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Abstract

We consider the difference equatiop,; = ﬁ"x”, where{s,}>2, is a pos-
Tn—1

n=0

itive periodic sequence with prime periad> 2. nWe completely determine the
asymptotic behavior of every solution of this equation. In particular we show that
every solution is periodic wheé { k. Our results give necessary and sufficient
conditions for the boundedness of all solutions of this equation. This solves one of
the open problems proposed by E. Camouzis and G. Ladas in [3].
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1 Introduction

Consider the nonautonomous difference equation

Tyl = FaTn n=0,1,... (1.2)

)
Tp—1

with nonzero initial conditions:_;, zo where{g3,}.>, is a sequence of nonzero real
numbers. In the case th&t,} >, is a constant sequence, it is easy to see that every
solution of Eq. (1.1) is periodic with period six, and in particular every solutions are
bounded, see [4].
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When{j,}>2, is a periodic sequence, its periodicity may destroy the boundedness
of solutions of Eq. (1.1). For example when

4 — 1, if n=06k+i with i ={0,1,2,3,4}
"1, if n=6k+5

with G > 0, the solution of Eq. (1.1) with initial conditiom_; = =, = 1 is unbounded
ifand only if 5 #£ 1, see [2].
E. Camouzis and G. Ladas proposed the following open problem in [3].
[3, Open Problem 5.7.2]. Let {3,}.>, be a positive periodic sequence with prime
periodk > 2. Obtain necessary and sufficient conditionstcand

607 v 7514:—1

such that every solution of Eq. (1.1) is bounded.
Our results in this paper solve the above open problem. For some results on the
asymptotic behavior of Eq. (1.1) see [1].

k=0,1,...

2 Explicit General Solutions

Lemma 2.1. If {z,,}>°_, is a solution of Eq(1.1), then
Tpig = WXy, n=-—10,..., (2.1)

where
_ Dot n=-1,0,.... (2.2)

" ﬁn-i-?ﬂn-i-l’

Proof. From the Eq. (1.1) we have

n > —4

— Y

T _ ﬁn+5xn+5 _ ﬁn+5ﬁn+4
"o Tnta Tn+3 ’

and by replacing with n — 3 in (2.1) and using it again we obtain

T o ﬂn+5ﬁn+4
+6 — &5 4
" ﬁn—l—Qﬁn—H

The proof is complete. O]

Tp = QpTy,, n=—10,....

Now by using Lemma 2.1 we can derive an explicit formula for the solutions of Eq.
(1.1).

Theorem 2.2.Let{x,}:> , be a solution of Eq(1.1). Then

m—1
Tem+i — (H 04654_1') Xy, 1= O, ]_, ceey 5 and m € N, (23)
s=0

wherea,,, n = —1,0, ... is given by(2.2).
Proof. The proof is easily completed by using Lemma 2.1 and induction. O
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3 Asymptotic Behavior

Suppose thas, }>° , is a periodic sequence with prime peribd> 2. Then{«, }>°
given by (2.2) is als@-periodic. Now if

6s +i =1’ (modk)

0<ri<k-1, i=0,1,...,5, s=0,1,...

and
Bi={rl,s=0,1,...},

then .

k' :=card(B;) = ———.

card(B) = =316 17
Let
Bi:{’f’i,...,’f’z/}7 m:mlk'—i—Rl, OSRISI{;,—]_
and define
)\i:ari...ari/, 2'20,1,..‘,5. (31)
k

So, if R; =0, then
m—1
H gs+i = /\:nl
s=0

and if R; # 0, we will have

m—1
H Qgsti = A} QG . . Qg(Ry—1)4i-
s=0

Thus by (2.2) we have:

Lem+i — .
AN .. o(r,—1)+:  Otherwise

Hence, if\; > 1, {xgmyi}o_, IS unbounded and ik; < 1, {zgn4i}oe_, tends to zero.
If \i = 1, {Zemri oo IS periodic with periodk’. We summarize the above results in
the following theorem.

Theorem 3.1. Suppose thaz,, } >, is a solution of Eq(1.1)and{g3,}.>, is a peri-

odic sequence with prime peridd> 2. Letk’ = ———— and \; as given by(3.1).
ged{6, k}
Then

o {Zgm+itm_, IS @an unbounded sequence when> 1;
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o {Zemiifo_ Vanishes at infinity whek; < 1;
o {Zemyi}or_, IS periodic with (not necessarily prime) periadwhen); = 1.

Lemma 3.2. Suppose thafs,}, is a periodic sequence with prime periédand
{an}o2 _ is given by(2.2). Then fori > 0 we have

Oy o O 145 = 1.

If k£ is even, then

QiQlogi -+ Qg yi = 1,
and whers | k, then

Q034 .- O34 = L.

Proof. Since the product of consecutive terms of thie:periodic sequencés, }.° , is
constant we have

oy o _ ﬁ4+iﬁ5+i 55+iﬁ6+i ﬁk+3+iﬁk+4+i
Q4 Q14§ = .
' ' ’ ﬁl+iﬂ2+i 62+iﬁ3+i ﬁk+iﬁk+l+i

— (ﬁ4+i65+i s 6k+3+i)(65+iﬁ6+i s ﬁk+4+i) -1

(61+i52+i s ﬁk-‘ri)(ﬁ?—i—iﬁi’)—i—i s ﬁk—i—l—i—i)

and
_ Bayilsviloti - - BrroriPersri _ ]

QiQloyg .. . Op_o4; =
e ' Bi4iB24iB34i - - - Bro—14i ki

When3 | £, it is easy to see that

1o e LAt T a o (ﬁ4+iﬁ5+i)(ﬁ7+i58+i) cee (6k+1+iﬁk+2+i)
134644 - - - X344 (61+i62+i)(ﬁ4+i55+i) - (ﬁk_2+iﬁk_1+i)
_ BerrriBrszei _

51+iﬁ2+i -

and the proof is complete. O

Theorem 3.3. Suppose thafs, }.> , is a positive periodic sequence with prime period
k such that6 { k. Then every solution of Eq1.1)is periodic with (not necessarily

' iod6k’ wherek! = ————.
prime) perio where acd {6, k]

Proof. Suppose thafz, } is a solution of Eq. (1.1). l§cd{6, k} = 1, thenk’ = k. Thus
by Lemma 3.2 and (3.1), we have

Ai:ai"'ak—l—i-i:l? 120,1,,5

Now Theorem 3.1 gives the desired result because every subsedugnge}.-_, of
sequencéz, } is k’-periodic sofx,, } is periodic of periodik’.
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In the case thatcd{6, k} = 2, we havek’ = E If B;,i=0,1,...,5, are as in the
proof of Theorem 3.1 and, r, € B;, then there existi;, m; € N such that

r1 = 6my +14 (modk) and ry = 6my + i (Mmodk)

which implies
ro — 11 = 6(mg — my) (Modk). (3.2)

Sincek is even, by (3.2)y, — r; is even. Thus
B;={0,2,...,k—2} or B;={1,3,...,k—1}, for i=0,1,...,5.
Then
A = qpa...ap_9 OF N\, =aoiasz...0p_1, for i=0,1,...,5,

and by Lemma 3.2 we have = 1,7 = 0,1,...,5. Thus Theorem 3.1 implies that
{Zemsitoe_ ot =0,1,...,5is k’-periodic. So{x,} is periodic with period%’.

Now suppose thatcd{6, ¥} = 3. Thenk’ = g and
B;={i,3+i,6+1i,....k—3+i}, i=0,1,...,5.
Thus Lemma 3.2 implies that
ANi =gy .. 3, =1, 1=0,1,...,5.
So like in the previous cases by using Theorem 3.1, the proof is complete. [

Remark3.4. Theorem 3.1 implies that {3,},-, is a positive periodic sequence of
prime periodk such that6 | %, then every solution of Eq. (1.1) is periodic with (not
necessarily prime) periodif and only if \; = 1 for< = 0,1,...,5, and it is bounded
if and only if \; < 1fori = 0,1,...,5. Also note that in this case we havg =
{i,6+4i,....,k—6+i}fori=0,1,...,5, s0

k_1
6
)\i: Agsti, Z:O,l,,5
s=0
For example whett = 6, we have\; = «; fori = 0,1,...,5, so every solution of Eq.

(1.1) is periodic with perio@ if and only ifo; = 1 fori =0,1,...,5, and it is bounded
ifandonly ifa; < 1fori=20,1,...,5, where

_ Piabiss

Q,; = .
' ﬁi+1ﬁi+2

The following corollary solves [3, Open Problem 5.7.2].
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Corollary 3.5. Let {f,},, be a positive periodic sequence with prime periodIf
6 1 k, then every solution of Eq1.1) is bounded. It | k, then every solution of Eq.
(1.1)is bounded if and only if

L
Ha65+i§17 Z':O717"‘757
s=0

where 58
n = ﬁ for n>—1.
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