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Abstract

We consider the difference equationxn+1 =
βnxn

xn−1
, where{βn}∞n=0 is a pos-

itive periodic sequence with prime periodk ≥ 2. We completely determine the
asymptotic behavior of every solution of this equation. In particular we show that
every solution is periodic when6 - k. Our results give necessary and sufficient
conditions for the boundedness of all solutions of this equation. This solves one of
the open problems proposed by E. Camouzis and G. Ladas in [3].
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1 Introduction

Consider the nonautonomous difference equation

xn+1 =
βnxn

xn−1

, n = 0, 1, . . . (1.1)

with nonzero initial conditionsx−1, x0 where{βn}∞n=0 is a sequence of nonzero real
numbers. In the case that{βn}∞n=0 is a constant sequence, it is easy to see that every
solution of Eq. (1.1) is periodic with period six, and in particular every solutions are
bounded, see [4].
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When{βn}∞n=0 is a periodic sequence, its periodicity may destroy the boundedness
of solutions of Eq. (1.1). For example when

βn =

{
1, if n = 6k + i with i = {0, 1, 2, 3, 4}
β, if n = 6k + 5

, k = 0, 1, . . .

with β > 0, the solution of Eq. (1.1) with initial conditionx−1 = x0 = 1 is unbounded
if and only if β 6= 1, see [2].

E. Camouzis and G. Ladas proposed the following open problem in [3].
[3, Open Problem 5.7.2]. Let {βn}∞n=0 be a positive periodic sequence with prime

periodk ≥ 2. Obtain necessary and sufficient conditions onk and

β0, . . . , βk−1

such that every solution of Eq. (1.1) is bounded.
Our results in this paper solve the above open problem. For some results on the

asymptotic behavior of Eq. (1.1) see [1].

2 Explicit General Solutions

Lemma 2.1. If {xn}∞n=−1 is a solution of Eq.(1.1), then

xn+6 = αnxn, n = −1, 0, . . . , (2.1)

where

αn =
βn+5βn+4

βn+2βn+1

, n = −1, 0, . . . . (2.2)

Proof. From the Eq. (1.1) we have

xn+6 =
βn+5xn+5

xn+4

=
βn+5βn+4

xn+3

, n ≥ −4,

and by replacingn with n− 3 in (2.1) and using it again we obtain

xn+6 =
βn+5βn+4

βn+2βn+1

xn = αnxn, n = −1, 0, . . . .

The proof is complete.

Now by using Lemma 2.1 we can derive an explicit formula for the solutions of Eq.
(1.1).

Theorem 2.2.Let{xn}∞n=−1 be a solution of Eq.(1.1). Then

x6m+i =

(
m−1∏
s=0

α6s+i

)
xi, i = 0, 1, . . . , 5 and m ∈ N, (2.3)

whereαn, n = −1, 0, . . . is given by(2.2).

Proof. The proof is easily completed by using Lemma 2.1 and induction.
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3 Asymptotic Behavior

Suppose that{βn}∞n=0 is a periodic sequence with prime periodk ≥ 2. Then{αn}∞n=−1

given by (2.2) is alsok-periodic. Now if

6s + i ≡ ri
s (modk)

0 ≤ ri
s ≤ k − 1, i = 0, 1, . . . , 5, s = 0, 1, . . .

and
Bi = {ri

s, s = 0, 1, . . .},

then

k′ := card(Bi) =
k

gcd{6, k}
.

Let
Bi = {ri

1, . . . , r
i
k′}, m = m1k

′ + R1, 0 ≤ R1 ≤ k′ − 1

and define
λi = αri

1
. . . αri

k
′
, i = 0, 1, . . . , 5. (3.1)

So, if R1 = 0, then
m−1∏
s=0

α6s+i = λm1
i

and ifR1 6= 0, we will have

m−1∏
s=0

α6s+i = λm1
i αi . . . α6(R1−1)+i.

Thus by (2.2) we have:

x6m+i =

{
λm1

i xi if R1 = 0,

λm1
i αi . . . α6(R1−1)+i otherwise.

Hence, ifλi > 1, {x6m+i}∞m=0 is unbounded and ifλi < 1, {x6m+i}∞m=0 tends to zero.
If λi = 1, {x6m+i}∞m=0 is periodic with periodk′. We summarize the above results in
the following theorem.

Theorem 3.1. Suppose that{xn}∞n=−1 is a solution of Eq.(1.1)and{βn}∞n=0 is a peri-

odic sequence with prime periodk ≥ 2. Letk′ =
k

gcd{6, k}
andλi as given by(3.1).

Then

• {x6m+i}∞m=0 is an unbounded sequence whenλi > 1;
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• {x6m+i}∞m=0 vanishes at infinity whenλi < 1;

• {x6m+i}∞m=0 is periodic with (not necessarily prime) periodk′ whenλi = 1.

Lemma 3.2. Suppose that{βn}∞n=0 is a periodic sequence with prime periodk and
{αn}∞n=−1 is given by(2.2). Then fori ≥ 0 we have

αiα1+i . . . αk−1+i = 1.

If k is even, then
αiα2+i . . . αk−2+i = 1,

and when3 | k, then
αiα3+i . . . αk−3+i = 1.

Proof. Since the product ofk consecutive terms of thek-periodic sequence{βn}∞n=0 is
constant we have

αiα1+i . . . αk−1+i =
β4+iβ5+i

β1+iβ2+i

· β5+iβ6+i

β2+iβ3+i

· · · βk+3+iβk+4+i

βk+iβk+1+i

=
(β4+iβ5+i . . . βk+3+i)(β5+iβ6+i . . . βk+4+i)

(β1+iβ2+i . . . βk+i)(β2+iβ3+i . . . βk+1+i)
= 1

and

αiα2+i . . . αk−2+i =
β4+iβ5+iβ6+i . . . βk+2+iβk+3+i

β1+iβ2+iβ3+i . . . βk−1+iβk+i

= 1.

When3 | k, it is easy to see that

αiα3+iα6+i . . . αk−3+i =
(β4+iβ5+i)(β7+iβ8+i) . . . (βk+1+iβk+2+i)

(β1+iβ2+i)(β4+iβ5+i) . . . (βk−2+iβk−1+i)

=
βk+1+iβk+2+i

β1+iβ2+i

= 1,

and the proof is complete.

Theorem 3.3. Suppose that{βn}∞n=0 is a positive periodic sequence with prime period
k such that6 - k. Then every solution of Eq.(1.1) is periodic with (not necessarily

prime) period6k′ wherek′ =
k

gcd{6, k}
.

Proof. Suppose that{xn} is a solution of Eq. (1.1). Ifgcd{6, k} = 1, thenk′ = k. Thus
by Lemma 3.2 and (3.1), we have

λi = αi . . . αk−1+i = 1, i = 0, 1, . . . , 5.

Now Theorem 3.1 gives the desired result because every subsequence{x6m+i}∞m=0 of
sequence{xn} is k′-periodic so{xn} is periodic of period6k′.



A Nonautonomous Difference Equation 25

In the case thatgcd{6, k} = 2, we havek′ =
k

2
. If Bi, i = 0, 1, . . . , 5, are as in the

proof of Theorem 3.1 andr1, r2 ∈ Bi, then there existm1, m2 ∈ N such that

r1 ≡ 6m1 + i (modk) and r2 ≡ 6m2 + i (modk)

which implies
r2 − r1 ≡ 6(m2 −m1) (modk). (3.2)

Sincek is even, by (3.2),r2 − r1 is even. Thus

Bi = {0, 2, . . . , k − 2} or Bi = {1, 3, . . . , k − 1}, for i = 0, 1, . . . , 5.

Then

λi = α0α2 . . . αk−2 or λi = α1α3 . . . αk−1, for i = 0, 1, . . . , 5,

and by Lemma 3.2 we haveλi = 1, i = 0, 1, . . . , 5. Thus Theorem 3.1 implies that
{x6m+i}∞m=0, i = 0, 1, . . . , 5 is k′-periodic. So{xn} is periodic with period6k′.

Now suppose thatgcd{6, k} = 3. Thenk′ =
k

3
and

Bi = {i, 3 + i, 6 + i, . . . , k − 3 + i}, i = 0, 1, . . . , 5.

Thus Lemma 3.2 implies that

λi = αiα3+i . . . αk−3+i = 1, i = 0, 1, . . . , 5.

So like in the previous cases by using Theorem 3.1, the proof is complete.

Remark3.4. Theorem 3.1 implies that if{βn}∞n=0 is a positive periodic sequence of
prime periodk such that6 | k, then every solution of Eq. (1.1) is periodic with (not
necessarily prime) periodk if and only if λi = 1 for i = 0, 1, . . . , 5, and it is bounded
if and only if λi ≤ 1 for i = 0, 1, . . . , 5. Also note that in this case we haveBi =
{i, 6 + i, . . . , k − 6 + i} for i = 0, 1, . . . , 5, so

λi =

k
6
−1∏

s=0

α6s+i, i = 0, 1, . . . , 5.

For example whenk = 6, we haveλi = αi for i = 0, 1, . . . , 5, so every solution of Eq.
(1.1) is periodic with period6 if and only if αi = 1 for i = 0, 1, . . . , 5, and it is bounded
if and only if αi ≤ 1 for i = 0, 1, . . . , 5, where

αi =
βi+4βi+5

βi+1βi+2

.

The following corollary solves [3, Open Problem 5.7.2].
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Corollary 3.5. Let {βn}∞n=0 be a positive periodic sequence with prime periodk. If
6 - k, then every solution of Eq.(1.1) is bounded. If6 | k, then every solution of Eq.
(1.1) is bounded if and only if

k
6
−1∏

s=0

α6s+i ≤ 1, i = 0, 1, . . . , 5,

where

αn =
βn+4βn+5

βn+1βn+2

for n ≥ −1.
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