 1
T A ) T S S (2.4)
u—1t u u—1t U v (%
and
11 1
tim 200 o LDy (2.5)
U—00 U u—00 U v v

Hence Theorem 2.1 is applicable and all positive solutions are asymptotically two-
periodic whenevek is even andn is odd, and otherwise all positive solutions converge

to the unique equilibrium. See [1-3] and the references therein for further discussion of
Eq. (2.3).

Example 2.3. Consider the equation

gy =14 ok [Inok (2.6)

xn—m l/I/‘TL—T)’L

Here we havé.(u, v) = u+v++uv, f(u,v) = 1+u/v++/u/v,a = 1,andforv > 1,

. flu,v) .11 1 11
1 = lim — + = =14+-4+—=>1 2.7
B Y ug?+u+v+\/uv +v+\/ﬂ> 2.7)
and
. flu,v) 1 1 1 1
1 = lim — + — =—-<1. 2.8
u1~>oo u uU—00 U, + v + 4/ Uv (% ( )

By Theorem 2.1, we have the required asymptotic two-periodic behavior.
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Example 2.4. Consider the equation
1 Tn—k Tn—m
v Tn—m (mn—k +1 * Tp—m + 1) ( )

Here we havé:i(u,v) = u/(u+1) +v/(v+1), f(u,v) = (u/(u+1)+v/(v+1))/v,
a = 0, and forv > 0,

f(u,v) 1 1

li = i = 2.10
w—t  u —ot v(u+1) * u(v +1) > (2.10)
and
. f(u,v) , 1 1
1 =1 =0<1. 2.11
e T e D Tawrn S (1D

By Theorem 2.1, we have the required asymptotic two-periodic behavior.
Example 2.5. Consider the equation

n— 1 n— n—m
2y =14 ooty 108(EnokTnom) (2.12)

xn—m lf’l;"I’L—'I’)’L

Here we havéi(u,v) = u + v + log(uv), f(u,v) = 1+ u/v + log(uv) /v, a = 1, and
forv > 1,

111 11
tim L0 g, Ly L loslw) 1 loew) (2.13)
u—1t u u—1t U v uv v v
and
111 1
lim L0 gy L L lostur) Ly (2.14)
U—00 u u—00 U v uv v

By Theorem 2.1, we have the required asymptotic two-periodic behavior.

Example 2.6. Consider the equation

xsz + J”ka + x%—m + 17me

(2.15)

T, =
Tp—m
Here, for0 < a, 8 < 1, we haveh(u, v) = u® +u’ +0v* +0°, f(u,v) = u®/v+u’ Jv+
v~ 179 4 =08 4 = 0, and forv > 0,

o fluv) 1 1 1 I
ulg(gl+ u uliﬁ% vl pul=f " gpl—e | ogpi-s (2.16)
and
1 1 1 1
A0 BT + + + —0<1. (2.17)
u—oo 1 u—oo pul=® = pul=f  wol-e  ul-B

By Theorem 2.1, we have the required asymptotic two-periodic behavior.
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Remark?2.7. To see that the requirement in (3) cannot be removed, consider the equation
gy =14 20k (2.18)
Tn—m

Here, we havé(u,v) = u+v +uv, f(u,v) = 1 +u/v+uanda = 1, yet the equation
possesses no equilibrium. Indeed, for 1,

11 1
T A D A S S P S ST (2.19)
u—1t u u—1t u v v
but
11 1
im 2% Cmrr e logy i (2.20)
U—00 u U—00 u v v

Condition (3) is not satisfied and Theorem 2.1 is not applicable.

3 Proof of the Main Result

We now turn to a proof of Theorem 2.1.

Proof of Theorem 2.1By Theorem 1.1 and Remark 1.2, we need only show that there
exists a decreasing continuous functipwhich satisfies (1.3) and (1.4). To that end,
note that by (2.2)f(u, v)/u is decreasing im and hence for fixed > a, by (3), there
exists a unique. = g(v), say, which satisfies

fg(v),v)/g(v) = 1. (3.1)

To see that the function is decreasing, note that far > a« ande > 0, by (2) and the
definition of g,

[g@.e+o) _ flg)a) | _ flgleto.a+o
9() 9() g(x +e)
and hence sincé(u, v)/u is decreasing i, g(x + €) < g(x), as required.
Now, note that for: > «, by the definition ofy and the assumptions ghandh, we
have

: (3.2)

Mz, g(x)) _ hg(x),x) _ flg(x) z)x
and (1.4) is satisfied. Sinee= g(g(z)) is the unique value satisfyinf(u, g(z)) = u,
(3.3) gives that (1.3) also holds.
The continuity ofg follows from its monotonicity and the fact that the range;a$

(a,00) (see Remark 1.2), and the theorem is proven. O

Remark3.1 Expanding onideas in [1], Stév[4,5] showed that similar asymptotically
two-periodic behavior can occur for multivariable functiofisn (1.1), with varying
delays. The interested reader may verify that the ideas introduced here are applicable in
that case as well.
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