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1 Introduction

In this paper we continue the investigation, which we started in Part 1 (see [1]), of the
rational difference equation

o+ ﬂxnxn—l + YTn-1
A+ Brpxy1+ Cxpy’

with nonnegative parameters and with arbitrary nonnegative initial conditions such that
the denominator is always positive.

Eq. (1.1), which contains some interesting and some challenging special cases of
second-order rational difference equations, also arises from the rational system in the
plane:

—0,1,... (1.1)

Tnt1 =

aq + Y1Yn
Ty —
Yn
, n=0,1,... (1.2)
(%) + Ban + YoYn
Yn+1 =

A2 + Bg[En + ngn
when we reduce it to a single equation. See [2].

If we allow one or more of the parameters in Eq. (1.1) to be zero, then Eq. (1.1)
contains

(22 —1) x (2° —1) =49

special cases of equations with positive parameters. One can sé tfithese special
cases are trivial, linear, Riccati, or reducible to linear or Riccati equations. The remain-
ing 30 special cases are new and very interesting rational difference equations. In Part
1 [1] of this paper we investigated Equatiofd through#12. Here we look at the
remaining special cases, namely, Equatigris through#30. See Appendix A at the
end of the paper and Sections 2 through 19 here.

2 Equation #13:

Ot TpTy—
Tn+l = (A + xn>xn71>
For this equation we conjecture that every solution has a finite limit but we can only
confirm it for

n=0,1,.... (2.1)

a < A.
EqQ. (2.1) has a unique equilibrium andz is the positive solution of the cubic equation
P+ (A-1)*—a=0.
The characteristic equation of the linearized equation of Eg. (2.1) about the equilibrium
v a— Ax o

2 —
AT (A+JZ‘)2:E)\+ (A+z3)72 0.
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From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametensand A.

Lemma 2.1. The interval with end point% and1 is an invariant interval for the solu-
tions of Eq.(2.1).

Proof. Whena = A, the result is trivial because in this case,
=1
is the equilibrium of the equation. Next we give the proof for
a < A (2.2)

The proof when
a>A (2.3)

is similar and will be omitted. To this end assume that

r_1,Tg € |:g, 1:| .

A
Then
o+ xoxr_q o+ xoxr_q o+ xgxr_q
(A4+zo)r_y Az +z07_1 — O+ 2074
and
o+ Tor_q o+ Tor_q a+ Tor_q o
T = = > > —.
(A4+z9)z_y  Azx_y+x07_1 ~ A4z07_1 A
Hence
T € [ﬁ 1]
1 A7
and the proof follows by induction. O

The next result presents three identities that the solutions of Eq. (2.1) satisfy. The
proof is straightforward and will be omitted.

Lemma 2.2. Let{z,} >, be a solution of Eq(2.1). Then the following identities are
satisfied:

AS —
() -1 = (;iw—‘;"xl), forall n > 0;
n)4tn—1

Q aA(l =z, 1)+ (A=), 12,

i ] — — = , forall > 0;

O | AT o) n>

(lll) Tn4+1 — Tn-—3 _ Axn—2(% - 'rn—3) + Axn<xn—1 - %) + xnxn—1<xn—1 - xn—?))
Tn—3 (A + xn)<04 + xn72$n73) ’

forall n > 2.
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We should point out that there are great similarities in the character of solutions
between Eq. (2.1) and the rational difference equation
a+ Bx,
n+l — — = O, 1, .
Tntl Bz, + 2,4 "
which was investigated in [5, Section 6.4].
By using the above identities and Lemma 2.2 we can establish that the interval with

end pointsg and1 is an attracting interval for the solutions of Eq. (2.1). Finally by
using [1, Theorem 1.2] of Part 1 it follows that when

a< A,

every solution of EqQ. (2.1) converges to a finite limit.

Conjecture2.3. Every solution of Eg. (2.1) has a finite limit.

3 Equation #14:

(0% + Tp—1
1= ——, =0,1,.... 3.1
Ln+1 At 1, n (3.1)
For this equation we conjecture that every solution has a finite limit but we can only
confirm it for

a < A.

Eq. (3.1) has a unique equilibrium andz is the unique positive solution of the cubic
equation
P+ (A-1)7—a=0.

The characteristic equation of the linearized equation of Eg. (3.1) about the equilibrium
Tis )
T T— A
DI S — 0.
Ayt (A+22)?

From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametensand A.

Lemma 3.1. Assume that
a=A.

Then every solution of E¢3.1) converges to the equilibrium point

=1
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Proof. The result follows from the identities

Tno1(l —x
Tpy1—1 = M, forall n >0,
o+ TpTp—1

a(l =z, q) + 2, 1(1 — 202, 1)

Tpil — Tpo1 = , forall n>0,
a+ TpTy 1
and .
TpTnq — 1= M, forall n>1,
Q+ Ty 1Tn—2
and the fact that the equation has no prime period-two solutions. O

Lemma 3.2. Assume that
a < A.
Let{x,}>° , be a solution of Eq(3.1)with initial conditions
T_1,Tg € o 4
—1,+0 A’ N .

Then, for alln > 1,
c a A
T —,— .
A«
o Al . L
That is, {Z’ —} is an invariant interval.
«

Proof. Indeed,

a _ o+ g atr, _at+d A
— < < T = < @ < —
A~ A+1 A4+zor_y — A+1  «
and the proof follows by induction. O

Lemma 3.3. Assume that
a < A.

. . L A
Then every solution of E¢3.1) eventually enters the invariant mterv%l%, —} . That
(6]

) a Al . ) ) L
IS, |:Z, —:| is an invariant and attractlng interval.
a

Proof. Let{z,}>> , be asolution of Eq. (3.1) and assume, for the sake of contradiction,

that for someV > 0

. A
either =y, > —
(0%
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[0
or J]N+1<Z.
From A
o+ TN_1 o+ TN_1 «
TNyl = —— " > — or zyy1=——""—""<—
T At anay T a T Avayay, A
we find that
(0
Ty < — Of Ty > —
N A N
and similarly

Hence, the subsequences of the even and the odd terms of the slufign_, are

such that
A «a
Top_1 > — and xy, < —, forall n> N,
«Q A
or

A o
Top, > — and g, 1 < i forall n > N.
o

Assume that the second set of inequalities holds. The proof when the first set of inequal-
ities holds is similar and will be omitted. Then

a — Axoy + Ton(1 — Top1172,)
A+ Topt1Top

Top+o — Top = R forall n > N,

and
aTq, — A

A + TonTon—1
from which it follows that the subsequenge,, } decreases to a positive number

Similarly we can show that the subsequetice, 1} increases to a positive number
The sequence

Lon+1Lon — 1 , forall n > N,

e, X, Y, T, Y, ..
is a prime period-two solution of Eqg. (3.1). This is a contradiction and the proof is
complete. O
Theorem 3.4. Assume that
a < A.

Then every solution of E¢3.1) converges to the positive equilibrium.

Proof. The proof follows from [1, Theorem 1.5] of Part 1 and the fact the equation has
no prime period-two solutions. O]

Lemma 3.5. Assume that
a> A.

Then every solution of E¢3.1) eventually enters the invariant interv%é, %} .
(0]
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Proof. The proof is along the lines of the proof of Lemma 3.3 and will be omitted.

Theorem 3.6. Assume that
A<a<2AvA+1.

Then every solution of E¢3.1) converges to the positive equilibrium.
Proof. The proof follows from Lemma 3.5 and [1, Theorem 1.2] of Part 1. O

Conjecture3.7. Assume that
a > A

Show that every solution of Eq. (3.1) has a finite limit.

4 Equation #15:

o+ Ty

+ Bxp)Tn_1’
Eq. (4.1) has a unique positive equilibriutnandz is the unique positive solution of
the cubic equation

T+l = (1 77,:0,1,... . (41)

B+ —-Z—a=0.

The characteristic equation of the linearized equation of Eq. (4.1) about the equilibrium
zis B
T (0%
A° A = 0.
* 1+ Bz + o+

From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametersand B.

Theorem 4.1. Every solution of Eq(4.1)is bounded.

Proof. Assume for the sake of contradiction that there exists a solution of Eq. (4.1)
which is unbounded. There exists a sequence of indiegssuch that

Tp,41 — 00 and x4 >x; for j <n; +1. (4.2)
From

a+ Tn;—1
Tpit] =
o (1 + ani)ajni_l

it follows that
Tp;—1 — 0.
From this and from
« + xni—S
1+ anifQ)xmf?)
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and
QTp,—3 1

- (14 Bx,, — T 4.3
1+ Bxy,) (o + xp,,—3) (1+ Bz, 2)+1+ani (4.3)

'Ini-‘rl = (
it follows that
Tp,—2 — 00 and x,,,T,_3— 1.

But then, (4.3) implies that, eventually,
xnﬁ-l < mni—2
which contradicts (4.2) and completes the proof. O

Theorem 4.2. Assume that
aB <1.

Then every solution of E¢4.1) converges to a finite limit.

Proof. Let {x,} >, be a given solution of Eq. (4.1). Set

n=-—1

I =liminfz, and S = limsupx,.

n—0oo n—oo

We divide the proof in the following two cases:
Case 1:
aB < 1.

Clearly,

from which it follows that

Case 2:
aB =1.

In this case the proof follows from [1, Theorem 1.4] of Part 1. ]

Conjecture4.3. Every solution of Eq. (4.1) has a finite limit.

5 Equation #16:

(1 + ﬂﬂjn)iﬂn_l
A + TpTp—1 7

Zero is always an equilibrium point of Eg. (5.1) and when

n=0,1,.... (5.1)

Tp+1 =

3 <4(A-1), (5.2)
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zero is the only equilibrium of the equation. When

A<, (5.3)
and also when
A>1 and (% =4(A-1), (5.4)
Eq. (5.1) has the unique positive equilibrium
2—4(A-1
I R/ (Vg
When
A>1 and B%>4(A-1), (5.5)

Eq. (5.1) has two positive equilibrium points, namely,

. _ BB —A(A-T) and j2:ﬁ+\/52—4(A—1)
2 2 )

1

The characteristic equation of the linearized equation of Eq. (5.1) abeul is

M=
A
From this it follows by [1, Theorem 1.1] of Part 1 that= 0 is locally asymptotically
stable when
A>1.

When
A=1,

the zero equilibrium is non-hyperbolic and when
A<,

the zero equilibrium is a repeller. Note that the linearized equation of Eq. (5.1) about a
positive equilibrium poing is

N (1+89)? 1+py

It now follows, by using [1, Theorem 1.1] of Part 1 that when (5.3) holds, the positive
equilibrium z of Eq. (5.1) is locally asymptotically stable and when (5.4) holds, the
positive equilibrium is a non-hyperbolic point. Also when (5.5) holésjs unstable
andz, is locally asymptotically stable.

When one of the initial conditions of a solution of Eq. (5.1) is zero, Eq. (5.1) reduces
to the linear equation

0.

1
Tpy1 = Z Tn-1
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with one initial condition equal to zero. If the other initial condition of a solution,is
then the solution of the equation is

1

1
..., 0, 9,0, Zgb, 0, ﬁqﬁ,

Hence the solution converges to zero when
A>1.

When
A=1,

the solution is the (not necessarily prime) period-two sequence:

0,0, 0, 6, ...

and when
A<1l and ¢ >0,

the solution isunbounded
In the remaining part of this section we will assume that both initial conditions are
positive and so we will only deal with positive solutions of Eq. (5.1).

Lemma5.1. Let{xz,}.> , be a positive solution of E§5.1). Then forN sufficiently
large, the following statements are true:
i) A>1 = z,<pA, foral n>N.

(i) A<1 = =x,>pA, foral n>N.

Proof. We will give the proof whem > 1. The proof whemd < 1 is similar and will
be omitted. Assume for the sake of contradiction that¥osufficiently large

TN_1+ BryTN_1

= > BA.
ITN+1 A+ Inin > f3
Then
TN_1 > A (ﬂA),
and similarly
TN—_3 > A2 (ﬁA),
which eventually leads to a contradiction. The proof is complete. m

A very important consequence of Lemma 5.1 is that the function

(1+ Bx)y

flz,y) = At
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which is associated with Eq. (5.1) is increasing in both variables when
A>1 and y < (A,

and is decreasing in and increasing iy when
A<1 and y> pA.

Also note that when

A=1,
the solutions of Eq. (5.1) satisfy the following two identities:
Tn—1 — ﬂ
i1 — P =——7"—+—— forall >0,
Tpy1 — B 1+ 2,7, n =

and
TpTn—1 (5 - xn—l)

1+ LnTn—1
from which it follows that every solution of Eg. (5.1) convergesito

, forall n>0,

Tnt+1 — Tp—1 =

In view of the above results and observations and by using the appropriate theorems
from [1, Section 1] of Part 1 we obtain the following result which describes in great

detail the character of all solutions of Eq. (5.1).
Theorem 5.2. The following statements are true for all solutions of Ex1).

(a) Assume
A=1

Then every positive solution of E. 1) converges t@.

(b) Assume thats.2) holds. Then every solution of E¢p.1) converges to zero.

Figure 5.1:

Eq.(#16), beta=14 A=3

1.8F
y=X
1.6
141
121
> 1F
08r ¥ =)
0.6
0.4t

021
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(c) Assume thaf5.4) holds. Then the following statements are true for every non-
equilibrium solution{x, }>° , of Eq.(5.1).

s

(i) If forsomeN >0, xy_1,zy € [0, 5],
then
z, € [0, g], forall n > N,

and

lim z, = 0.
n—oo

(i) If forsomeN >0, zy_1, 2y € [g,oo), then

Ty € [g,oo), forall n > N,

and
lim z, = =
n—00 2
(iii) If either
Loy < g < Topy1, forall n>0
or
Tony < g < Iy, forall n>0
then

lim 2, = -
m x 9

n—oo

Figure 5.2:

Eq.(#16), beta=4, A=5
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(d) Assume that5.5) holds. Then the following statements are true for every non-
equilibrium solution{x, }>° , of Eq.(5.1).
(i) If forsomeN >0, zx_1,zx € [0, 7], then
x, € [0,74], forall n> N,

and
lim x, = 0.

(i) If forsomeN >0, zn_1, 2N € [Z1, T2, then
Ty € [fl,.f'g], forall n > N,
and

lim z,, = Ts.

n—oo

(ii) If forsomeN >0, zn_1,2y € [T2,00), then

T, € [T9,00), forall n > N,

and
lim z,, = Ts.
(iv) If either
Top < Tj < Topy1, forall n>0 and i€ {1,2}
or
Topy1 < Ty < Ta,, forall n>0 and i€ {1,2}
then
lim x, = 7;.
Figure 5.3:

Eq.(#16), beta=4.8, A=5

y=xX

y =f(x.x)
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(e) Assume that
A<

Then every positive solution of Eg.1) converges ta > 0.

Corollary 5.3. Eq. (5.1) has a period-two trichotomy which can be described as fol-
lows:

(i) Every solution of Eq(5.1) has a finite limit when

A>1.

(i) Every solution of Eq.(5.1) converges to a (not necessarily prime) period-two
solution when
A=1.

(i) Eg. (5.1)has unbounded solutions when

A< 1.

6 Equation #17:

1+ Bxp)x,—
o = A+a:j_1 =0l (6.1)

Zero is always an equilibrium solution of Eq. (6.1) and when

Eq. (6.1) also has the unique positive equilibrium

1—-A

r=-—

1-p

The characteristic equation of the linearized equation of Eq. (6.1) abeul is

1
M=
A
From this it follows by [1, Theorem 1.1] of Part 1 that= 0 is locally asymptotically
stable when
A>1.

When
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the zero equilibrium is non-hyperbolic and when
A<,

itis a repeller.
The characteristic equation of the linearized equation of Eq. (6.1) about the positive

equilibrium is
o, PA-A) A -P)
A"+ A5 1 A+ A1
From this and by [1, Theorem 1.1] of Part 1 we have the following:

=0.

() WhenA > 1 andg > 1, the positive equilibrium is unstable.

(i) When A < 1 andpj < 1, the positive equilibrium is locally asymptotically stable.

When
B=A=1,

one can see that every non-negative humber is an equilibrium point of Eq. (6.1) and so
by [1, Theorem 1.4] of Part 1 every solution of Eq. (6.1) has a limit.

When one of the initial conditions of a nonzero solutipn, }>> _, of Eq. (6.1) is
zero, the subsequencégs,, } and{x,, 1} of the solution are as follows:

One of the them is identically zero and the other satisfies the Riccati equation

Un
A+y,

Ynt1 = nz(),l,...

with a positive initial condition.
From this it follows that such a solutiojx,, }>°_; converges to zero when
A>1
and to the prime period-two solution
,0,1-A,0,1—-A, ...

when
A< 1.

In the remaining part of this section we will only consider positive solutions of Eq. (6.1).
It is important to note that the following identities for a solutign, },° _, of Eq.
(6.1)

Toan—1
Tomrs = —21 (1 4 Ba,y,), forall n >0,
2n+1 A+x2n_1( Bian) =z
Lon
Tont+2 = 2 (1 + 6$2n+1), forall n Z 0,

A + Zop
imply that if one the subsequencgs;,, } or {xs,+1 } has a finite limit, so does the other.

The following result is now a consequence of the preceding discussion and [1, The-
orems 1.6-1.8] of Part 1.
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Theorem 6.1. Let {z,}.> , be a positive solution of Eq6.1). Then the following

n=-—1
statements are true:
i) pg=1 and A=1 = ESC

) <1 and A>1 = limz,=0.

n—oo

(i) <1 and A<l = lmwz,=-—"

(iv) g= and A<1 = z,7 .

v) f>1 and A<1 = x,7 .

(vii g>1 and A>1 = (depending on initial conditions)
r, ] oo, or

lim x, =0, or

n—oo

. A—-1
m x, = ——-—.
Open Problen6.2. Assume

f=A=1.

Find the limit of every solution of Eg. (6.1) in terms of its initial conditions.

7 Equation #18:

(07
1+ 2,001 +Cxpy’
For this equation we conjecture that every solution converges to the equilibrium but we
can only confirm it (by using [1, Theorem 1.2] of Part 1) when

(a —C)* < 4.

Note that wherC' = 0, Eq. (7.1) reduces to [1, Eq. (1.1)] in Part 1.
Eqg. (7.1) has a unique positive equilibriumandz is the unique positive solution
of the cubic equation

n=0,1,.... (7.1)

Tnt1 =

?+0*P+z—a=0.
The characteristic equation of the linearized equation of Eq. (7.1) about the equilibrium
zis
a—x

73
ALy = 0.
(6]

«
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From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametessandC'.

Conjecture7.l Every solution of Eq. (7.1) has a finite limit.

8 Equation #109:

ﬁxnxnfl
= S n=0,1,.... 8.1
i I+ anxnfl + Tp-1 " ( )

The main result for this equation is the following:
Theorem 8.1. Every solution of Eq(8.1) has a finite limit.

Proof. The proof of this theorem is a consequence of the fact that the function

Bry

r,y)=—"—
fz.y) 1+ Bry+vy

is increasing in both variables and so the character of solutions of Eq. (8.1) is easily
determined by employing [1, Theorems 1.6-1.8] from Part 1, as we did for [1, Eq.

(4.1)] in Part 1. O
Zero is always an equilibrium solution of Eq. (8.1), and when
2
B = (%) and > 1, (8.2)
Eq. (8.1) also has the unique positive equilibrium
__ pB-1 2
YT OB T 5-1
Figure 8.1:

Eq.(#19), beta=2, B=0.44 Eq.(#19), beta=7, B=9

y=x
051

0.4r

0.2r

01

0 0.5 1 1.5 2 25 3 35 4 0 0.1 0.2 0.3 0.4 0.5 0.6
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When

2
B < (%) and g >1, (8.3)

Eqg. (8.1) has two positive equilibrium points, namely,

— 1= — [B)2 — — — 2 _
5= P! ¢&;m iB mdjfj31+¢;gm B

Figure 8.2:

Eq.(#19), beta=5, B=2.9

y=x

081

061

0.4

0.2

The characteristic equation of the linearized equation of Eqg. (8.1) abeu is
2\ = 0.

From this it follows by [1, Theorem 1.1] of Part 1 that= 0 is locally asymptotically
stable for all values of the parametérand B.

When (8.2) holds, the characteristic equation of the linearized equation of Eq. (8.1)
about the positive equilibrium is

Bg+1 1-8
)\2_(—26 ))\+—25 =0.

From this it follows thatt =

2 . . N
| is a non-hyperbolic equilibrium.

When (8.3) holds, the characteristic equation of the linearized equation of Eq. (8.1)
about a positive equilibriung is
1+y 1
By By
From this it follows by [1, Theorem 1.1] of Part 1 that the positive equilibricyms
unstable while the positive equilibrium is locally asymptotically stable.

)\2
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9 Equation #20

o YTn—1
14 BrpTn1+ Tno1
When one of the initial conditions of a nonzero solutian, }>° _, of Eq. (9.1) is zero,
the subsequencds,, } and{z,, .} of the solution are as follows:

One of them is identically zero and the other satisfies the Riccati equation

Y Yn
n - s = 0, 1, R
Yn+1 1+, n
with a positive initial condition. From this it follows that such a solutipn, },°

n=-—1
converges to zero when

n=0,1,.... (9.1)

xn—i—l

<1
and to the period-two solution
ey 00y —=1,0, v—1, ...
when
v > 1.

In the remaining part of this section we will only consider positive solutions of Eq. (9.1)
and for such solutions the main result is the following.
Theorem 9.1. (a) Assume that
v <1 (9.2)
Then every positive solution of E§.1) converges to zero.
(b) Assume that
v > 1.
Then every positive solution of §§.1) converges to the unique positive equilib-
rium of Eq.(9.1).

Proof. The proof, which employs [1, Theorem 1.5] of Part 1, is similar to the proof
for [3, EQ. @109) on page 295], and the details will be omitted. O

10 Equation#21

Tpi1 =@+ TpTp_1 +YTp—1, n=01,.... (10.1)
Here
f@,y) =a+zy+yy
is increasing in both variables and we can employ [1, Theorems 1.6-1.8] of Part 1 to

investigate the character of solutions of Eq. (10.1) as we did in [1, Section 7] of Part 1.
The details are omitted.
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11 Equation#22

Tngq = SOOI ¥ a1 g (11.1)

TnTn-1

For this equation we conjecture that every solution converges to the equilibrium but we
can only confirm it (by using [1, Theorem 1.2] of Part 1) when

a<p
and when

a>p and a— (< [Bv2ap.

For Eq. (11.1) it is easy to see that every positive solution is bounded from above and
from below by positive constants. Indeed for> 0,

T o+ ﬁxnxn—l + Tn—-1 = ﬁxnxn—l
n+1 = —
TnTn-1 TpTn—1

and

o 1
xn+1§§+ﬁ+g.

Eqg. (11.1) has a unique equilibrium andz is the unique positive solution of the cubic
equation

B —prt—z—a=0.
The characteristic equation of the linearized equation of Eq. (11.1) about the equilibrium

zis
) )
Xz i

From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametensand3.
Note that the change of variables

Tp = —

Yn

transforms Eq. (11.1) to the difference equation

1
ﬂ + AYnYn—1 + yn’

Ynt1 = n=0,1,.... (11.2)

Conjecturell.l Every positive solution of Eq. (11.1) has a finite limit.
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12 Equation #23

L o Y T (12.1)

Tp—1

The main result for Eq. (12.1) is the following.

Theorem 12.1. (a) Assume that
B>1

Then every solution of E¢12.1)increases tox.

(b) Assume that
0 < 1.

Then every solution of Eq12.1)converges to the positive equilibrium.

Proof. (a) Clearly
anrl > ﬁmn Z Ty

from which the result follows.
(b) The change of variables

transforms Eq. (12.1) to

ﬁ+yjzyy]ﬁ n=01,.... (12.2)

Yn+1 =

Clearly,
yp <1, for n>1.

We also claim that every positive solution of Eq. (12.2) is bounded from below by a
positive constant. To see this, assume for the sake of contradiction that there exists a
sequence of indicef; } such that

Yn;41 — 0 and y,, 11 <y;, for j<n,+1.

From Eqg. (12.2) it follows that
Ynis Yn;—1 — 0.
Then eventually
Yn,
B+ Yn; + QYn,Yn,—1
and this contradiction proves our claim.
Set

yn¢+1 = > ynl

I =liminfy, and S = liminfy,.

n—oo n—oo
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Clearly,

S and [ >

< - - -
04+ S+aSI ~ B4+ T+ aSI
from which it follows that

B+S+aSI<1<G+1+aSI

and so
S=1.

The proof is complete. O]

13 Equation #24

o+ ﬂxnxn—l
1 + anxnfl + 'Tnfl’
Conjecturel3.1 Every positive solution of Eq. (13.1) has a finite limit.

n=0,1,.... (13.1)

Tnt1 =

14 Equation #25

CK—i_’}/xnfl
nt+1l = ; =0,1,.... 14.1
it I+ anxn—l + Tp-1 " ( )

Eq. (14.1) has a unique equilibriumandz is the positive solution of the cubic equation

B*+2+(1-7)7—-a=0.
The characteristic equation of the linearized equation of Eq. (14.1) aheut

Bz? ¥ —a—aB7
A2 A\ — —0
+1+Bf2+§: (14 Bz%+ 7)?

From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametess v and B.

Conjecturel4.l Every positive solution of Eq. (14.1) has a finite limit.

15 Equation #26

BTnTn-1+YTn—1
I+ anxnfl + ajnfl’
As in Eq. (9.1), when one of the initial conditions of a nonzero solufiop}>>. ; of
Eq. (15.1) is zero, the subsequenées, } and{z,,.} of the solution are as follows.

n=01,.... (15.1)

Tp4+1 =



Rational Difference Equations 217

One of them is identically zero and the other satisfies the Riccati equation

VYYn
n - ; :0,1,...
Yn+1 1+, n

with a positive initial condition.
From this it follows that such a soluticjx,, };> _, converges to zero when

v<1
and to the prime period-two solution
ey, 0,y —1,0, v—1, ...

when
v > 1.

In the remaining part of this section we will only consider positive solutions of Eq.
(15.1). Here

Flaz,y) = _Brty)y
1+ Bry+vy
increases in both variables when
vB < . (15.2)

For this range of parameters one can employ [1, Theorems 1.6-1.8] of Part 1 to deter-
mine the details of the dynamics of solutions of Eq. (15.1). Note also that every solution
of Eq. (15.1) is bounded and that Eq. (15.1) has no positive prime period-two solutions.

Conjecturel5.1 Every positive solution of Eq. (15.1) has a finite limit.

16 Equation #27

o+ ﬁznxn—l + Tn-1
il = on=01,.... 16.1
Tntl A + Tnpndp—1 " ( )

For Eqg. (16.1) one can see that, for> 1, every positive solution is bounded from
below and from above by positive constants. Indeed,

o+ ﬁxnmnfl > min{a, ﬁ}
A+ zpr,. — max{A, 1}

Tn+1 Z

which shows that every solution of Eq. (16.1) is bounded from below;, for1, by the
positive number
_ min{a, 8}

- max{A4,1}
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Hence,

o+ BraTp—1+ Tpno o 1 Qo 1
Tpy1 < b . L = +0+—<——=S+0+—
TpTr-1 TpTh_1 T, m m

and so every solution of Eqg. (16.1) is also bounded from aboven for 2, by the
positive number

1
M= 48+—.
m m
Conjecturel6.1 Every positive solution of Eq. (16.1) has a finite limit.

17 Equation #28

o+ ﬁxnxn—l + Tp—1

Tpt1 = At r , n=0,1,.... (17.1)
Theorem 17.1.Assume that
6> 1.

Let{x,} >, be asolution of Eq(17.1)with initial conditionsxz_,, z, such that

A

T_1,To > ﬁ
Then the solutioqz, }.>° _, increases to infinity.
Proof. Indeed,
a+ 1Ty Br_q min{a, 1} frg = Lty A

T

T At Atz 7 max{A 1) -1
and by induction, we find that for all > 1,
Ty > Xpo1 > (n— 1)L+ xo.
The proof is complete. O]

Note that, forn > 0,
a+ T, Tn—1
A + T A + Tn1

Tpt1 = Tn
max{a, 1}
~ min{A, 1} + Py

from which it follows that for
<1
every solution of Eq. (17.1) is bounded.

Open Probleml7.2 Determine the range of the parameters for which Eq. (17.1) has
unbounded solutions.
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18 Equation #29

o+ ﬁxnxnfl + Tn—1
anxn—l + ZTp-1

, n=0,1,.... (18.1)

Tp+1 =

It is easy to see that every positive solution of Eq. (18.1) is bounded from below and
from above by positive constants. Indeedor 1,

ﬂ$n$n—1 + Tp—1 ﬂ$n + 1 min{ﬁa 1}
Tpt1 > = > .
Bx,rp 1+ x,.1 Br,+1 max{B,1}

So, forn > 1, every positive solution is bounded from below by

_ min{3,1}
- max{B,1}’
Then forn > 2,
Q Bx, + 1
Tpe1 =
1 Br,x,_1+ 2,1 Bx,+1
Q max{f, 1}

<
~ Bm?+m min{B, 1}

which proves our claim.
Eq. (18.1) has a unique equilibrium andz is the unique positive root of the cubic
equation:
B¥*+(1-8)#* -7 —a=0.

The characteristic equation of the linearized equation of Eq. (18.1) alisut

aB— (f— B)x a B
N ( T(BT + 1) ))\+f2(Bf+1) =0

From this it follows by [1, Theorem 1.1] of Part 1 thats locally asymptotically stable
for all values of the parametets 3 and B.

Conjecturel8.1 Every positive solution of Eq. (18.1) has a finite limit.

19 Equation #30

o+ ﬁznxn—l + Tpo1

=0,1,.... 19.1
A+B£En$n_1—|—$n_17 n ) ( )

Tp+1 =

Conjecturel9.1 Every positive solution of Eq. (19.1) has a finite limit.
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Appendix A

Table of the Global Character of the30 nontrivial special cases of

. o+ ﬁznxn—l + VYLn—-1
A+ Brpyztn1+Cxnq’

Tn+1 :O,]_,....

In this table we use the following abbreviations:

ESC stands for &very solution has a finite limit’.

ESC* stands for ve conjecture that every solution has a finite limit.

EPSC stands for &very positive solution has a finite limit.

EPSC" stands for ive conjecture that every positive solution
has a finite limit”.

Jus stands for there exist unbounded solution&

ESB stands for &very solution of the equation is bounded

ESCPR, stands for &very solution of the equation converges to a not
necessarily prime period-two solutiori.

ESB
41 B « ] ESC*; This conjecture has been confirmed
S I for o <2
See [1]
This equation possesses theariant :
1 1
#2‘ " . Q . l’n_1+$n+$n_1xn—|—04(x +l’_) =c
. n+l — 70 T N n—1 n
(I +2n)Tn1” Eor a more general case see [4]
ESB
Bu, ESC
#3: ppy = —nL Local Stability= Global Stability

L+ 2nin See [1]
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#4 -

Tn+1 =

ﬁxnxn—l .

1 +In—1,

<1 = ESC

6 >1 = JUS

See [1, Theorem 5.1]

Local Stability= Global Stability

#5:

Tn+1 =

YTn—1

1+ TnTn—-1 ’

v<1 = ESC

~v>1 = dJUS

Has Period-Two Trichotomy
See [1, Theorem 6.1]

See [6]

#6 :

Tpt1 = O+ TpTp_1;

JUS
See [1, Theorem 7.1]

#7

Tn+1 :ﬁ+

1
Tnln-1

ESB

ESC*; This equation can be transformed
toEq.# 1

See [1]

#8:

Tn41 = ﬁxn + ;

Tn-1

ESB < (<1
6 <1 = ESC
See [1, Theorem 9.1]

#9 .

Tnt1 =

o+ Tp—1,

TpTp—1

ESC
See[1, Theorem 10.1]

221
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JUS

#10: Tpp1 = (V4 Tn)Tp—1; See [1, Theorem 11.1]

ESB
211 oz, = o+ TpTp_1 ESC*; This conjecture has been
A P confirmed for a < A
See [1]
6<1 = ESC
#12 xn+1=%; #>1 = 3US
Tn-1 See [1, Theorem 13.1]
ESB
413: =z _ @ + TpTp—1 | ESC*; This conjecture has been
UM At )y confirmed for a < A

See Section 2

ESB
O+ Tpo1 ESC*; This conjecture has been
A+ 2,201 confirmed fora < A
See Section 3

#14 DTl =

ESB
a+z,-1 . ESC*; This conjecture has been
1+ Bx,)r,_1 confirmed foraB < 1
See Section 4

#15 . Ln+1 = (
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A>1 = ESC
1 _
#16 : :an:(AJrﬁx”)x”l; A<1 = 3JUS
+ Tnln1 Has Period-Two Trichotomy
See Section 5
3<1 = EPSC
#H17: xp = (1Zﬂxn)$n—1; g>1and A#1 = 3JUS
T oot See Section 6
ESB
218 o, = Q . ESC*; This conjecture has been
M T g + Cny confirmed if(a — C)* < 4
See Section 7
a2 ESC
#19: B = nonl . Local Stability== Global Stability
T DTnTn1 T Tn-1 gee Section 8
o v<1 = ESC
#20: 4 v>1 = ESCP,

1+ Brptp1+ %1 gee Section 9

3US

#2101 = ad Indna £ Y0010 gee Section 10

o+ Br,rp_1+ T, ESB
#22 Y Tppl = : 1; ESC*

TnTn-1




224 A. Amleh, E. Camouzis, and G. Ladas

g <1 = ESC
a+ Brpry—1 +2,-1. (3 >1 = Every solution increases
#23 D Xp1 = ’
Tp_1 to oo
See Section 12
o+ Br,t,_1 ESB
# it I+ anxn—l + Tp—1 ESC
a4+ YTn1 ESB
25 el = ; “
# Tl T Bx,x, 1+ x,_ ESC
ESB
1496 _ BrpxTna+yreor . EPSCT; This conjecture has been
Coterl T BxpTn1+ Tp1 confirmed foryB < 3
See Section 15
X _ o+ ﬁxnxn—l + Tn—1, ESB
#27 . In+1 — A + xnwn_l 1 ESC*
) . o+ ﬂl‘nﬂfnfl + X1 . JUS
72 g = A+ 1, '’ See Section 17

a+ PBr,r,1+ Th-1 ESB
#29 L Tp41 = - 11 ESC*

anxn—l + Tp

o+ ﬁxnxn,l + X1 . ESB

30 . n - ’ *
# it A + anxn—l + Tp—1 ESC




Rational Difference Equations 225

References

[1] A. M. Amleh, Elias Camouzis, and Gerasimos Ladas. On the dynamics of a rational

[2]

[3]

[4]

[5]

[6]

difference equation. Part 1nt. J. Difference Equ.3(1):1-35, 2008.

Elias Camouzis, Mustafa R. S. KulenéyiGerasimos Ladas, and Orlando Merino.
Rational systems in the plané. Difference Equ. Appl15:303-323, 2009.

Elias Camouzis and Gerasimos Lad&ynamics of third-order rational difference
equations with open problems and conjecturesume 5 ofAdvances in Discrete
Mathematics and Application€hapman & Hall/CRC, Boca Raton, FL, 2008.

E. A. Grove, E. J. Janowski, C. M. Kent, and G. Ladas. On the rational recursive

oty + 0 . Comm. Appl. Nonlinear Anall(3):61-72, 1994.

sequence,,; = m

M. R. S. KulenovE and G. Ladas.Dynamics of second order rational difference
equations Chapman & Hall/CRC, Boca Raton, FL, 2002. With open problems and
conjectures.

Hassan Sedaghat. Global behaviours of rational difference equations of order two
and three with quadratic termd. Difference Equ. Appl2009. In press.



