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Abstract

In this paper, a discrete disease spreading model in complex networks with
time delay is investigated. The stability of positive equilibrium and existence of
Hopf bifurcation are explored by analyzing the associated characteristic equation.
Furthermore, a numerical example is given.
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1 Introduction

Recently, to describe the effect of the new link-adding probahjlity the topological
transition of the N-W small world network model, Li proposed a general nonlinear
model of disease spreading in [5] as

dv (t)

5 = 1+ 2pV(t—7) — p(l+2p) V3t — 1), (1.1)

whereV is the total influenced volumey is a measure of nonlinear interactions in
the network ang is the probability of add linkages between pairs of randomly chosen
nodes. More details can be seen in [5].

For system (1.1), there is a unique positive equilibrium

_pH PP+ p(l+2p)
p(1+2p)
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Stability of the positive equilibrium and Hopf bifurcation behavior were studied when
andr were considered as the bifurcation parameters in [5] and [2] respectively. Further,
bifurcation control using a time-delayed feedback controller for the complex network
model (1.1) was considered in [1]. And other related models can be found in [4, 6].

It has been shown that the dynamics of difference equations can be different from the
corresponding differential equations. And it is interesting to investigate the preservabil-
ity of bifurcation under the numerical discretization. In [2], the existence and properties
of Hopf bifurcation for system (1.1) were established. So in this paper, we mainly con-
sider the discrete analogue of system (1.1) obtained by Euler method. By using the
bifurcation theory of discrete system in [3], we obtain that the Hopf bifurcation can be
preserved under discretization by Euler method.

The remainder of this paper is organized as follows. Stability of positive equilibrium
of the corresponding discrete model is investigated in Section 2. In Section 3, formulas
for determining the direction of Hopf bifurcation and stability of periodic solutions are
derived. Finally, some numerical simulations are performed to illustrate the theoretical
results.

2 Stability Analysis
Lety(t) = V(rt). Then system (1.1) can be rewritten as

d%—f) =74+ 2pry(t — 1) — (1 + 2p)y%(t — 1). (2.1)

. . 1 : o
Next, we consider the step size of the fotm= —, wherem is a positive integer.
m
Applying Euler's method to this equation yields the difference equation

Yn+1 = Yn + hT + 2ph'7-yn—m - hT”(l + 2p)yi—m7 (22)

p+ P2+ u(l+2p)

and equation (2.2) has the unique positive equilibrign- W1+ 2p) . Set
u, =y, — y*. Then system (2.2) can be reduced to

Upi1 = Uy — 20RT U,y — hTp(1 + 2p)u2
wherea = \/p? + u(1 + 2p). We rewrite the equation as

Yni1 = Yn — 2017y — hrp(1 + 2p)ys .. (2.3)

DenoteY,, = (Yn, Yn_1, - - - ,yn,m)T. We can rewrite (2.3) in the form

Yo = F(Y,, 1), (2.4)
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whereF = F(F,, F\,...,F,)" and

po_d 20hTYp—m — hTp(1 4+ 2p)y2 . k=0,
T Yk 1<k<m.

The linear part of equation (2.3) is

Y1 = AY,, (2.5)
(10 ... 0 —2aht |
1 0 0
whereA = |0 1 ... 0 0 is an(m + 1) x (m + 1) matrix. It is easy to
i 00 ... 1 0 |
obtain that the characteristic equation of (2.5) is
2™ 2™ 4 2ahT = 0. (2.6)

Then the stability of the positive equilibriugi depends on the distribution of the zeros
of equation (2.6). When = 0, equation (2.6) can be reduced:6" — »™ = 0, which
has a root = 0 of multiplicity m and a simple root = 1. By direct computation, we
djz|? _ [ ~ } _

=|lz—+2Z— = —4ah < 0.
2=1,7=0 dr dr 2=1,7=0
Proposition 2.1 (see [7]) Suppose thaB C R is a bounded, closed, and connected set,
FONT) = A"+ pr ()N 4o (T)AN™ 2 4+ - - +p, (1) is continuous i\, 7) € C x B,
T is a parameter; € B. Then asr varies, the sum of the order of the zerosf¢f, 7)

out of the unit circle{ A € C': |\| > 1 } can change only if a zero appears on or cross
the unit circle.

can get

T

From Proposition 2.1, we have the following results.

Lemma 2.2. There exists a’ > 0 such that for) < 7 < 7/, all roots of equatior(2.6)
have modulus less than one.

Assume that equation (2.6) has a root with modulus one( keto™ < 7 ande™” be
a root of equation (2.6) when= 7*. Thene’™t)«" _ ™" 4 9qh7* = (). Separating
the real and imaginary parts, we have

2.7)

sin(m + 1)w* — sinmw™* = 0,
cos(m + 1)w* — cos mw* = —2aht*,

and thuscosw* = 1 — 2a*h*7*2. Obviously, if i is sufficiently small, then equation
(2.6) has roots with modulus one such that
cosw® =1 — 2a*h?7*?%,

_ cosmw” — cos(m + 1)w*
N 2ah ’ (2.8)

*

T

h=—.
m
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Lemma 2.3. If i is sufficiently small and™ andw™ satisfy(2.8), then

d|z|?
dy = _ll7'| o > 0.
Proof. From (2.6), we have
dz dz
dh a le " Z$:| T=T* w=w*

—2ahz n —2ahz
(m+1)zm —mzm=t  (m+1)zm —mzm-!

T=T* w=w*
m + 1) cos(m + 1)w* — m cos mw*

(
= —4dah
a D ,

where
D = [(m + 1) cosmw* —mcos(m — 1)w*]* + [(m + 1) sin mw* — msin(m — 1)w*]%.
From (2.7), we haveos(m + 1)w* = —ahr. Then

cos(m + 1)w* + mcos(m + 1)w* — mcosmw™ = cos(m+ 1)w* — 2ar
= —ar(h+2) <0.

Thus,d;, > 0. This completes the proof. ]

By Proposition 2.1 and Lemmas 2.2 and 2.3, we have the following result on stability
and Hopf bifurcation for difference equation (2.2).

Theorem 2.4.1f the step sizé is sufficiently small, then there exists an infinite sequence
of values of the time delay parametgr< r, < ... < 7; < ..., such that the positive
equilibriumy™ of equation(2.2) is asymptotically stable whene [0, 7,) and unstable
whenr > 7. Furthermore, Hopf bifurcation occurs gt whenr =7, j =0,1,2,.. .,
wherer; satisfieq2.8).

3 Direction and Stability of Hopf Bifurcation

In the previous section, we obtained conditions under which a family of periodic solu-
tions bifurcate from the positive equilibrium at the critical valueFurther, it is novel

and interesting to determine the direction, stability and period of these periodic solu-
tions. Following the ideas of Y. A. Kuznetzov [3], we derive the explicit formulae for
determining the properties of the Hopf bifurcation at the critical valuby using the
normal form and the center manifold theory.
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Setr = 1 + 1, n € R. Thenn = 0 is a Hopf bifurcation value for equation (2.2).
Equation (2.2) ay* is

Yn+1 = Yn — 2ah7—0yn—m - 2hl“'0(1 + 2p)y721—m (31)

So we can write (3.1) as
1
Yn+1 = AYn + §B(Yna Yn)7

where B(Y,,,Y,) = (bo(Ya, Y2),0,...,0) andbo(¢,v) = —2h7u(1 + 2p)pmibn,. Let
¢ € C™! be a complex eigenvector af corresponding™”. Then

Ag = ™", Aj=e g (3.2)
We also introduce an adjoint eigenvecttre C™ ! having the properties

AT(]* _ €_iw*(]*, AT(j* _ e—iw*q*’ (33)

and satisfying the normalizatiofg*, ¢) = 1, where(q*, ¢) = Z(Z‘qi- By direct com-
=0
putation, we have the following result.

Lemma 3.1. Letg = (qo,q1,---,qm)" be the eigenvector of corresponding to the
eigenvalue=™”, andq* = (¢¢, ¢}, ..., q.,) be the eigenvector oA’ corresponding to
the eigenvalue ™". Then

q= p(eiw*) — (1’ e*iw*’ . 76—7,'(Tn*1)¢,_;"‘7 Ckeiimw*)T’
q* — K<17 aeimw*’ o ,O[62iw ’eiw*)T7
wherea = —2ahr and K = (1 + mae’™+ =) =1,

The critical real eigenspad&entrecorresponding te*™” is two dimensional and
is spanned bYRe(q), Im(q)}. The real eigenspack;;pjeCorresponding to all eigen-
values of A other thane*™" is n — 2 dimensional. All vectorsc € R™"! can be
decomposed as

r=vq+rqty,

wherev € C, vq + vq € Tgentreandy € Tgigple The complex variable: can be
viewed as a new coordinate @@entrg SO we have

v= <q*7x>7 yzx—(q*,x)q—(cj*,x)q.
In this coordinate, the systemat= 7* has the form
vis e v+ (qf, Fvg 4+ vg + 1)),

y— Ay + Fvg+vg+y) —(¢", F(vqg +vg+y))q — (¢*, F(vg + vg + y))q.
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Using Taylor expansions,

1 1 1
Vi 2+ —9207/2 + guvvy + —90292 + =G v + (Gro,y)v + (Gor, y) 7,
2 2 2 (3.4)

1 1
y — Aoy + §H20V2 + Hyvv + 517‘-’0292 + O(|v])?,
Wheregij e C, GIO; G()l S Cm+1, and

920 = (0", B(¢,9)), 91 =", B(q0,9), 9g02=(q",B(77),

Go1 = (¢, C(q,4,9)),(Gro,y) = (¢", B(q,y)), (Gor, y) = (¢", B(q, ),

Ha = B(q,q) — {¢", B(¢,9))q — (¢*, B(¢, 9))q;
Hll - ( ) <q*7 ( )>q_ <q_*7B(q7 Q)>Q7
Hoy = B(q,q) — {¢", B(q,0)q — (¢", B(q,7))q.
Now, we seek the center manifold which has the representation
1 1
y=V(,v) = §w201/2 + wyvv + §w0252 + O(|v]?), (3.5)

where(q*, w;;) = 0. Substituting of (3.5) into (3.4), we can get
Won = <22[ — A)_leo, w11 = ([ — A)_lHll, Woo = (22] — A)_lHOQ.
The Taylor coefficients can be expressed by

g1 = (¢".C(¢,4,7)) —2(¢". B(q, (I — A)~'B(q,7)))
(

+{g", B(@ ("' = A)7'Blg 9))
02 Bl Bl

92 . o eiw . e
<q 7B<QaQ)>|2 - ediw _ 1|<q ﬂB(q7Q>>|2

1 — e "

Using normal form transformations, we may transform away the quadratic terms and
all cubic terms except the’v—term, in the Taylor expansion of the system given in
equation (3.4). This will leave us with the system

vy + er’v 4+ O(jv[*). (3.6)

The sign ofc; therefore determines properties of the bifurcation. The computations
result in the following expression faf:
goog11(1 —22%) | |gu]? |g02|? g1

AT T ) 1—z 22—z 2
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which gives, for the critical value af;,

o g20911(1 —2e™7) lg11]? |902|? go1
a(r) = 2(e2i" — i) + 1 — e—iw” + 2(e2i" — i) + :

Therefore, we have the following theorem about the properties of Hopf bifurcation.

Theorem 3.2. The direction and stability of Hopf bifurcation in syst¢?2) are deter-

Rée g alr )]: if { > 0 (< 0), then the Hopf bifurcation
h

is supercritical (subcritical) and the bifurcating periodic solutions exist for> 7

(r < 7); the sign of R ¢, (7*)] determines the stability of the periodic solutions:

the periodic solutions are orbitally stable (unstable) ifRé&* ¢, (7%)] < 0 (> 0).

mined by the sign df = —

4 Numerical Simulation
In this section, we consider the following discrete small-world networks:
Yni1 = Yn + h7 + 0.2h7Yn_p — LEAT(1 +0.2)32_, . (4.1)

The unique positive equilibrium ig* = 0.8030 and 7, = 0.5838 is the first Hopf
bifurcation value. According to the algorithms in the previous section, we cah-get
1.0164, which means that the bifurcation is supercritical. Moreover, the bifurcating
periodic solutions are orbitally stable. Figures 4.1 and 4.2 are about difference equation
(4.1) when the step size is = 1/10. From Figure 4.1, the positive equilibriugi is
asymptotically stable when = 0.4 < 0.5838. From Figure 4.2, we can see thatis
unstable and the system undergoes a periodic solution.
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