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Abstract

The method of quasilinearization is applied to the nonlinear second order dy-
namic equations withn-point boundary conditions on time scales, and two se-
guences could be constructed which converge uniformly to the unique solution
of the m-point boundary value problems from above and below with high rate of
convergence.
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1 Introduction
In this paper, we consider the nonlinear dynamic equations on time scales

V() + f(t,xz(t) =0, te€[0,T]CT, (1.1)
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subject to

Bz(0) — vz2(0) =0, z(T) - a;x(§) =0, m >3, (1.2)

=1
whereT' is left dense and the following assumptions are satisfied:
(Hy) f:][0,7] x R — R s continuous and (t, -) is ld-continuous ono, 77;
(Hy) 6 >0,v>0,a; >0fori =1,2,---,m — 2, anda,,—» > 0, & € [0,T] for

m—2
i=1,2-,m=-2and0 <& <& < <&ua<T,0< Y a& < Tand

i=1
m—2 m—2

dZﬁ(T—Zaifi)+7(1—Zai)>0-

i=1 i=1

Throughout this papefl is a time scale (honempty closed subseRpfnd|0, 7] be a
compact subset df such thaf0,7] = {t € T |0 <t < T}. The sets0, 71", [0, 7,
and|0, T'])% are defined by

(1) If T is a left-scattered point, thed, 71" = [0, T"), otherwis€0, 7" = [0, T7;
(2) If 0is a right-scattered point, thét, 7, = (0, T, otherwis€0, T',, = [0, T7;
(3) [0, 15 = [0, 77" N [0, T

The more basic notions about time scales could be found in [3,4,7-9, 11, 14]. The
following two lemmas which are derived from [6] will be used in the proof of the later
comparison theorem.

Lemma 1.1. Letg : [0,7] — R be a function which ig\-differentiable on0, 7')". If ¢
has a local extremum ag < [0, 7", then

g% (to) <0, g% (p(to)) = 0,
whereg” (s) is nonnegative or nonpositive accordingas: t, or s > t.
Lemma 1.2. For g : [0,7] — R andt € [0, T, the following conditions hold:
(i) If g is continuous at andt is left-scattered, then is V-differentiable and

v = 9®) —9(®).
g (t) o) — 1
(i) If tis left-dense, then is V-differentiable att iff lim M

s—t — S

exists, and

§710) =t 2= 6)
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Recently, the study of dynamic systems on time scales has received a great deal of
attention. For example, the existence of solutions for boundary value problem of dy-
namic equations were initiated and extended by P. Wang and Y. Wang (see [13, 14]).
It is well known that the method of quasilinearization has been extensively developed
and applied to a wide range of problems Rnit combined with the method of up-
per and lower solutions is an effective and fruitful technique, which obtains a sequence
of approximate solutions and converges rapidly to the solutions of the given systems.
At present, the method has also been successfully applied to boundary value problems
of dynamic equations on time scales (see [1, 2,5, 10, 12]). However, to the best of our
knowledge, there are few results on the high order convergence for boundary value prob-
lems of dynamic equations, especially, on the case-gbint boundary value problems
on time scales. In this paper, by using the method of quasilinearization, we construct the
two sequences which converge uniformly to the unique solution of#p®int bound-
ary value problems from above and below, and the order of convergehece is

2 Preliminaries
We define the set

D := {z € B: 2> is continuous o0, T]*, 2* is V differentiable and
£~V is continuous orf0, 7%},

where the Banach spae= C ([0, 7], R) is the set of real-valued continuous functions

x defined on0, 7] with the norm||z|| = sup |z(¢)].
te(0,7)

Definition 2.1. A real-valued functionv € D on [0, 7] is said to be a lower solution of
the BVP (1.1), (1.2), if
vEV(8) + f(t,0(t) 20, tel0,T], (2.1)

Bo(0) — 102(0) <0, o(T) = asw(&) < 0. 2.2)

1

3

()

Definition 2.2. A real-valued functionv € D on [0, 7] is said to be an upper solution
of the BVP (1.1), (1.2), if

wV () + f(t,w(t) <0, te[0,T], (2.3)
Bw(0) — yw™(0) >0, w(T) — z_: a;w(&;) > 0. (2.4)

i=1

Theorem 2.3. Assume that
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(i) v andw are lower and upper solutions of the BYP.1), (1.2), respectively;
(i) f(t, ) is strictly decreasing in: for eacht € [0, T7.
Thenu(t) < w(t) on[0, 7.

Proof. Setm(t) = v(t) — w(t) on[0,T]. If the conclusion is false, then there exist an
e > 0and aty € [0,7] such that

m(ty) =¢ and m(t) <e, te|0,T].
If t, € [0, 7] andty # 0, then by Lemma 1.1 we have
m?(ty) <0 and m>(p(ty)) > 0,

wherem*™(s) is nonnegative or nonpositive accordingas< t,ors > t. If ¢, is
left-scattered, then it follows from Lemma 1.2 that

m?(to) —m*(p(to)) <0
to — p(to) -

On the other hand, in view of the assumptions, we have

(to) AV (tg) — w™Y (to)
AV(to) + f(t, v(to)) — (WY (to) + f(t,w(to)))
+( (t,w(to)) — f(t,v(to)))

> 0,

AV (to) —

which is a contradiction. If, is left-dense, it follows from Lemma 1.2 that

mA(s) = mA () _

AV :
m to) = lim
( 0) s—tg S — tO

which leads to a contradiction as abovetylt= 0, then we get
m(ty) > 0 and m*(ty) < 0.
Hence, by (2.2) and (2.4), we have
0 < B((0) — w(0)) < 4(v*(0) — w>(0)) <0,
which is also a contradiction. The proof is therefore complete. O

To state the main result of this paper, we need the following lemmas.
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-2

m—2

Lemma 2.4 (see [13])If d = [ (T - Z al-gi) + 7 (1 - ai) > 0, then for
=1 =1

h € Cld[O,T], the BVP

3

)

V() + h(t) =0, t€[0,T], (2.5)
subject to
Bx(0) —yz2(0)) =0, a(T)— Z a;z(&) =0, m>3 (2.6)

has the unique solution
t
x(t) = —/ (t —s)h(s)Vs
0

r m—2 &i
+ 5t:l"7 (/O (T'— s)h(s)Vs — ; ai/o (& — S)h(s)Vs> '

Similar to Lemma 2.4, we can easily obtain the following one.

m—2

m—2
Lemma25.1fd=06 (T — Z aé |+ 1= Z a; | > 0, thenforf e Ciy[0, 7],

=1 1=1
x is the solution of the BVIR1.1), (1.2) if and only if z is the solution of the integral
equation

T m—2 &i
z(t) = ﬁt; ! </O (T = s)f(s,2(s)) Vs — Z ai/ﬂ (& — S)f(SafC(S))V8>

- /0 (t—s)f(s,z(s))Vs.

We define the sek™ by

K:={xeB: z(t) €D, v(t) <z(t) <w(t), t €[0,T]}.

Clearly, K is a closed convex set. Meanwhile we define an operatofl’ — B by

T m—2 &i
<Ax><t>:ﬁtj”< | = asa@vs- e <si—s>f<s,x<s>>v8>

—/O(t—s)f(s,x(s))Vs.

Note that from the definition of the operatds if x € K, thenAx € K. This implies
A K — K. In addition, A is a completely continuous operator. Then, applying the
Schauder fixed point theorem, we can obtain the following result.
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Theorem 2.6. Assume that and w are lower and upper solutions of the BYP.1),
(1.2), respectively, and(t) < w(t) on[0, 7. Then there exists a solutianof the BVP
(1.1), (1.2)such that(t) < z(t) < w(t) on|0,T].

Furthermore, iff (¢, z) satisfies a monotonicity condition infor eacht € [0, 77,
then we have uniqueness of the solutioaf the BVP (1.1), (1.2).

Theorem 2.7. Assume thaf (¢, x) is strictly decreasing in: for eacht € [0,T]. Then
the solutions of the BVEL.1), (1.2) are unique.

3 Main Result

First we define the sectdw, w] for everyv, w € D by
[v,w] :={z(t) eD: v(t) < x(t) <w(t), t €[0,T]}.

In the following result, note thaf®(¢,z), i = 0,1,--- ,k + 1, are the usual partial
derivatives off of z onR.

Theorem 3.1. Assume that

(i) vy, wy € D are lower and upper solutions of the BP.1), (1.2) respectively,
such thaty, < wy on|0,7T];

(iy fO(t,z),i=0,1,---,k, are continuous ofi0, T'| x [vo, wo] with fM (¢, z) < 0
such thatf**1) (¢, z) exists and is ld-continuous with respectton [0, 77;

f(k’-i—l) (t, .T)

(iif) There existV/, N > 0 such that-M < Gt 1)

< Non|0,T] x [vg, wo).

Then there exist monotone sequenges and {w,} which converge uniformly to the
unique solutionr of the BVP(1.1), (1.2). Moreover, the order of convergence of se-
quenceqv, } and{w,} isk + 1.

Proof. First we define fok > 1,

k
F(t.riug) = 37 % 1Ot )z — wo)f — Mz — ug) (3.1)
i=0

. ,
1 . ~M(x —up)**t,  k+1 isodd
G(t, z;up) = Z = fO(t, uo)(x — uo)' + { N(:E’ _ u0§’2+1 k+1 iseven

(3.2)
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wherez andu, are functions of on [0, 7'|. Consider now the BVPs

22V () + F(t,z;0) =0, t€0,T] (3.3)
with the boundary condition (1.2) and

o2V (t) + G(t, z;we) =0, t€0,7T] (3.4)

with the boundary condition (1.2). Now we shall show thaandw, are the lower and
upper solutions of the BVP (3.3), (1.2) and the BVP (3.4), (1.2), respectively. In view
of the hypothesis (i) and (iii), we have

VBV (1) + F(t,vg;v0) = 02V (£) + f(t,v0) > 0,

k
1
AV N AV
wyY (t) + F(t, we; v9) = wg (t) + Z{; l
f(k+1) (tﬂh)
(k+1)!

f (t,v0) (wo — vo)" — M (wy — vp)*+*

w'Y (1) + f (¢t wo) —

wg (t) + £ (£ wo)
07

(wO . UO)kJrl o M(wo o ,Uo)kJrl

VARVAN

wherevy < n; < wy. This implies that, andw, are lower and upper solutions of the
BVP (3.3), (1.2), respectively. Hence, by Theorem 2.6, there exists a solytafrthe
BVP (3.3), (1.2) such thaty(t) < vy (t) < wy(t) on|0,T].

Similarly, vy andw, are lower and upper solutions of the BVP (3.4), (1.2), respec-
tively. If £ + 1 is odd, then we have

k
1., ,
’UOAv(t> + G(t, Vo, wo) = UOAVQ) + E Jf(l) (t, wo)(UO — U)())Z - M(UO — wo)k+1
i=0

(k+1)
= ob V(1) + f(t,v0) - JC(T&J)
BV () + f(t, wo)

0;

(UO . wo)k+1 - M(Uo . wo)kJrl

(AVARAY

If £+ 1is even, then we get

k
1 .. .
VeV (1) + G(t,vo;wo) = v5Y (t) + Z ﬁf(z) (t,wo)(vy — wo)" + N(vg — wo)*™
i=0

AV SED(t, 7;2)
= vy (t) + f(t,v0) — 1)
ve Y (t) + f(t, o)

0,

(UO . wo)k-i-l + N(UO o ,wo)k-H

(AVANVS
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wherevy < 1, < wqy. Thus, we have
voAv(t) + G(t,vp;wp) > 0.
In addition, we have
wiY () + G(t, wo; wo) = wiY () + f(t,we) < 0.

Then, applying Theorem 2.6, there exists a solutigrof the BVP (3.4), (1.2) such that
vo(t) < wq(t) < wp(t) on[0,T].

Next we provey; < w; on|[0,7]. To prove this, using Taylor’s theorem, we show
thatv, is a lower solution of the BVP (1.1), (1.2) and is an upper solution:

0= lev(t) + F(t,v1;v0)
k
1 . .
= U1AV<t) + Z ﬁf(l) (t, U(])(Ul — Uo)z — M(U1 — U())k—H
i=0

f(k+1) (tv 773)

(k - 1>' (Ul . Uo)k+1 . M(Ul N Uo)k‘+1

= opV () + f(t,v1) —
<PV (t) + f(t,0).
On the other hand, & + 1 is odd, then we have
0= wfv(t) + G(t, wy; wp)

k
1 . ,
= UJlAv(t> + E ﬁf(z) (t, wl)(wl — wo)l — M(w1 — wo)k—H
i=0

f(k+1) (t7 774)

(k - 1)' (wl - wo)k+1 . M<w1 . wo)kJrl

= wi (t) + f(t,w) —
> wi (1) + f(t,w),
and ifk + 1 is even, then we get

0 = wiV () + Glt, wis wo)
k
1 . .
= wlAv(t) + Z ﬁf(z) (t, wi)(w — wo)’ + N(wy — wo)**!
i=0

f(k+1)(tv 774)

(k - 1)' (wl . wo)kJrl + N(w1 o wo)k+1

= wiV (t) + f(t,w) —

> wiY () + f(tw),

wherev, < n3 < vy, w; < 4 < wy. Hence, we can conclude from the above estimates
thatv,, andw; are lower and upper solution of the BVP (1.1), (1.2), respectively, and it
follows from Theorem 2.3 that; < w; on[0, T]. Consequently these results yield

v < v <w; <wy 0on [O,T]
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Now suppose that for some> 1, vy < v, < w, < woon[0,7] and

m—2
vV (t) + f(t,on(t)) 2 0, Bon(0) — 45 (0) = 0, v, (T) — Z ava (&) =0, (3.5)

m—2

WA (1) + F( wa() > 0, B, (0) — 7w (0) = 0, wo(T) = ¥ avwn (&) = 0. (3.6)

=1
We show that
Un, S Un+1 S Wn 41 S w, 0on [O, T],

wherev,, ., andw, ., are the solutions of the BVPs
xAv(t) + F(t,vp41;0,) =0 (3.7)
and
AV . _
T (t) + G(ta Wn 415 wn) =0 (38)

with the boundary condition (1.2), respectively. It easily follows by the definitiof of
and (3.5) that
v () + F(t,vasva) = vV () + f(t,00) 2 0

and

k
1 .
wﬁv(t) + F(t,wy;v,) = wﬁv(t) + E 5]‘1(@) (t, wp)(wy, —vy,)" — M (w, — vn)kJrl
i=0

70+ ) L 0, =) M = )

wyY (£) + f(t wn)
07

IA A

wherev,, < n5 < w,. This implies that,, is a lower solution of the BVP (3.7), (1.2)
andw,, is an upper solution. Hence, by Theorem 2.6, there exists a solytiqrof the
BVP (3.7), (1.2) such that

Un(t) < vpir(t) < wy(t) on [0,77.

Similar arguments yield that there exists a solutign (¢) of the BVP (3.8), (1.2) such
that
Un(t) < wpia(t) < w,(t) on [0,7].

In order to provey,,,; < w,,1 on|0,T], we show that,,; andw,, are lower and the
upper solutions of the BVP (1.1) and (1.2), respectively. Singe is the solution of
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the BVP (3.7), (1.2), we get

0= v (1) + F(t, vpi1; vn)
k
1 i i
= 05 (0 + D O 0) Onsr = v0)' = M (v = 0)*H
=0

f(k+1) (ta 776)

(k+1)! (o1 = vn) T = M(vngr = vn)*"!

= vy () + f(t vng) —
S UnA—&-Vl (t) + f(tv UnJrl)'

This implies thatv,, , ; is a lower solution of the BVP (1.1), (1.2). In a similar manner,
we can prove that,, ., is an upper solution of the BVP (1.1), (1.2). Hence, it follows
from Theorem2.3 that, ;1 < w,+; on[0,7]. This proves that

Un S Un+1 S Wn+1 S wy, ON [07 T]
Now by induction we can conclude that for alle N
vo<vp <Ly <wp, oo <wp Swp on [0, 77,

where for eachn € N, v,,,; andw,,.; satisfy the BVPs (3.7), (1.2) and (3.8), (1.2).
Since[0, T'] is compact and the sequence is monotone and bounded, the sequence
{v,} converges uniformly to some functian where

t+y [T
Upy1(t) = g y 7/ (T — $)F(8,Vp11; ) Vs
0

m—2 .
t + 67,
_ B y il E ai/ (& — $)F(8,vp41;v,)Vs
i=1 0

¢
- / (t — s)F(s,Upt1;0,) V.
0

T &
Note thatlim F(t,v,41;v,) = f(t,x(t)) and/ (T—5)Vs < T, / (&—5)Vs < &
0 0

n—oo

t
and/ (t—s)Vs < T?. Using the Lebesgue dominated convergence theorem, we obtain
0

T

T
tin [ = PG vnpisu) Vs = [ (7= 9)f(s,0(5) Vs
0 0
&i &i
lim (& — 8)F(8,Vp41;0,) Vs = /0 (& — s)f(s,x(s))Vs

n—0o0o 0

and
t

lim [ (t—s)F(s,vp41;0,)Vs = /0 (t—s)f(s,2(s))Vs.

n—oo 0
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Hence we get

T m—2 &
(t) = ﬁt; - </O (T'—=5)f(s,2(s))Vs — Z ai/o (& — S)f(SaSC(S))V8>
- /o (t —s)f(s,z(s))Vs.

A similar argument can be used for the sequepcg}. Hencer is the unique solution
of the BVP (1.1), (1.2) as desired.
It remains to show the order of convergence of the sequenggsaind{w,, } isk+1.
To this end, we set,, 1 = z(t) — v,41 andg, 11 = w,41 — 2(t) on [0, 7). Notice that
Pn+1 Z 0 and%z+1 2 0on [07 T]
T
po = 2 [T = ) s(5) = Pl i) Vs

0

T k
- ﬁt;‘ v /0 (T —s) (f(S, x(s)) — ZX_; Z'_llf(i)<s7 o) (U1 — vn)’) o

T
+ ﬁt; ! /0 (T — 8)M (vpyy — v,)* Vs
m—2 & k
- + ; Z ai/o (& =) <f<3a5’3(5)) - Z %f@(s, Up) (Ung1 — Un)i> Vs
i=0
_ Bt+o

y / (& — )M (vpyy — v,)F Vs — /0 (t — 8)M(vyy1 — v,)" Vs

t k
1 .
—/(t—s ( 8, Z;f’““ 5, Un) Un-i-l_vn)Z) Vs
0 =0

Bt +~ S (s,¢) 1
= p /0 (T — S) (f(S,[E(S)) — f(S, Un-l—l) + W(UTLJ’_I — Un)k+ ) Vs
+ ﬁt;— 7 /T(T — 8)M (V1 — v,)*1 Vs

Bt +7 Z / —5)(f(s,2(s)) = f(s,0p41))Vs

- (M(Un-&-l - Un)k+1 + M(Un-i-l - Un)k+1) VS

(k+1)!
JE(s,0)
(k+1)!

—Ah—ﬁ(ﬂaﬂ@»ﬁ@wwa+ AL

t
- / (t — )M (vpyq — vn)" Vs,
0
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Hence
T T 1
Pny1 < v d+7/0 (T —s) ((k:+ 1)!f(k+1)(87<’) +M> PV
BT 4+~ &= & 1
+ p ;ai/o (& —s) ((k;—|- 1)!f(k+1)(5’a<) —i—M) pZHVS

(L e

T
= e /0 (T - s) (mﬂ’f“)(s, Q)+ M) Vs

BT + v = &i 1
+ p] ZZI aiPﬁH(Tz)/O (& — s) (mf(kﬂ)(‘s’o n M) Vs

#270) [ 0= 9) (g .6+ ) 9,

wherev, < ( <v,11,0 <7, 7, 73 <T. Thus

m—2

BT+~

Il < =—— [ Ipall™ (M + N)T* + |lpu "1 Y ais? | + [pa] T2
i=1

m—2
- (ﬁTj : <<M + N>+ aé?) + T2) ]|,

i=1

T &
where U () 4 M < M N, [ (@ -9)Vs <17 (G- 9vs <
(k+1)! 0 0

t
and/ (t — s)Vs < T*. Similarly we obtain forg,, ; the estimate
0

BT—F’}/ m—2
an+1|]§< - T° 4+ a4 | + KoT? | llga| "

i=1

where max { i 1)!f(’“+1)(t,a;) + M,

FED(t 2) — N} < K, on[0,7].
The proof is complete.

(k+1)!
Example 3.2. Let us illustrate Theorem 3.1 with a specific time scale
T = L. € Ngp U{0}U ! 2
= n n 0 27 .
Consider the BVP

#2V(t)—a® -9z =0, tel0,1]CT, io
{ 2(0) — 2%(0) = 0, x(l)—%x({l) — 0, (3.9)
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wherelT =1,m =3,8=1,y=1,a; = % & = % andf(t,r) = —2* — 9z. Then

vp = —1 andwy = 1 are lower and upper solutions of the BVP (3.9). By Theorem 2.6,
we conclude that there is a solution[inl, 1] for ¢t € [0, 1]. Moreover, sincef satisfies
conditions (ii)—(iii) in Theorem 3.1, we also conclude that there are monotone sequences
{v,} and{w,} converging uniformly iN—1, 1] on [0, 1] to the unique solution of the

BVP (3.9), which is zero.
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