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Abstract

In this paper, we find necessary conditions for every solution of the neutral
functional difference equation

A™t (TnA(yn - pnyT(n))) + QnG(ya(n)) = fn

to oscillate or to tend to zero as— oo, whereA is the forward difference opera-
tor, given byAx,, = x,11 — x,; andp,, q,, r, are sequences of real numbers with
qn > 0, 7, > 0. Itis supposed that(n) ando(n) are increasing sequences of
integers such that they are less thaand approach-oc asn — oo. Moreover, it
will be assumed that: is a positive integep 2 and thatz € C(R, R). The results
of this paper improve, generalize and extend some recent results.

AMS Subject Classifications:39A10, 39A12.

Keywords: Oscillatory solution, nonoscillatory solution, asymptotic behaviour, differ-
ence equation.

Received November 24, 2007; Accepted April 8, 2008
Communicated by Wan-Tong Li



290 R. Rath, S. Rath, and B. Barik

1 Introduction

In this paper, we find necessary conditions so that every solution of the neutral functional
difference equation

A" (ra AYn = Prrm)) + WG Yotm) = fr (1.1)

oscillates or tends to zero as— oo, whereA is the forward difference operator, given
by Ay, = Yni1—yn; @and{p,}, {fn}, {¢.}, and{r, } are sequences of real numbers with
¢, > 0 andr, > 0. Itis supposed thatr € C'(R,R) andm > 2 is a positive integer.
Moreover,it will be assumed thain) ando(n) are increasing sequences of integers,
such that they are less thanand approaclkxo asn — oo. Some of the following
conditions will be assumed later this article.

(Ho) G is Lipschitzian in every interval of forru, b] with 0 < a < b.

(Hy) =G(z) > 0for x # 0 and@ is nondecreasing.

(H2) an_QQn = Q.
(Hs) Zl/rn = 0.
(Hy) i 1/r, < 0.

(Hs) > Tl D (i—n+1)""2g = 0.
n=1"" i=n

(Hg) There exists a bounded sequeiég} such tha\™ ' F, = f,,.

(H;) There exists a convergent sequefiég} such thatlim F,, = 0 andA™F,, = f,.

During the last two decades, many authors all over the world have taken keen interest
in studying oscillatory behaviour of solutions of neutral difference equations, due to
it's important applications in the field of science and computers. For recent results and
references of the subject, see the monograph by Agarwal [3], the papers [1, 2, 4, 5],
[8-10] and [12-17] and the references cited there in. It seems that (1.1) is not studied
much. If we putr,, = 1,7(n) = n — m ando(n) = n — k in (1.1), wherem, k are
positive integers, then we obtain

Am(yn - pnyn—m) + QnG(yn—k) = fn (12)
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In the literature we find that most of the results (see [2,9,10,13,14]) coincide with those
of (1.2). In these papers the authors required the conditiog)s (H;) and (H;) for their
results. However, in this work, we prove our results undey)(Mhich is weaker than
(H;), and successfully remove the restrictions)End (H). Different ranges ofp,, }
are considered in this paper including the rare oneglike +1. This paper improves,
extends/generalizes some recent results.

Let ny be a fixed nonnegative integer. Let= min{r(ng), o(ng)}. By a solution of
(1.1) we mean a real sequeniag, } which is defined for all integers > p and satisfies
(1.1) forn > ny. Clearly if the initial condition

Yn =a, for p<n<mng (1.3)

is given, then the equation (1.1) has a unique solution satisfying the given initial condi-
tion (1.3). A solution{y,,} of (1.1) is said to be oscillatory if for every positive integer
no > 0, there exists > n, such thaty,y,.1 < 0; otherwise{y, } is said to be nonoscil-
latory.

We would like to present the following useful remarks.

Remarkl.1 (i) Sincer, > 0, only one of (H) and (H,) holds but not both.
(ii) If (H 3) holds, then (H) implies (H;) but not conversely.
(i) If (H 4) holds, then (H) implies (H;) but not conversely.

2 Positive Solutions — |

In this section we assume that there exist positive real nuntbeendd such that the
sequencép, } satisfies one of the following conditions.

A) 0<p,<b< 1.
(Ag) —1<—=b<p,<0.
(Az) —d <p, < —c<—1.
(Ag) 1 <c<p, <d.

For our purpose we need the following definition and the subsequent results from [4, 6,
11].

Definition 2.1. [4, Definition 3.2, pp 196] A set of sequenceghis uniformly Cauchy
(or equi Cauchy) if for every > 0 there exists an integéy such that

|Ii—l’j| <€

whenever, j > N for everyxz = {x;}in S.
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Theorem 2.2.[4, Theorem 3.3, pp 196] A bounded uniformly Cauchy subs#t/* is
relatively compact.

Lemma 2.3 (Krasnoselskii’'s Fixed Point Theorem [6]).Let X be a Banach space
and.S be a bounded closed convex subseXot et A, B be operators frond to X such
that Az + By € S for every pair ofr,y € S. If Ais a contraction and3 is completely
continuous, then the equation

Ax + Br ==z

has a solution inS.

Lemma2.4.[11]1f Y ", and) _ v, are two positive term series withm ) —,

n—oo Un

wherel is a nonzero finite number, then the two series converge or diverge together. If
| =0, thenz v, is convergent implieg u,, is convergent. If = oo, thenz v, is

divergent implies _ u,, is divergent.
Remark2.5. We may recall the well-known factorial function
" =m-1n-2)-...-(n—r+1)

if » < n; otherwise it is zero. Sincer — r 4+ 1)" < n" < n’, it follows from Lemma
2.4 that (B) implies and is implied by the condition

i ri i(z —n+m—2)"2g = oo,

n=1"" i=n
and further (H) implies and is implied by the condition

o

d (i—n+m—2)m? =00

i=n
Now, our first result is as follows.

Theorem 2.6.Let(A;), (H4) and(Hg) hold. If every solution of1.1)oscillates or tends
to zero asn — oo, then(Hs) holds.

Proof. We use the contraposition method. Assuming thaf) @bes not hold, we try
to find a solution to (1.1) that does not oscillate and does not tend to zero. From the
negation of (H), we have

Z ri Z(z —n+1)""%g < oo. (2.1)

n=1 i=n
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By Remark 2.5, it follows that

oo 1 oo

E — E (i—n+m—2)"2g < oco. (2.2)
T'n <

n=1 i=n

Using the continuity of~, we set

u:max{](}’(a:)]:?)(l;b) gxgl}. (2.3)

Then by (H) and (H;), we obtain

s IE (2.4)

-1 i
Since (2.2) and (2.4) hold, we can fin@l > 0 such that, > n, implies

1-0

and

“|F| 1-b

— 2.
; no 10 (2.6)

ChooseN; large enough, so that, > n;, where Ny = min{7(N;),0(N;)}. Let
X = 10, the Banach space of bounded real sequences{z, }, with the supremum
norm

]| = sup{|za| - 7 > No}.

In this space, we define the closed and convex set

S:{yexz?’(l;b)gynganNo}. (2.7)

Now we define two operatord and B, from S to X, such that fixed points ofl + B
are solutions of (1.1). Fay € S, define

(A ) (Ay)N17 NO <n< Nla (2 8)
Y)n = 4(1 -0 .
pnyf(n)+ <5 >7 nZNl
and )
(By>N17 N0<n<N1,
1m1 o
9)(m=2)
i — +m — 1G ot
(By). = —2'22 Z Jrm TG w) (g
’Lnlrz
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First we show that i,y € S, thenAz + By € S. Withz = {z,,} andy = {y,} in
S, andn > Ny, we obtain

mloo

(Ax)n + (BY)n (m—2)! E E i—j+m—2)""gG(Ys)
=n =7
4(1 I
+ PnTr(n) + 5 g T_q,

i=n

Note that fori > N, the sequencéy,;} isin S, so that|G(y,«))| < p. Using (2.5),
(2.6), and) < p, < b < 1, we have

A1-b) 1-b 1-b

Az), + (By), <b =1
(m)—l—( y) <0+ 5 + 10 -+ 10
and
41—-b) 1-b 1-b 3
Azx),, + (By), — — = —(1-0).
(A2)y + Byl > = = o= = 5~ = =(1 =)

Therefore3(1 —b)/5 < (Az),, + (By), < 1 so thatAz + By belongs taS for all =,y
inS.
Next we show thatl is a contraction ir. In fact forz, y in S andn > Ny,

1(Az)n = (AY)ull < [Pallz(n) = Yrm)| < Ollz = y].

This impliesA is a contraction, because< b < 1.

Next we show thai3 is completely continuous. As a first step we show tBa
continuous. Suppose = {z'} is a sequence of points ifi (with [ taken from the
index set) which converges (in fact uniformly for> Ny) toz = {z, } in S asl — oc.
SinceS'is closedyx € S. Forn > N; we have

|(Bz'), — (Bx),| < _2,2 Zz—j+m—2) 24| G(ah ) — Gwo@))]-

SinceG'is continuousLG(xff@) —G(2,(;))| approaches zero as- oo for eachi > N;.
Hence,B is continuous. It remains to show th&tS is relatively compact. Using [4,
Theorem 3.3] we need only show th&tS is uniformly Cauchy. Letr = {z,} be a
sequence irf. Using (2.1) and (2.4), for > 0, there existsV* > N; such that, for
n > N*,

o0

D

=n

F;

_Q'Z Zz—j+m 2)m =D < €/2.
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Then forny > ny > N*,

o0

(Ba)y = (Bl < 3 |7+ ot 2,2 zz_ﬁm_zym 2,
i=ng Jj=n2
_Q,Z ZZ—Hm o) g 30| B
J=n i=n1 T
<2—=6.

2

Thus, BS is uniformly cauchy. Hence, it is relatively compact Then, by Lemma 2.3
there is amt® in S such thatdz? + Bz® = 2%; i.e., fory = z° andn > Ny, y, =
(A + B)y,. Thus,

ml o0
Yn = DPnYr(n) + ;l(l b) + _212 Zz—]—l—m 2m2ql (Yos) Z_
=n i=j

Applying the forward difference operatdy, we obtain

A (=)™t 1 < 0\0n-2), _F,
(yn—PnyT(n))+ma ;(z—n—km— ) 4G (Yo(i)) = T

Note that(n + 1)) — n{" = rn"=Y andn™ = 0, if n < r. Then multiplying byr,,

and applyingA for m — 1 times, withA™ ' F,, = f,, we obtain (1.1). Thereforé¢;°),,

is a solution of (1.1) and is bounded belowyt — b)/5. Thus,(z"),, is nonoscillatory

and does not approach zeroras~ oo. This completes the proof. O

Corollary 2.7. Let(A;), (Hy), (He) hold. If every solution of1.1)oscillates or tends to
zero asn — oo, then(H,) holds.

The proof of this corollary follows from Remark 1.1(iii) and Theorem 2.6.

Theorem 2.8. Let (A;) and (H3) hold. Assume that there exists a positive integgr
and a reala. > 0 such that > nq implies

(6%

and
Y Fi<oo with A™'F,=f, (2.11)
i=0

If every solution of(1.1) oscillates or tends to zero as— oo, then(Hs) holds.
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Proof. Using (2.10) and (2.11), we obtain (2.4) and consequently get (2.6). The rest of
the proof is similar to that of Theorem 2.6. O
Remark2.9. Condition (2.11) implies (k).

Corollary 2.10. Let (A;), (2.10) (2.11) hold. If every solution of1.1) oscillates or
tends to zero as — oo, then(H;) holds.

Proof. By Remark 1.1(i), either (k) holds or (H) holds exclusively. If (H) holds,
using condition (2.11) and Theorem 2.6, we get the required solution to (1.1)3)If (H
holds, using Theorem 2.8, we obtain the required solution. m

Remark2.11 Corollary 2.10 improves and generalizes [2, Theorem 1] because we have
removed the restrictions @iiand (H). Furthermore, in their theorem,, = p, a con-
stant, andn is an even positive integer.

Remark2.12 In (2.1), if we putr,, = 1, then it reduces to

i i(z —n+1)"?g < co. (2.12)

n=1 i=n
(2.12) is required for our next result which follows directly from Corollary 2.10.

Corollary 2.13. Inequality (2.12) is a sufficient condition for the:th order neutral
functional difference equation

Am(yn - pnyf(n)) + QnG<ya(n)) = fn (213)

to have a solution bounded below by a positive constant, under assum@iiQrend
(2.11)

Remark2.14 We claim that the condition
D i < 00 (2.14)
=1

implies (2.12). By Lemma 2.4, it follows that (2.14) is equivalent to

M, :=> (i—n+1)""g < o0 (2.15)

i=n

for n > ny. Note thatM,, — 0 asn — oo. Further

AM, = M,y — M, = i [(i —n)™ = (i —n+ 1)’"*1}%

i=n

:_g[(z—n+1)m2+ (m1_2)(z'_n)m2

+ (m;2)<¢—n)m—3+~--+ (Zj)(@—n)}qi.
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Hence

[e.o]

Z(Z —n—+ 1)m—2qi <M, — Mn+1~

1=n

Then, summing froom = 1 ton = k£ — 1, we obtain

k—1 oo

DD i—n+1)"g < My — M.

n=1 i=n

As k — oo, we obtain

i i(i —n4+1)"2q < M, = iim_lqi < 0.
1

n=1 i=n

Hence, our claim holds.

Remark2.15 Corollary 2.13 improves [13, Theorem 4.2] because in that work the au-
thors assume (5 and (H). It may be noted in view of Remark 2.14, that the condition
we used, that is (2.12), is weaker than the condition (2.15) assumed in [13].

Next we wish to formulate our results whgpsatisfies (A), (As) or (A,). Since the
proofs are similar to the proofs of the results that have been offered so far, we present
only the sketchs of the proofs and leave some of them as an exercise for the reader.

Theorem 2.16.Let (A;), (H,) and (Hg) hold. If every solution of(1.1) oscillates or
tends to zero as — oo, then(H;) holds.

Proof. We proceed as in the proof of Theorem 2.6, with the following changes:

b R l&, . oz, 1=b S F]_1-b
— — - -2 ; < —— and —
(m—2)!jznr~izj(z Jjtm=2) ¢ 10 ; T 10

1-0b ,
LetS =<ye X ( 10 ) <y, <1l,n> NO}. Then we define the operatafsand
B as follows:
(A1) (Ay)n, No <n < Ny,
pnyT(n)+—7 TlZNl,

10
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(
(By)N17 Ny <n < Ny,

1 m—1 .
o Z - ] +m — 2)( 2>Q1G(ya(z))
(By)a = 4 (m —2)! 4

=n

i=n

Then as in Theorem 2.6 we prove: 4y + By € S, (ii) A is a contraction, and finally
(i) B is completely continuous. Then, by Lemma 2.3, there is a fixed pgim S

such thatdAxzy + Bxzy = x which is the required solution that is bounded below by
1-0
L]

10 °
Theorem 2.17.Let (Ay), (Hs), (2.10), (2.11)hold. If every solution of1.1) oscillates
or tends to zero as — oo, then(H;) holds.

The proof of Theorem 2.17 is similar to that of Theorem 2.8.

Definition 2.18. For any positive integet > ng, define
7_1(n) = {m : mis aninteger> n andr(m) = n}.

Remark2.19 The functionr_; given in Definition 2.18 is the inverse function ofn).
Sincer(n) is increasing, it is one-one. if is a positive integer greater than or equal to
no, thent_(7(n)) = n.

Theorem 2.20.Suppose that,, satisfieqAs) or (A;). Let(H,) and (Hg) hold. If every
solution of (1.1) oscillates or tends to zero as— oo, then(Hs) holds.

Proof. Suppose that, satisfies (A). The proof is similar whemp,, satisfies (4). As-
sume, for the sake of contradiction that;jHloes not hold. Then we proceed as in the
proof of Theorem 2.6, with the following changes:

p=max {|G(z)] :c—1 <z <2d+c}.
Then from (H) and (H;), one can findy; > 0 such that fom > n.,

B o\m-2), _ clc—1)
_2 ZTJ;Z JHm =20 g < =

‘]’T,

and

/r".
i=7_1(n) v

Let
S:{yEX:c—lgyn§2d—|—c,n2N0}.
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Then we define the operatadsand B as follows:

(Ay)Nn NOS”SNl
(AY)n = Yr_1(n) n 2d(c—1)
Pr_1(n) Pr_1(n)

((By>N17 N()<TL<N1,

, n >Ny,

Z Z i =+ m=2)""2g,G(ys)
(By)n = ( p’r71(n . Tj i—j

J=71—1(
1 = L
+ Z ' n Z Nl-
T_1(n T
p ( )z 7_1(n)
The rest of the proof is similar to that of Theorem 2.6. O

3 Positive Solutions — I

In this section we find positive solutions for (1.1) when = +1. We consider the
equations

A" AYn + Yrn)] + @G Yom)) = fas (3.1)
Am_l [T”A(y” - yT(n))} + QnG(ya(n)) = fn . (32)
For this purpose we need the following result.

Lemma 3.1 (Schauder’s Fixed Point Theorem [7]).Let S be a closed, convex and
nonempty subset of a Banach spacelLetB : S — S be a continuous mapping such
that B(S) be a relatively compact subset &f. ThenB has at least one fixed point in
S. This means there is ane S such thatBz = .

Definition 3.2. Define

) =n, hn)=7(n), 7%(n)=r(r1(n)).

For any positive integer > 2, we define
7Li(n) = 71 (15 ().

Theorem 3.3. Supposd€H,), (Hs) hold. If every solution of3.1) oscillates or tends to
zero asn — oo, then(Hs) holds.

Proof. Let
p=max {|G(z)] : 1 <z <5}
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Suppose (k) does not hold. Then (2.1) holds. From,jknd (H;) we get (2.4). Hence
there exists; such that fom > n,

1oy _
Cg=n =g

and

F;
Zlml

1=n

(3.4)

For any real sequende., }, it is clear that

—1 (")

Z Z a2<2aZ (3.5)

=1 ,;— 7_2l 1( )
Hence using the above inequality in (3.3) and (3.4), we obtain forn,;

—1 (n)

_QIZ Z ZZ_J"H” 2)m2g; < 1 (3.6)

BRI
and

2 (n)—

Z (3.7)

ChooseN; with Ny = min{7(N;),0(N1)} > ni. LetS={ye X :1 <y, <5n >
Ny} Define a mapping3 from S to X by

)
(BYy)ny s Ny <n < Ny,

ml (e%9) T—1n)1

i—j+m—=2)""4,G(y.n)
(By)n = —2) (m—2)! Z ;( ) Z

00 7'211 (")_1

Then using (3.6) and (3.7) fay = v, € S, we have(By), < 5, and(By), > 1.
Hence,By € S. Then we proceed as in the proof of Theorem 2.6 and proveRl§at
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is relatively compact. Then, by Lemma 3.1, there is a fixed pginin S such that
By® =14°. Hence,

mlOOT—l

— 3+ m 2 i Z Z Z 1 —j +m — 2)(m 2)qZG<yU(’L)>

1 iy
2L (n)—1

>y

I=1 ;= 7'2l 1(n)

In the above, if we replace by 7(n) and note that* (7(n)) = 7% (n) andr®,(n) =
n, then we obtairyf(n). Hence it follows forn > N, that

mlOo

Yo+ Yoy = 6+ _2,2 Zz—g—km 2)"2g,G Zr—z

1=n

Applying A, multiply by r,,, and again applying\ for m — 1 times, we arrive at (3.1),
This solution is bounded below by a positive constant, so it does not oscillate and does
not tend to zero a8 — oc. [

Corollary 3.4. Let(H,) and (Hg) hold. If every solution o{3.1) oscillates or tends to
zero asn — oo, then(H,) holds.

The proof of Corollary 3.4 follows from Remark 1.1(iii) and Theorem 3.3.

Theorem 3.5.Let(H3), (2.10) (2.11)hold. If every solution of3.1) oscillates or tends
to zero asn — oo, then(Hs) holds.

The proof of Theorem 3.5 is similar to that of Theorem 3.3.

Theorem 3.6. Suppose thafHs) holds. For each positive integer > n, assume that

i i %i(ﬁ—ﬁm 2)m2g; < o0 (3.8)
J =

=1 j:ﬂ{l(n) 1=j

and

> > %<oo. (3.9)

Then(3.2) has a solution that is bounded below by a positive constant.
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Proof. We proceed as in the proof of Theorem 2.6 with the following changes: Let
1= max {|G(z)| : 1 <z < 5}. Then from (H), (3.8) and (3.9), there exists > 0
such that fom > n;q,

Z Z ’F\ _2'2 Z Zz—j+m 2) =g < 1.

I=1 j=7 (n) llJT(”)]
LetS:{yeX:1§yn§5,n2No}.Then define the mapping

(<By)N17 N0<Tl<N1,

(m — 212 Z ZZ_JJ”" 2)" 4G (yo(i))

(By)n: =1 j=7L n)

—i—Z Z T—J'+3, n > Np.
\

—1 4 J
=1 j=7'l_1(n)

Then fory = {y.} € S, we have(By), < 5 and(By), > 1. Hence,By € S.

Then using (3.8) and (3.9) we proceed as in the proof of Theorem 2.6 and prove that
BS is relatively compact. Then, by Lemma 3.1, there is a fixed pginh S such that

By® =14°. Hence,

y2:3— _m21'§: Z Zz—]er 2(m2qG +§: i J
=1 j=rl, () llJTll(”)

Forn > Ny, it follows that

mloo

y yTn_ _2'2 Zl_]—'—m )(m 2) ya( Z_
Applying A, multiplying byr,,, and again applying\ for m — 1 times we arrive at (3.2).
This solution is bounded below Bywhich is a positive constant. O

We close this article with an interesting example which illustrates most of our re-
sults, whereas the results available in the literature are not applicable to this example.

Example 3.7. Consider the equation
1
A" A(yn £ byn-1)) + 2 Glyn—2) =0, n >0, (3.10)

whereb is a constant in any one of the ranges{pf,}, considered in this paper and
m > 2. Suppose that, = 1 or1/n% LetG(u) = 1 —u?. Itis not difficult to verify that
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1 - : -
I = —3 satisfies (2.1), (2.14), and (3.8). The neutral equation (3.10) satisfies the

conditions of most of the results of this paper. Hence, it admits a solutjca, 1, which

is bounded below by a positive constant. Since we have no restricti@r, omost of

the results available in the literature [2, 9, 13] are not applicable to this neutral equation
(3.10), becausé&'(u) = 1 — u* does not satisfy (i or (Hy) which is a requirement in
these papers.
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