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Abstract

The method of quasilinearization is applied to the nonlinear second order dy-
namic equations withm-point boundary conditions on time scales, and two se-
quences could be constructed which converge uniformly to the unique solution
of them-point boundary value problems from above and below with high rate of
convergence.

AMS Subject Classifications:34B15, 39A12.
Keywords: Time scales, quasilinearization method, boundary value problems, lower
and upper solutions, convergence.

1 Introduction

In this paper, we consider the nonlinear dynamic equations on time scales

x∆∇(t) + f(t, x(t)) = 0, t ∈ [0, T ] ⊂ T, (1.1)
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subject to

βx(0)− γx∆(0) = 0, x(T )−
m−2∑
i=1

aix(ξi) = 0, m ≥ 3, (1.2)

whereT is left dense and the following assumptions are satisfied:

(H1) f : [0, T ]× R → R is continuous andf(t, ·) is ld-continuous on[0, T ];

(H2) β > 0, γ ≥ 0, ai ≥ 0 for i = 1, 2, · · · , m − 2, andam−2 > 0, ξi ∈ [0, T ] for

i = 1, 2, · · · , m − 2 and0 < ξ1 < ξ2 < · · · < ξm−2 < T , 0 <

m−2∑
i=1

aiξi < T and

d = β(T −
m−2∑
i=1

aiξi) + γ(1−
m−2∑
i=1

ai) > 0.

Throughout this paper,T is a time scale (nonempty closed subset ofR) and[0, T ] be a
compact subset ofT such that[0, T ] = {t ∈ T | 0 ≤ t ≤ T}. The sets[0, T ]κ, [0, T ]κ
and[0, T ]κκ are defined by

(1) If T is a left-scattered point, then[0, T ]κ = [0, T ), otherwise[0, T ]κ = [0, T ];

(2) If 0 is a right-scattered point, then[0, T ]κ = (0, T ], otherwise[0, T ]κ = [0, T ];

(3) [0, T ]κκ = [0, T ]κ ∩ [0, T ]κ.

The more basic notions about time scales could be found in [3, 4, 7–9, 11, 14]. The
following two lemmas which are derived from [6] will be used in the proof of the later
comparison theorem.

Lemma 1.1. Let g : [0, T ] → R be a function which is∆-differentiable on[0, T ]κ. If g
has a local extremum att0 ∈ [0, T ]κ, then

g∆(t0) ≤ 0, g∆(ρ(t0)) ≥ 0,

whereg∆(s) is nonnegative or nonpositive according ass < t0 or s > t0.

Lemma 1.2. For g : [0, T ] → R andt ∈ [0, T ]κ, the following conditions hold:

(i) If g is continuous att andt is left-scattered, theng is∇-differentiable and

g∇(t) =
g(ρ(t))− g(t)

ρ(t)− t
;

(ii) If t is left-dense, theng is∇-differentiable att iff lim
s→t

g(t)− g(s)

t− s
exists, and

g∇(t) = lim
s→t

g(t)− g(s)

t− s
.
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Recently, the study of dynamic systems on time scales has received a great deal of
attention. For example, the existence of solutions for boundary value problem of dy-
namic equations were initiated and extended by P. Wang and Y. Wang (see [13, 14]).
It is well known that the method of quasilinearization has been extensively developed
and applied to a wide range of problems onR, it combined with the method of up-
per and lower solutions is an effective and fruitful technique, which obtains a sequence
of approximate solutions and converges rapidly to the solutions of the given systems.
At present, the method has also been successfully applied to boundary value problems
of dynamic equations on time scales (see [1, 2, 5, 10, 12]). However, to the best of our
knowledge, there are few results on the high order convergence for boundary value prob-
lems of dynamic equations, especially, on the case ofm-point boundary value problems
on time scales. In this paper, by using the method of quasilinearization, we construct the
two sequences which converge uniformly to the unique solution of them-point bound-
ary value problems from above and below, and the order of convergence isk + 1.

2 Preliminaries

We define the set

D := {x ∈ B : x∆ is continuous on[0, T ]κ, x∆ is∇ differentiable and

x∆∇ is continuous on[0, T ]κκ},

where the Banach spaceB = C ([0, T ], R) is the set of real-valued continuous functions
x defined on[0, T ] with the norm‖x‖ = sup

t∈[0,T ]

|x(t)|.

Definition 2.1. A real-valued functionv ∈ D on [0, T ] is said to be a lower solution of
the BVP (1.1), (1.2), if

v∆∇(t) + f(t, v(t)) ≥ 0, t ∈ [0, T ], (2.1)

βv(0)− γv∆(0) ≤ 0, v(T )−
m−2∑
i=1

aiv(ξi) ≤ 0. (2.2)

Definition 2.2. A real-valued functionw ∈ D on [0, T ] is said to be an upper solution
of the BVP (1.1), (1.2), if

w∆∇(t) + f(t, w(t)) ≤ 0, t ∈ [0, T ], (2.3)

βw(0)− γw∆(0) ≥ 0, w(T )−
m−2∑
i=1

aiw(ξi) ≥ 0. (2.4)

Theorem 2.3.Assume that



320 P. Wang and Y. Lu

(i) v andw are lower and upper solutions of the BVP(1.1), (1.2), respectively;

(ii) f(t, x) is strictly decreasing inx for eacht ∈ [0, T ].

Thenv(t) ≤ w(t) on [0, T ].

Proof. Setm(t) = v(t) − w(t) on [0, T ]. If the conclusion is false, then there exist an
ε > 0 and at0 ∈ [0, T ] such that

m(t0) = ε and m(t) ≤ ε, t ∈ [0, T ].

If t0 ∈ [0, T ] andt0 6= 0, then by Lemma 1.1 we have

m∆(t0) ≤ 0 and m∆(ρ(t0)) ≥ 0,

wherem∆(s) is nonnegative or nonpositive according ass < t0 or s > t0. If t0 is
left-scattered, then it follows from Lemma 1.2 that

m∆∇(t0) =
m∆(t0)−m∆(ρ(t0))

t0 − ρ(t0)
≤ 0.

On the other hand, in view of the assumptions, we have

m∆∇(t0) = v∆∇(t0)− w∆∇(t0)

= v∆∇(t0) + f(t, v(t0))− (w∆∇(t0) + f(t, w(t0)))

+ (f(t, w(t0))− f(t, v(t0)))

> 0,

which is a contradiction. Ift0 is left-dense, it follows from Lemma 1.2 that

m∆∇(t0) = lim
s→t−0

m∆(s)−m∆(t0)

s− t0
≤ 0.

which leads to a contradiction as above. Ift0 = 0, then we get

m(t0) > 0 and m4(t0) ≤ 0.

Hence, by (2.2) and (2.4), we have

0 < β(v(0)− w(0)) ≤ γ(v∆(0)− w∆(0)) ≤ 0,

which is also a contradiction. The proof is therefore complete.

To state the main result of this paper, we need the following lemmas.
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Lemma 2.4 (see [13]).If d = β

(
T −

m−2∑
i=1

aiξi

)
+ γ

(
1−

m−2∑
i=1

ai

)
> 0, then for

h ∈ Cld[0, T ], the BVP
x∆∇(t) + h(t) = 0, t ∈ [0, T ], (2.5)

subject to

βx(0)− γx∆(0)) = 0, x(T )−
m−2∑
i=1

aix(ξi) = 0, m ≥ 3 (2.6)

has the unique solution

x(t) = −
∫ t

0

(t− s)h(s)∇s

+
βt + γ

d

(∫ T

0

(T − s)h(s)∇s−
m−2∑
i=1

ai

∫ ξi

0

(ξi − s)h(s)∇s

)
.

Similar to Lemma 2.4, we can easily obtain the following one.

Lemma 2.5. If d = β

(
T −

m−2∑
i=1

aiξi

)
+ γ

(
1−

m−2∑
i=1

ai

)
> 0, then forf ∈ Cld[0, T ],

x is the solution of the BVP(1.1), (1.2) if and only if x is the solution of the integral
equation

x(t) =
βt + γ

d

(∫ T

0

(T − s)f(s, x(s))∇s−
m−2∑
i=1

ai

∫ ξi

0

(ξi − s)f(s, x(s))∇s

)

−
∫ t

0

(t− s)f(s, x(s))∇s.

We define the setK by

K := {x ∈ B : x(t) ∈ D, v(t) ≤ x(t) ≤ w(t), t ∈ [0, T ]}.

Clearly,K is a closed convex set. Meanwhile we define an operatorA : K → B by

(Ax)(t) =
βt + γ

d

(∫ T

0

(T − s)f(s, x(s))∇s−
m−2∑
i=1

ai

∫ ξi

0

(ξi − s)f(s, x(s))∇s

)

−
∫ t

0

(t− s)f(s, x(s))∇s.

Note that from the definition of the operatorA, if x ∈ K, thenAx ∈ K. This implies
A : K → K. In addition,A is a completely continuous operator. Then, applying the
Schauder fixed point theorem, we can obtain the following result.
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Theorem 2.6. Assume thatv and w are lower and upper solutions of the BVP(1.1),
(1.2), respectively, andv(t) ≤ w(t) on [0, T ]. Then there exists a solutionx of the BVP
(1.1), (1.2)such thatv(t) ≤ x(t) ≤ w(t) on [0, T ].

Furthermore, iff(t, x) satisfies a monotonicity condition inx for eacht ∈ [0, T ],
then we have uniqueness of the solutionx of the BVP (1.1), (1.2).

Theorem 2.7. Assume thatf(t, x) is strictly decreasing inx for eacht ∈ [0, T ]. Then
the solutions of the BVP(1.1), (1.2)are unique.

3 Main Result

First we define the sector[v, w] for everyv, w ∈ D by

[v, w] := {x(t) ∈ D : v(t) ≤ x(t) ≤ w(t), t ∈ [0, T ]}.

In the following result, note thatf (i)(t, x), i = 0, 1, · · · , k + 1, are the usual partial
derivatives off of x onR.

Theorem 3.1.Assume that

(i) v0, w0 ∈ D are lower and upper solutions of the BVP(1.1), (1.2) respectively,
such thatv0 ≤ w0 on [0, T ];

(ii) f (i)(t, x), i = 0, 1, · · · , k, are continuous on[0, T ] × [v0, w0] with f (1)(t, x) < 0
such thatf (k+1)(t, x) exists and is ld-continuous with respect tot on [0, T ];

(iii) There existM, N > 0 such that−M ≤ f (k+1)(t, x)

(k + 1)!
≤ N on [0, T ]× [v0, w0].

Then there exist monotone sequences{vn} and{wn} which converge uniformly to the
unique solutionx of the BVP(1.1), (1.2). Moreover, the order of convergence of se-
quences{vn} and{wn} is k + 1.

Proof. First we define fork ≥ 1,

F (t, x; u0) =
k∑

i=0

1

i!
f (i)(t, u0)(x− u0)

i −M(x− u0)
k+1 (3.1)

and

G(t, x; u0) =
k∑

i=0

1

i!
f (i)(t, u0)(x− u0)

i +

{
−M(x− u0)

k+1, k + 1 is odd,
N(x− u0)

k+1, k + 1 is even,

(3.2)
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wherex andu0 are functions oft on [0, T ]. Consider now the BVPs

x∆∇(t) + F (t, x; v0) = 0, t ∈ [0, T ] (3.3)

with the boundary condition (1.2) and

x∆∇(t) + G(t, x; w0) = 0, t ∈ [0, T ] (3.4)

with the boundary condition (1.2). Now we shall show thatv0 andw0 are the lower and
upper solutions of the BVP (3.3), (1.2) and the BVP (3.4), (1.2), respectively. In view
of the hypothesis (i) and (iii), we have

v∆∇
0 (t) + F (t, v0; v0) = v∆∇

0 (t) + f(t, v0) ≥ 0,

w∆∇
0 (t) + F (t, w0; v0) = w∆∇

0 (t) +
k∑

i=0

1

i!
f (i)(t, v0)(w0 − v0)

i −M(w0 − v0)
k+1

= w∆∇
0 (t) + f(t, w0)−

f (k+1)(t, η1)

(k + 1)!
(w0 − v0)

k+1 −M(w0 − v0)
k+1

≤ w∆∇
0 (t) + f(t, w0)

≤ 0,

wherev0 ≤ η1 ≤ w0. This implies thatv0 andw0 are lower and upper solutions of the
BVP (3.3), (1.2), respectively. Hence, by Theorem 2.6, there exists a solutionv1 of the
BVP (3.3), (1.2) such thatv0(t) ≤ v1(t) ≤ w0(t) on [0, T ].

Similarly, v0 andw0 are lower and upper solutions of the BVP (3.4), (1.2), respec-
tively. If k + 1 is odd, then we have

v∆∇
0 (t) + G(t, v0; w0) = v∆∇

0 (t) +
k∑

i=0

1

i!
f (i)(t, w0)(v0 − w0)

i −M(v0 − w0)
k+1

= v∆∇
0 (t) + f(t, v0)−

f (k+1)(t, η2)

(k + 1)!
(v0 − w0)

k+1 −M(v0 − w0)
k+1

≥ v∆∇
0 (t) + f(t, v0)

≥ 0;

If k + 1 is even, then we get

v∆∇
0 (t) + G(t, v0; w0) = v∆∇

0 (t) +
k∑

i=0

1

i!
f (i)(t, w0)(v0 − w0)

i + N(v0 − w0)
k+1

= v∆∇
0 (t) + f(t, v0)−

f (k+1)(t, η2)

(k + 1)!
(v0 − w0)

k+1 + N(v0 − w0)
k+1

≥ v∆∇
0 (t) + f(t, v0)

≥ 0,
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wherev0 ≤ η2 ≤ w0. Thus, we have

v∆∇
0 (t) + G(t, v0; w0) ≥ 0.

In addition, we have

w∆∇
0 (t) + G(t, w0; w0) = w∆∇

0 (t) + f(t, w0) ≤ 0.

Then, applying Theorem 2.6, there exists a solutionw1 of the BVP (3.4), (1.2) such that
v0(t) ≤ w1(t) ≤ w0(t) on [0, T ].

Next we provev1 ≤ w1 on [0, T ]. To prove this, using Taylor’s theorem, we show
thatv1 is a lower solution of the BVP (1.1), (1.2) andw1 is an upper solution:

0 = v∆∇
1 (t) + F (t, v1; v0)

= v∆∇
1 (t) +

k∑
i=0

1

i!
f (i)(t, v0)(v1 − v0)

i −M(v1 − v0)
k+1

= v∆∇
1 (t) + f(t, v1)−

f (k+1)(t, η3)

(k + 1)!
(v1 − v0)

k+1 −M(v1 − v0)
k+1

≤ v∆∇
1 (t) + f(t, v1).

On the other hand, ifk + 1 is odd, then we have

0 = w∆∇
1 (t) + G(t, w1; w0)

= w∆∇
1 (t) +

k∑
i=0

1

i!
f (i)(t, w1)(w1 − w0)

i −M(w1 − w0)
k+1

= w∆∇
1 (t) + f(t, w1)−

f (k+1)(t, η4)

(k + 1)!
(w1 − w0)

k+1 −M(w1 − w0)
k+1

≥ w∆∇
1 (t) + f(t, w1),

and ifk + 1 is even, then we get

0 = w∆∇
1 (t) + G(t, w1; w0)

= w∆∇
1 (t) +

k∑
i=0

1

i!
f (i)(t, w1)(w1 − w0)

i + N(w1 − w0)
k+1

= w∆∇
1 (t) + f(t, w1)−

f (k+1)(t, η4)

(k + 1)!
(w1 − w0)

k+1 + N(w1 − w0)
k+1

≥ w∆∇
1 (t) + f(t, w1),

wherev0 ≤ η3 ≤ v1, w1 ≤ η4 ≤ w0. Hence, we can conclude from the above estimates
thatv1, andw1 are lower and upper solution of the BVP (1.1), (1.2), respectively, and it
follows from Theorem 2.3 thatv1 ≤ w1 on [0, T ]. Consequently these results yield

v0 ≤ v1 ≤ w1 ≤ w0 on [0, T ].
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Now suppose that for somen > 1, v0 ≤ vn ≤ wn ≤ w0 on [0, T ] and

v∆∇
n (t) + f(t, vn(t)) ≥ 0, βvn(0)− γv∆

n (0) = 0, vn(T )−
m−2∑
i=1

aivn(ξi) = 0, (3.5)

w∆∇
n (t) + f(t, wn(t)) ≥ 0, βwn(0)− γw∆

n (0) = 0, wn(T )−
m−2∑
i=1

aiwn(ξi) = 0. (3.6)

We show that
vn ≤ vn+1 ≤ wn+1 ≤ wn on [0, T ],

wherevn+1 andwn+1 are the solutions of the BVPs

x∆∇(t) + F (t, vn+1; vn) = 0 (3.7)

and
x∆∇(t) + G(t, wn+1; wn) = 0 (3.8)

with the boundary condition (1.2), respectively. It easily follows by the definition ofF
and (3.5) that

v∆∇
n (t) + F (t, vn; vn) = v∆∇

n (t) + f(t, vn) ≥ 0

and

w∆∇
n (t) + F (t, wn; vn) = w∆∇

n (t) +
k∑

i=0

1

i!
f (i)(t, wn)(wn − vn)i −M(wn − vn)k+1

= w∆∇
n (t) + f(t, wn)− f (k+1)(t, η5)

(k + 1)!
(wn − vn)k+1 −M(wn − vn)k+1

≤ w∆∇
n (t) + f(t, wn)

≤ 0,

wherevn ≤ η5 ≤ wn. This implies thatvn is a lower solution of the BVP (3.7), (1.2)
andwn is an upper solution. Hence, by Theorem 2.6, there exists a solutionvn+1 of the
BVP (3.7), (1.2) such that

vn(t) ≤ vn+1(t) ≤ wn(t) on [0, T ].

Similar arguments yield that there exists a solutionwn+1(t) of the BVP (3.8), (1.2) such
that

vn(t) ≤ wn+1(t) ≤ wn(t) on [0, T ].

In order to provevn+1 ≤ wn+1 on [0, T ], we show thatvn+1 andwn+1 are lower and the
upper solutions of the BVP (1.1) and (1.2), respectively. Sincevn+1 is the solution of
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the BVP (3.7), (1.2), we get

0 = v∆∇
n+1(t) + F (t, vn+1; vn)

= v∆∇
n+1(t) +

k∑
i=0

1

i!
f (i)(t, vn)(vn+1 − vn)i −M(vn+1 − vn)k+1

= v∆∇
n+1(t) + f(t, vn+1)−

f (k+1)(t, η6)

(k + 1)!
(vn+1 − vn)k+1 −M(vn+1 − vn)k+1

≤ v∆∇
n+1(t) + f(t, vn+1).

This implies thatvn+1 is a lower solution of the BVP (1.1), (1.2). In a similar manner,
we can prove thatwn+1 is an upper solution of the BVP (1.1), (1.2). Hence, it follows
from Theorem2.3 thatvn+1 ≤ wn+1 on [0, T ]. This proves that

vn ≤ vn+1 ≤ wn+1 ≤ wn on [0, T ].

Now by induction we can conclude that for alln ∈ N

v0 ≤ v1 ≤ · · · ≤ vn ≤ wn ≤ · · · ≤ w1 ≤ w0 on [0, T ],

where for eachn ∈ N, vn+1 andwn+1 satisfy the BVPs (3.7), (1.2) and (3.8), (1.2).
Since[0, T ] is compact and the sequence is monotone and bounded, the sequence

{vn} converges uniformly to some functionx, where

vn+1(t) =
βt + γ

d

∫ T

0

(T − s)F (s, vn+1; vn)∇s

− βt + γ

d

m−2∑
i=1

ai

∫ ξi

0

(ξi − s)F (s, vn+1; vn)∇s

−
∫ t

0

(t− s)F (s, vn+1; vn)∇s.

Note that lim
n→∞

F (t, vn+1; vn) = f(t, x(t)) and
∫ T

0

(T−s)∇s ≤ T 2,

∫ ξi

0

(ξi−s)∇s ≤ ξ2
i

and
∫ t

0

(t−s)∇s ≤ T 2. Using the Lebesgue dominated convergence theorem, we obtain

lim
n→∞

∫ T

0

(T − s)F (s, vn+1; vn)∇s =

∫ T

0

(T − s)f(s, x(s))∇s,

lim
n→∞

∫ ξi

0

(ξi − s)F (s, vn+1; vn)∇s =

∫ ξi

0

(ξi − s)f(s, x(s))∇s

and

lim
n→∞

∫ t

0

(t− s)F (s, vn+1; vn)∇s =

∫ t

0

(t− s)f(s, x(s))∇s.
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Hence we get

x(t) =
βt + γ

d

(∫ T

0

(T − s)f(s, x(s))∇s−
m−2∑
i=1

ai

∫ ξi

0

(ξi − s)f(s, x(s))∇s

)

−
∫ t

0

(t− s)f(s, x(s))∇s.

A similar argument can be used for the sequence{wn}. Hencex is the unique solution
of the BVP (1.1), (1.2) as desired.

It remains to show the order of convergence of the sequences{vn} and{wn} isk+1.
To this end, we setpn+1 = x(t) − vn+1 andqn+1 = wn+1 − x(t) on [0, T ]. Notice that
pn+1 ≥ 0 andqn+1 ≥ 0 on [0, T ].

pn+1 =
βt + γ

d

∫ T

0

(T − s)(f(s, x(s))− F (s, vn+1; vn))∇s

=
βt + γ

d

∫ T

0

(T − s)

(
f(s, x(s))−

k∑
i=0

1

i!
f (i)(s, vn)(vn+1 − vn)i

)
∇s

+
βt + γ

d

∫ T

0

(T − s)M(vn+1 − vn)k+1∇s

− βt + γ

d

m−2∑
i=1

ai

∫ ξi

0

(ξi − s)

(
f(s, x(s))−

k∑
i=0

1

i!
f (i)(s, vn)(vn+1 − vn)i

)
∇s

− βt + γ

d

∫ ξi

0

(ξi − s)M(vn+1 − vn)k+1∇s−
∫ t

0

(t− s)M(vn+1 − vn)k+1∇s

−
∫ t

0

(t− s)

(
f(s, x(s))−

k∑
i=0

1

i!
f (k+1)(s, vn)(vn+1 − vn)i

)
∇s

=
βt + γ

d

∫ T

0

(T − s)

(
f(s, x(s))− f(s, vn+1) +

f (k+1)(s, ζ)

(k + 1)!
(vn+1 − vn)k+1

)
∇s

+
βt + γ

d

∫ T

0

(T − s)M(vn+1 − vn)k+1∇s

− βt + γ

d

m−2∑
i=1

ai

∫ ξi

0

(ξi − s)(f(s, x(s))− f(s, vn+1))∇s

− βt + γ

d

m−2∑
i=1

ai

∫ ξi

0

(ξi − s)

(
f (k+1)(s, ζ)

(k + 1)!
(vn+1 − vn)k+1 + M(vn+1 − vn)k+1

)
∇s

−
∫ t

0

(t− s)

(
f(s, x(s))− f(s, vn+1) +

f (k+1)(s, ζ)

(k + 1)!
(vn+1 − vn)k+1

)
∇s

−
∫ t

0

(t− s)M(vn+1 − vn)k+1∇s.
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Hence

pn+1 ≤
βT + γ

d

∫ T

0

(T − s)

(
1

(k + 1)!
f (k+1)(s, ζ) + M

)
pk+1

n ∇s

+
βT + γ

d

m−2∑
i=1

ai

∫ ξi

0

(ξi − s)

(
1

(k + 1)!
f (k+1)(s, ζ) + M

)
pk+1

n ∇s

+

∫ t

0

(t− s)

(
1

(k + 1)!
f (k+1)(s, ζ) + M

)
pk+1

n ∇s

=
βT + γ

d
pk+1

n (τ1)

∫ T

0

(T − s)

(
1

(k + 1)!
f (k+1)(s, ζ) + M

)
∇s

+
βT + γ

d

m−2∑
i=1

aip
k+1
n (τ2)

∫ ξi

0

(ξi − s)

(
1

(k + 1)!
f (k+1)(s, ζ) + M

)
∇s

+ pk+1
n (τ3)

∫ t

0

(t− s)

(
1

(k + 1)!
f (k+1)(s, ζ) + M

)
∇s,

wherevn ≤ ζ ≤ vn+1, 0 ≤ τ1, τ2, τ3 ≤ T . Thus

‖pn+1‖ ≤
βT + γ

d

(
‖pn‖k+1(M + N)T 2 + ‖pn‖k+1

m−2∑
i=1

aiξ
2
i

)
+ ‖pn‖k+1T 2

=

(
βT + γ

d

(
(M + N)T 2 +

m−2∑
i=1

aiξ
2
i

)
+ T 2

)
‖pn‖k+1,

where
1

(k + 1)!
f (k+1)(t, x) + M ≤ M + N ,

∫ T

0

(T − s)∇s ≤ T 2,
∫ ξi

0

(ξi − s)∇s ≤ ξ2
i

and
∫ t

0

(t− s)∇s ≤ T 2. Similarly we obtain forqn+1 the estimate

‖qn+1‖ ≤

(
βT + γ

d

(
T 2 +

m−2∑
i=1

aiξ
2
i

)
+ K0T

2

)
‖qn‖k+1

wheremax

{
1

(k + 1)!
f (k+1)(t, x) + M,

1

(k + 1)!
f (k+1)(t, x)−N

}
≤ K0 on [0, T ].

The proof is complete.

Example 3.2.Let us illustrate Theorem 3.1 with a specific time scale

T =

{
1

n
: n ∈ N0

}
∪ {0} ∪

[
1

2
, 2

]
.

Consider the BVP {
x∆∇(t)− x3 − 9x = 0, t ∈ [0, 1] ⊂ T,

x(0)− x∆(0) = 0, x(1)− 1

2
x(ξ1) = 0,

(3.9)
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whereT = 1, m = 3, β = 1, γ = 1, a1 =
1

2
, ξ1 =

2

3
andf(t, x) = −x3 − 9x. Then

v0 = −1 andw0 = 1 are lower and upper solutions of the BVP (3.9). By Theorem 2.6,
we conclude that there is a solution in[−1, 1] for t ∈ [0, 1]. Moreover, sincef satisfies
conditions (ii)–(iii) in Theorem 3.1, we also conclude that there are monotone sequences
{vn} and{wn} converging uniformly in[−1, 1] on [0, 1] to the unique solution of the
BVP (3.9), which is zero.
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