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Abstract
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1. Introduction

Historically, two of the most important types of mathematical equations that have been
used to mathematically describe various dynamic processes are: differential and integral
equations; and difference and summation equations, which model phenomena, respec-
tively: in continuous time; or in discrete time. Traditionally, researchers have used
either differential and integral equations or difference and summation equations – but
not a combination of the two areas – to describe dynamic models.

However, it is now becoming apparent that certain phenomena do not involve solely
continuous aspects or solely discrete aspects. Rather, they feature elements of both the
continuous and the discrete. These types of hybrid processes are seen, for example, in
population dynamics where nonoverlapping generations [27, p.93] occur. Furthermore,
neither difference equations nor differential equations give a good description of most
population growth [23, p.306].

To effectively treat hybrid dynamical systems, a more modern and flexible math-
ematical framework is needed to accurately model continuous–discrete processes in a
mutually consistent manner.

It appears to be advantageous to model certain processes by employing a suitable
combination of both differential equations and difference equations at different stages
in the process under consideration. For example, it seems desirable to use differential
equations over periods of rapid, dynamic change; while a difference equation would be
a suitable modelling tool over less volatile periods. Hence the dynamics of the model
described through this hybrid approach would be accurately and more concisely reflected
than by just using only one of the areas of differential equations or difference equations.
In addition, there is a certain freedom for the modeller to be able to switch between
“continuous modelling” and “discrete modelling” and back again, where appropriate
[36].

An emerging area that has the potential to effectively manage the above situations is
the field of dynamic equations on time scales. Created by Hilger in 1990 [20], this new
and compelling area of mathematics is more general and versatile than the traditional
theories of differential and difference equations, and “appears to be the way forward
in the quest for accurate and flexible mathematical models” [35, Sec. 1]. In fact, the
field of dynamic equations on time scales contains and extends the classical theory of
differential, difference, integral and summation equations as special cases.

This paper considers equations of the type

x(t) = f(t) +
∫ t

a

k(t, s, x(s)) �s, t ∈ IT := I ∩ T; (1.1)

x(t) = f(t) +
∫ t

a

k(t, s, xσ (s)) �s, t ∈ IT; (1.2)

where: x : IT → R
n is the unknown function; f : IT → R

n and k : IT × IT ×R
n → R

n

are known, possibly nonlinear functions, n ≥ 1; t is from a so-called “time scale” T

(which is a nonempty closed subset of R); the integral sign represents a very general
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type of operation, known as the “delta” integral; and I is an appropriate interval of R.
Equation (1.1) is known as a Volterra integral equation on time scales. Equation (1.2)
is defined similarly, where xσ := x ◦ σ , with σ a particular function to be defined a little
later.

If T = R, then (1.1) becomes the familiar Volterra integral equation

x(t) = f(t) +
∫ t

a

k(t, s, x(s)) ds, t ∈ I.

If T = Z, then (1.1) becomes the well-known Volterra summation equation

x(t) = f(t) +
t−1∑
s=a

k(t, s, x(s)), t ∈ IZ.

There are many more time scales than just T = R and T = Z and hence there is a
rich tapestry of equations contained as special cases of (1.1) and (1.2).

In the past 10 years, there has been interest in obtaining results for equations on time
scales in which the general “delta” derivative x� appears. Several monographs and survey
papers [1,6,7,25,35] contain detailed treatment of these types of equations, however, they
do not discuss, in detail, the equally (or more) important case of equations that feature
the delta integral, rather than the delta derivative. This is possibly due to the basic theory
of integral equations on time scales lagging behind that of delta derivative equations on
time scales. It is difficult to find any recent papers on the subject, except [37,38], where
the theory of Fredholm-type equations on time scales is discussed.

Therefore, the main purpose of this article is to fill this gap in the literature by
furnishing the basic theory of linear and nonlinear Volterra equations on time scales and
thus we believe this article serves as a launching pad for future advanced studies in the
area.

We believe that integral equations on time scales have an enormous potential for rich
and diverse applications and thus they are most worthy of attention. Studies into the
area will not only provide a deeper understanding of traditional integral and summation
equations by uncovering the strange distinctions and interesting links between the two
areas, but will also lead to new discoveries in those dynamic equations on time scales
where the delta derivative is present.

If one subscribes to the view of Dieudonné [12, p.viii] on the relationship between
differential equations and integral equations, then the importance of integral equations
on time scales is clear: there are no dynamic equations on time scales – there are only
integral equations on time scales. Our view here is based on two simple facts: in the
investigation of dynamic equations on time scales, the analysis most often turns to that of
a related integral equation on time scales; and the area of integral equations on time scales,
by its general nature, will enjoy at least as many applications to science, engineering and
technology as the field of dynamic equations on time scales.

This paper focuses on the qualitative and quantitative properties of solutions to
Volterra integral equations on time scales. Some important questions that this work
addresses are:
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• Under what conditions do the integral equations (1.1), (1.2) actually have (possibly
unique) solutions?

• If solutions do exist, then what are their nature; and how can we find them; or
closely approximate them?

The main techniques that we employ to answer the above questions are from con-
temporary areas of nonlinear analysis, including: the fixed–point theorems of Banach
and Schäfer; the method of Picard iterations; inequality theory; and a novel definition of
measuring distance in metric spaces and normed spaces.

The results contained herein compliment those of Stefan Hilger’s seminal paper of
1990 [20] and, more recently, those of Tisdell and Zaidi [35].

In addition, possible new directions for the novel results are also presented.
The style of our investigation has been shaped by the monographs [9, 11, 12] on

Volterra equations, in which the interested reader will find ample historical perspectives
on the formulation of Volterra equations (which we have omitted here for brevity).

There is also a large literature on the approach to continuous and discrete systems
via Stieltjes integral equations, and we refer the reader to [18,19,22,24,30,31] for more
information on these approaches.

2. Time Scales

To understand the notation used above, some preliminary definitions are needed, which
we now present. For more detail see [6, Chap.1].

Definition 2.1. A time scale T is a nonempty closed subset of the real numbers R.

Since a time scale may or may not be connected, the concept of the jump operator is
useful to define the generalised derivative x� of a function x.

Definition 2.2. The forward (backward) jump operator σ(t) at t for t < sup T (respec-
tively ρ(t) at t for t > inf T) is given by

σ(t) := inf{τ > t : τ ∈ T}, (ρ(t) := sup{τ < t : τ ∈ T}, ) for all t ∈ T.

Define the graininess function µ : T → [0, ∞) as µ(t) := σ(t) − t .

Throughout this work the assumption is made that T has the topology that it inherits
from the standard topology on the real numbers R.

Definition 2.3. The jump operators σ and ρ allow the classification of points in a time
scale in the following way: If σ(t) > t , then the point t is called right-scattered; while
if ρ(t) < t , then t is termed left-scattered. If t < sup T and σ(t) = t , then the point t is
called right-dense; while if t > inf T and ρ(t) = t , then we say t is left-dense.

If T has a left-scattered maximum value m, then we define T
κ := T−{m}. Otherwise

T
κ := T.
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The following gives a formal ε − δ definition of the generalised delta derivative.

Definition 2.4. Fix t ∈ T
κ and let x : T → R

n. Define x�(t) to be the vector (if it
exists) with the property that given ε > 0 there is a neighbourhood U of t with

|[xi(σ (t))−xi(s)]−x�
i (t)[σ(t)−s]| ≤ ε|σ(t)−s|, for all s ∈ U and each i = 1, . . . , n.

Call x�(t) the delta derivative of x(t) and say that x is delta–differentiable.

Converse to the delta derivative, we now state the definition of the delta integral.

Definition 2.5. If J�(t) = j(t), then define the (Cauchy) delta integral by∫ t

a

j(s) �s = J(t) − J(a).

If T = R, then
∫ t

a

j(s) �s =
∫ t

a

j(s) ds, while if T = Z, then
∫ t

a

j(s)�s =
t−1∑
a

j(s).

Once again, there are many more time scales than just R and Z and hence there are many
more delta integrals. For a more general definition of the delta integral see [7].

The following theorem is a fundamental result of the time scales.

Theorem 2.6. [20] Assume that j : T → R
n and let t ∈ T

κ .

(i) If j is delta-differentiable at t , then j is continuous at t .

(ii) If j is continuous at t and t is right-scattered, then j is delta-differentiable at t with

j�(t) = j(σ (t)) − j(t)
σ (t) − t

.

(iii) If j is delta-differentiable and t is right-dense, then

j�(t) = lim
s→t

j(t) − j(s)
t − s

.

(iv) If j is delta-differentiable at t , then j(σ (t)) = j(t) + µ(t)j�(t).

For brevity, we will write xσ to denote the composition x ◦ σ .
The following gives a generalised idea of continuity on time scales.

Definition 2.7. Assume j : T → R
n. Define and denote j ∈ Crd(T; R

n) as right-dense
(rd) continuous if: j is continuous at every right-dense point t ∈ T; and lim

s→t−
j(s) exists

and is finite at every left-dense point t ∈ T. For functions F of two (or more) variables,



108 Tomasia Kulik and Christopher C. Tisdell

t ∈ T and ui ∈ R, we say F is rd-continuous if it is rd-continuous in t and continuous
in each ui .

Of particular importance is the fact that every Crd function is delta-integrable [6,
Theorem 1.73].

Our methods will involve the “exponential function” on a time scale and we now
provide a brief discussion about this special function.

Define the so-called set of regressive functions, R, by

R := {p ∈ Crd(T) and 1 + p(t)µ(t) 	= 0, ∀t ∈ T}
and the set of positively regressive functions, R+, by

R+ := {p ∈ Crd(T) and 1 + p(t)µ(t) > 0, ∀t ∈ T}.
For p ∈ R we define (see [6, Theorem 2.35]) the exponential function ep(·, a) on the
time scale T as the unique solution to the scalar IVP

x� = p(t)x, x(a) = 1.

If p ∈ R+, then ep(t, a) > 0 for all t ∈ T, [6, Theorem 2.48].
More explicitly, the exponential function ep(·, a) is given by

ep(t, a) :=




exp

(∫ t

a

p(s) ds

)
, for t ∈ T, µ = 0;

exp

(∫ t

a

Log(1 + µ(s)p(s))

µ(s)
�s

)
, for t ∈ T, µ > 0;

where Log is the principal logarithm function.
A solution to (1.1) is a continuous function x : IT → R

n that satisfies (1.1). A
solution to (1.2) is defined similarly.

Throughout this work, if y, z ∈ R
n, then 〈y, z〉 denotes the usual Euclidean inner

product on R
n and ‖z‖ denotes the Euclidean norm of z on R

n.
For more on the basic theory and recent developments of time scales, see [1–3, 5–8,

13, 16, 17, 20, 21, 25, 29, 33, 34].

3. Linear Problems

In this section we examine the linear Volterra integral equation

x(t) = f(t) +
∫ t

a

B(t, s)x(s) �s, t ∈ IT, (3.1)

where f : IT → R
n and B : IT × IT → R

n×n is a matrix-valued function.
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Our first result concerns the existence, uniqueness and approximation of solutions x
to (3.1) when IT := [a, b]T, that is, IT is a compact interval of T. Our methods involve
Banach’s fixed–point theorem and we now introduce the appropriate metric space setting.

Let β > 0 be a constant and let ‖ · ‖ denote the Euclidean norm on R
n. When IT

is the compact interval [a, b]T, we will consider the space of continuous functions from
[a, b]T to R

n coupled with a suitable metric, either

dβ(x, y) := sup
t∈[a,b]T

‖x(t) − y(t)‖
eβ(t, a)

; or d0(x, y) := sup
t∈[a,b]T

‖x(t) − y(t)‖.

We will also consider C([a, b]T; R
n) coupled with a suitable norm, either

‖x‖β := sup
t∈[a,b]T

‖x(t)‖
eβ(t, a)

; or ‖x‖0 := sup
t∈[a,b]T

‖x(t)‖.

The above definitions of dβ and ‖ · ‖β come from [35]. Some important properties of dβ

and ‖ · ‖β are now listed.

Lemma 3.1. If β > 0 is a constant, then:

(i) dβ is a metric;

(ii) ‖ · ‖β is a norm and is equivalent to the sup–norm ‖ · ‖0;

(iii) (C([a, b]T; R
n), dβ) is a complete metric space;

(iv) (C([a, b]T; R
n), ‖ · ‖β) is a Banach space.

Proof. See Tisdell and Zaidi [35, Lemma 3.3]. �

Let (Y, d) be a complete metric space [10, Chap. 4] and F : Y → Y . The map F is
said to be contractive if there exists a positive constant α < 1 such that

d(F (x), F (y)) ≤ αd(x, y), ∀x, y ∈ Y.

The constant α is called the contraction constant of F .
For any given y ∈ Y we define the sequence {F i(y)} recursively by: F 0(y) := y;

and F i+1(y) := F(F i(y)).

Theorem 3.2. (Banach, [14, p. 10]) Let (Y, d) be a complete metric space and let
F : Y → Y be contractive. Then F has a unique fixed-point u and F i(y) → u for each
y ∈ Y .

Remark 3.3. ([14, p. 10]) Furthermore to Banach’s theorem, if we start at an arbitrary
y ∈ Y then Banach’s theorem provides the following estimate on the “error” between
the ith iteration F iy and the fixed point u, namely

d(F iy, u) ≤ αi

1 − α
d(y, Fy). (3.2)
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We are now ready to present our first major result of this section, which will be proved
by using Banach’s theorem.

Theorem 3.4. Consider the linear integral equation (3.1) with IT := [a, b]T. Let B :
[a, b]2

T
→ R

n×n be continuous in its first variable and rd-continuous in its second variable
and let f : [a, b]T → R

n be continuous. Then (3.1) has a unique solution. In addition, if
a sequence of functions {xi} is defined inductively by choosing any x0 ∈ C([a, b]T; R

n)

and setting

xi+1(t) := f(t) +
∫ t

a

B(t, s)xi(s) �s, t ∈ [a, b]T, (3.3)

then the sequence {xi} converges uniformly on [a, b]T to the unique solution x of (3.1).

Proof. Since B is continuous in its first variable and rd-continuous in its second variable,
(3.3) is well defined. Let L := sup

(t,s)∈[a,b]2
T

‖B(t, s)‖, with ‖B‖ a suitable matrix norm on

the interval [a, b]2
T

, and let β := Lγ , where γ > 1 is an arbitrary constant. Consider
the complete metric space (C([a, b]T; R

n), dβ) and let

F : C([a, b]T; R
n) → C([a, b]T; R

n)

be defined by

[Fx](t) := f(t) +
∫ t

a

B(t, s)x(s) �s, t ∈ [a, b]T. (3.4)

It is easy to see that fixed-points of F will be solutions to (1.1). Thus, we want to prove
that there exists a unique x such that Fx = x. To do this, we show that F is a contractive
map with contraction constant α = 1/γ < 1 and Banach’s fixed point theorem will then
apply. For any u, v ∈ C([a, b]T; R

n), consider

dβ(Fu, Fv) := sup
t∈[a,b]T

‖[Fu](t) − [Fv](t)‖
eβ(t, a)

≤ sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

‖B(t, s)u(s)) − B(t, s)v(s))‖ �s

≤ L sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

‖u(s) − v(s)‖ �s,

= L sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

eβ(s, a)
‖u(s) − v(s)‖

eβ(s, a)
�s
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≤ Ldβ(u, v) sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

eβ(s, a) �s

= Ldβ(u, v) sup
t∈[a,b]T

1

eβ(t, a)

(
eβ(t, a) − 1

β

)

= dβ(u, v)

γ
sup

t∈[a,b]T

[
1 − 1

eβ(t, a)

]
, since β = Lγ,

= dβ(u, v)

γ

[
1 − 1

eβ(b, a)

]
<

dβ(u, v)

γ
.

As γ > 1, we see that F is a contractive map and Banach’s fixed-point theorem applies,
yielding the existence of a unique fixed-point x of F. In addition, from Banach’s theorem,
the sequence {xi} defined in (3.3) converges uniformly in the norm ‖ · ‖β and thus the
sequence {xi} converges uniformly in the sup-norm ‖ · ‖0 to that fixed-point x. �

We now supply a simple example to demonstrate the application of Theorem 3.4.

Example 3.5. We claim that the scalar, linear integral equation

x(t) = 2t +
∫ t

a

[t − σ(s)] x(s) �s, t ∈ [a, b]T; (3.5)

has a unique solution for arbitrary T.

Proof. Comparing (3.5) with (3.1) it is easy to see that B(t, s) := t −σ(s) is continuous
in t and rd-continuous in s (because σ is, in general, rd-continuous) and f (t) := 2t

is continuous. Hence, all of the conditions of Theorem 3.4 are satisfied and thus the
conclusions of Theorem 3.4 apply to (3.5). Furthermore, if we take the delta derivative
of both sides of (3.5) twice, then we obtain the following linear, second-order dynamic
equation

x�� − x = 0; with x(a) = 2a, x�(a) = 2. (3.6)

If −µ ∈ R, then it is interesting to note that we may uniquely solve (3.6) in terms of
hyperbolic functions on time scales, see [6, p.80] for the details. �

We now present some basic qualitative results concerning the boundedness of solu-
tions to (3.1) when IT := [a, ∞)T.

Theorem 3.6. Consider the linear integral equation (3.1) with IT := [a, ∞)T. Let
f : [a, ∞)T → R

n and let B : [a, b]2
T

→ R
n×n both be rd-continuous. If there exist

constants 0 ≤ m < 1 and M ≥ 0 such that

‖f(t)‖ ≤ M, ∀t ∈ [a, ∞)T; (3.7)∫ t

a

‖B(t, s)‖ �s ≤ m, ∀t ∈ [a, ∞)T, (3.8)
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then all solutions to (3.1) are bounded on [a, ∞)T.

Proof. Choose an R > 0 such that M + mR < R. We claim that ‖x(t)‖ < R for all
t ∈ [a, ∞)T. If this is not the case, then there exists a t1 such that

‖x(t)‖ < R, ∀t ∈ [a, t1)T; and

‖x(t1)‖ ≥ R.

Hence we see

R ≤ ‖x(t1)‖ = ‖f(t1) +
∫ t1

a

B(t1, s)x(s) �s‖
≤ M + mR

< R

and we reach a contradiction. Thus x is bounded on [a, ∞)T. �

Our final result of this section will require the following lemma, known as Gronwall’s
lemma on time scales [6, Corollary 6.7].

Lemma 3.7. (Gronwall) Let y ∈ Crd([a, ∞)T); let p ∈ R+ with p ≥ 0 on [a, ∞)T;
and let A be a constant. We have

y(t) ≤ A +
∫ t

a

p(s)y(s) �s, ∀t ∈ [a, ∞)T;

implies
y(t) ≤ Aep(t, a), t ∈ [a, ∞)T.

Proof. See [6, Chap.6]. �

The following result examines the boundedness and limiting behaviour of solutions
to (3.1) on [a, ∞)T. The following “circle minus” identity will be useful:

B � α := B − α

1 + µ(t)α

and we refer the reader to [6, Chap.2] for more information on the “circle minus” operator.

Theorem 3.8. Consider the linear integral equation (3.1) with IT := [a, ∞)T. Let
f : [a, ∞)T → R

n and let B : [a, ∞)2
T

→ R
n×n be rd-continuous. If there exist positive

constants α, A and B such that

‖f(t)‖ ≤ A

eα(t, a)
, ∀t ∈ [a, ∞)T;

‖B(t, s)‖ ≤ Beα(s, t), ∀(t, s) ∈ [a, ∞)2
T
,
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then all solutions x to (3.1) satisfy

‖x(t)‖ ≤ AeB�α(t, a), t ∈ [a, ∞)T.

In addition, if B − α < 0, then ‖x(t)‖ → 0 as t → ∞.

Proof. From (3.1) we have

‖x(t)‖ ≤ A

eα(t, a)
+

∫ t

a

Beα(s, t)‖x(s)‖ �s, t ∈ [a, ∞)T;

so that

eα(t, a)‖x(t)‖ ≤ A +
∫ t

a

Beα(s, a)‖x(s)‖ �s, t ∈ [a, ∞)T; (3.9)

where we have used the identity

eα(s, t) = eα(s, a)

eα(t, a)
.

Gronwall’s lemma for time scales applied to (3.9) furnishes the estimate

eα(t, a)‖x(t)‖ ≤ AeB(t, a), t ∈ [a, ∞)T;
with a rearrangement giving our first conclusion by use of the identity [6, p. 62]

eB(t, a)

eα(t, a)
= eB�α(t, a).

Our second conclusion follows from

e�
B�α(t, a) = [B � α]eB�α(t, a)

and from B − α < 0. See that B � α < 0 and so eB�α(t, a) decreases monotonically
towards zero as t → ∞. �

As a corollary and application of Theorem 3.8, we present the following example
concerning the “renewal summation equation”

x(t) = f (t) +
t−1∑
s=0

C(t − s)x(s), t ∈ [0, ∞)N (3.10)

where f and C are scalar-valued functions.

Example 3.9. Consider the renewal summation equation (3.10) with f : [0, ∞)N → R

and C : [0, ∞)N → R. If there exist positive constants A, B and α such that

|f (t)| ≤ A

(1 + α)t
, ∀t ∈ [0, ∞)N;

|C(q)| ≤ B

(1 + α)q
, ∀q ∈ [0, ∞)N,
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then all solutions x to (3.10) satisfy

|x(t)| ≤ A

[
1 + B

1 + α

]t

, t ∈ [0, ∞)N.

In addition, if B − α < 0, then |x(t)| → 0 as t → ∞.

Proof. For the special time scale T = N ∪ {0}, we have µ ≡ 1 and the exponential
function is

eα(t, 0) = (1 + α)t , t ∈ [0, ∞)N.

The proof of the claim follows similar steps in the proof of Theorem 3.8 and so is omitted
for brevity. �

4. Nonlinear Problems on Unbounded Intervals

In this section we examine (1.1) and (1.2), where

IT = [a, ∞)T := [a, ∞) ∩ T, a ∈ T,

and T is unbounded above, so that we are interested in solutions to these problems that
are defined on the unbounded interval [a, ∞)T. We apply our results to some initial
value problems with unbounded domains.

4.1. Integral Equations

Consider the (possibly nonlinear) integral equations (1.1) and (1.2) with IT := [a, ∞)T.
We now construct the appropriate metric space for our analysis. Let β > 0 be a constant
and let ‖ · ‖ denote the Euclidean norm on R

n. We will consider the space of continuous
functions C([a, ∞)T; R

n) such that

sup
t∈[a,∞)T

‖x(t)‖
eβ(t, a)

< ∞;

and denote this special space by Cβ([a, ∞)T; R
n). We couple the linear space

Cβ([a, ∞)T; R
n) with a suitable metric, namely

d∞
β (x, y) := sup

t∈[a,∞)T

‖x(t) − y(t)‖
eβ(t, a)

.

We will also consider Cβ([a, ∞)T; R
n) coupled with a suitable norm, expressly

‖x‖∞
β := sup

t∈[a,∞)T

‖x(t)‖
eβ(t, a)

.

The above definitions of d∞
β and ‖ · ‖∞

β are generalisations of Bielecki’s metric and
norm [4], [14, pp.25–26], [15, pp.153–155], [32, p.44] in the time scale environment and
complement those introduced in [35].
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Some important properties of d∞
β and ‖ · ‖∞

β are now listed.

Lemma 4.1. If β > 0 is a constant, then:

(i) d∞
β is a metric;

(ii) ‖ · ‖∞
β is a norm;

(iii) (Cβ([a, ∞)T; R
n), ‖ · ‖∞

β ) is a Banach space;

(iv) (Cβ([a, ∞)T; R
n), d∞

β ) is a complete metric space.

Proof. We only prove part (iii), as the other parts are easily verified.
(iii) Our argument follows that of [12, pp.2–3] and so we only sketch the details. Let

{xm(t)} ⊂ Cβ([a, ∞)T; R
n) be a Cauchy sequence, that is, for every ε > 0 there exists

a positive integer Nε such that

‖xj − xm‖∞
β < ε, whenever m, j > Nε. (4.1)

We show that there exists a x ∈ Cβ([a, ∞)T; R
n) such that

lim
m→∞

(
‖x − xm‖∞

β

)
= 0.

From (4.1) we see that

‖xj (t) − xm(t)‖ < εeβ(t, a), for m, j > Nε, and t ∈ [a, ∞)T. (4.2)

From (4.2) we derive the existence of a mapping x(t) such that x(t) = lim
m→∞ xm(t) for any

fixed t ∈ [a, ∞)T. Moreover, it follows from (4.2) that x(t) = lim
m→∞ xm(t) uniformly

on any finite interval of [a, ∞)T. Hence x(t) is a continuous mapping from [a, ∞)T to
R

n.
Finally we show that x ∈ Cβ([a, ∞)T; R

n). We keep m fixed and let j → ∞ in
(4.2). We then obtain

x − xm ∈ Cβ([a, ∞)T; R
n), for m > Nε.

See that x = (x − xm) + xm and because both terms in the right-hand side belong to
Cβ([a, ∞)T; R

n) it follows that x ∈ Cβ([a, ∞)T; R
n). Thus, (Cβ([a, ∞)T; R

n), ‖·‖∞
β )

is a Banach space. �

We now present our first major result of this section concerning the existence, unique-
ness, approximation and growth of solutions to the nonlinear problem (1.1).

Theorem 4.2. Consider the integral equation (1.1) with IT := [a, ∞)T. Let k :
[a, ∞)2

T
× R

n → R
n be continuous in its first and third variables and rd-continuous
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in its second variable; let f : [a, ∞)T → R
n be continuous; and let γ > 1, L and β be

positive constants with β := Lγ . If

‖k(t, s, p) − k(t, s, q)‖ ≤ L‖p − q‖, ∀(t, s) ∈ [a, ∞)2
T
, (p, q) ∈ R

2n; (4.3)

m := sup
t∈[a,∞)T

1

eβ(t, a)

∥∥∥∥f(t) +
∫ t

a

k(t, s, 0) �s

∥∥∥∥ < ∞, (4.4)

then the integral equation (1.1) has a unique solution x ∈ Cβ([a, ∞)T; R
n). In ad-

dition, if a sequence of functions {xi} is defined inductively by choosing any x0 ∈
Cβ([a, ∞)T; R

n) and setting

xi+1(t) := f(t) +
∫ t

a

k(t, s, xi(s)) �s, t ∈ [a, ∞)T, (4.5)

then lim
i→∞ xi = x on [a, ∞)T in Cβ([a, ∞)T; R

n), with the convergence being uniform

on compact subsets of [a, ∞)T.

Proof. Since k is rd-continuous function with respect to the integrated variable s, (4.5) is
well defined. Let L > 0 be the constant defined in (4.3) and let β := Lγ , where γ > 1.

Consider the following equivalent formulation of (1.1), namely

x(t) =
(

f(t) +
∫ t

a

k(t, s, 0) �s

)

+
∫ t

a

(k(t, s, x(s)) − k(t, s, 0)) �s, t ∈ [a, ∞)T. (4.6)

We will show that (4.6) has a unique solution and thus (1.1) must also have a unique
solution. With this in mind, consider the complete metric space (Cβ([a, ∞)T; R

n), d∞
β )

and let F be defined by

[Fx](t) :=
(

f(t) +
∫ t

a

k(t, s, 0) �s

)

+
∫ t

a

(k(t, s, x(s)) − k(t, s, 0)) �s, t ∈ [a, ∞)T. (4.7)

Fixed-points of F will be solutions to (4.6). Thus, we want to prove that there exists a
unique x such that Fx = x. To do this we show that the conditions of Banach’s theorem
are satisfied.

We show that F : Cβ([a, ∞)T; R
n) → Cβ([a, ∞)T; R

n). Let x ∈ Cβ([a, ∞)T; R
n).
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Taking norms in (4.7) we obtain

‖Fx‖∞
β := sup

t∈[a,∞)T

1

eβ(t, a)

∥∥∥∥f(t) +
∫ t

a

k(t, s, 0) �s

+
∫ t

a

k(t, s, x(s)) − k(t, s, 0) �s

∥∥∥∥
≤ m + sup

t∈[a,∞)T

1

eβ(t, a)

∫ t

a

‖k(t, s, x(s)) − k(t, s, 0)‖ �s

≤ m + sup
t∈[a,∞)T

1

eβ(t, a)
L

∫ t

a

‖x(s)‖ �s, from (4.3)

= m + sup
t∈[a,∞)T

1

eβ(t, a)
L

∫ t

a

eβ(s, a)
‖x(s)‖
eβ(s, a)

�s

≤ m + L‖x‖∞
β sup

t∈[a,∞)T

1

eβ(t, a)

∫ t

a

eβ(s, a) �s

= m + L‖x‖∞
β sup

t∈[a,∞)T

1

eβ(t, a)

[
eβ(t, a) − 1

β

]

= m + ‖x‖∞
β

γ
sup

t∈[a,∞)T

[
1 − 1

eβ(t, a)

]

= m + ‖x‖∞
β

γ
< ∞.

Hence we see that F : Cβ([a, ∞)T; R
n) → Cβ([a, ∞)T; R

n).

We show that F is a contractive map with contraction constant α = 1/γ < 1 and then
Banach’s fixed point theorem will apply. For any u, v ∈ Cβ([a, ∞)T; R

n), consider

d∞
β (Fu, Fv) := sup

t∈[a,∞)T

‖[Fu](t) − [Fv](t)‖
eβ(t, a)

≤ sup
t∈[a,∞)T

1

eβ(t, a)

∫ t

a

‖k(t, s, u(s)) − k(t, s, v(s))‖ �s

≤ sup
t∈[a,∞)T

1

eβ(t, a)

∫ t

a

L‖u(s) − v(s)‖ �s, from (4.3)

= L sup
t∈[a,∞)T

1

eβ(t, a)

∫ t

a

eβ(s, a)
‖u(s) − v(s)‖

eβ(s, a)
�s

≤ Ld∞
β (u, v) sup

t∈[a,∞)T

1

eβ(t, a)

∫ t

a

eβ(s, a) �s
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= Ld∞
β (u, v) sup

t∈[a,∞)T

1

eβ(t, a)

(
eβ(t, a) − 1

β

)

= d∞
β (u, v)

γ
sup

t∈[a,∞)T

[
1 − 1

eβ(t, a)

]
, since β = Lγ,

= d∞
β (u, v)

γ
.

As γ > 1, we see that F is a contractive map and so Banach’s fixed-point theorem applies,
yielding the existence of a unique fixed-point x of F. In addition, from Banach’s theorem,
the sequence {xi} defined in (4.5) converges uniformly in the norm ‖ · ‖β on compact
subsets of [a, ∞)T (and thus the sequence {xi} converges uniformly in the sup-norm
‖ · ‖0 on compact subsets) to that fixed-point x. �

We now present a simple example to illustrate Theorem 4.2.

Example 4.3. Consider the scalar integral equation

x(t) = 2t + 2
∫ t

a

[
x(s)2 + 7

]1/2
�s, t ∈ [a, ∞)T.

We claim that this integral equation has a unique solution for arbitrary T.

Proof. We will use Theorem 4.2 and make use of the fact that k(t, s, p) := 2(p2 + 7)1/2

has a bounded partial derivative with respect to p everywhere. Consider

|k(t, s, p) − k(t, s, q)| =
∣∣∣2 [

p2 + 7
]1/2 − 2

[
q2 + 7

]1/2
∣∣∣

≤ sup
r∈R

∣∣∣∣ 2r

[r2 + 7]1/2

∣∣∣∣ · |p − q|, by the mean value theorem

≤ 2|p − q|

so that (4.3) holds with L = 2. For a choice of, say, γ = 2 we then have β = 4 and it is
not difficult to verify (4.4) holds. The result now follows from Theorem 4.2. �

We now present a result concerning the existence, uniqueness and approximation of
solutions to (1.2). Although (1.1) and (1.2) appear to be of a similar nature, we shall see
that there are interesting distinctions between the two.

Theorem 4.4. Consider the delta intergal equation (1.2) with IT := [a, ∞)T. Let
k : [a, ∞)2

T
× R

n → R
n be continuous in its first and third variables and rd-continuous

in its second variable, let f : [a, ∞)T → R
n be continuous and let γ > 1, β and L be
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positive constants with β := Lγ . If

‖k(t, s, p) − k(t, s, q)‖ ≤ L‖p − q‖, ∀(t, s) ∈ [a, ∞)2
T
, (p, q) ∈ R

2n; (4.8)

L sup
t∈[a,∞)T

µ(t) < 1 − 1

γ
; (4.9)

sup
t∈[a,∞)T

1

eβ(t, a)

∥∥∥∥f(t) +
∫ t

a

k(t, s, 0) �s

∥∥∥∥ < ∞, (4.10)

then (1.2) has a unique solution x ∈ Cβ([a, ∞)T : R
n). In addition, if a sequence of

functions {xi} is defined inductively by choosing any x0 ∈ Cβ([a, ∞)T; R
n) and setting

xi+1(t) := f(t) +
∫ t

a

k(t, s, xσ
i (s)) �s, t ∈ [a, ∞)T, (4.11)

then lim
i→∞ xi = x in Cβ([a, ∞)T, R

n) on [a, ∞)T, with the convergence being uniform

on compact subsets of [a, ∞)T.

Proof. Since k is rd-continuous with respect to the integrated variable s, (4.11) is well
defined. Let L > 0 be the constant defined in (4.8) and let β := Lγ , where γ > 1.
Consider the following equivalent formulation of (1.2), namely

x(t) =
(

f(t) +
∫ t

a

k(t, s, 0) �s

)

+
∫ t

a

(
k(t, s, xσ (s)) − k(t, s, 0)

)
�s, t ∈ [a, ∞)T. (4.12)

We will show that (4.12) has a unique solution and thus (1.2) must also have a unique
solution.

With this in mind, consider the complete metric space (Cβ([a, ∞)T; R
n), d∞

β ) and
let F be defined by

[Fx](t) :=
(

f(t) +
∫ t

a

k(t, s, 0) �s

)

+
∫ t

a

(
k(t, s, xσ (s)) − k(t, s, 0)

)
�s, t ∈ [a, ∞)T. (4.13)

Fixed-points of F will be solutions to (4.12). Thus, we want to prove that there exists a
unique x such that Fx = x. To do this we show that the conditions of Banach’s theorem
are satisfied.

We show that F : Cβ([a, ∞)T; R
n) → Cβ([a, ∞)T; R

n). Let x ∈ Cβ([a, ∞)T; R
n).
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Taking norms in (4.13) we obtain

‖Fx‖∞
β = sup

t∈[a,∞)T

1

eβ(t, a)

∥∥∥∥f(t) +
∫ t

a

k(t, s, 0) �s

+
∫ t

a

k(t, s, xσ (s)) − k(t, s, 0) �s

∥∥∥∥
≤ m + sup

t∈[a,∞)T

1

eβ(t, a)

∫ t

a

‖k(t, s, xσ (s)) − k(t, s, 0)‖ �s

≤ m + sup
t∈[a,∞)T

1

eβ(t, a)
L

∫ t

a

‖xσ (s)‖ �s, from (4.3)

= m + sup
t∈[a,∞)T

1

eβ(t, a)
L

∫ t

a

eσ
β (s, a)

‖xσ (s)‖
eσ
β (s, a)

�s

= m + sup
t∈[a,∞)T

1

eβ(t, a)
L

∫ t

a

[1 + µ(s)β]eβ(s, a)
‖xσ (s)‖
eσ
β (s, a)

�s,

c.f. Theorem 2.6 (iv)

≤ m + L

(
1 + sup

t∈[a,∞)T

µ(t)β

)
‖x‖∞

β sup
t∈[a,∞)T

1

eβ(t, a)

[
eβ(t, a) − 1

β

]

< ∞.

Hence we see that F : Cβ([a, ∞)T; R
n) → Cβ([a, ∞)T; R

n).
We show that F is a contractive map and Banach’s fixed point theorem will then

apply. For any u, v ∈ Cβ([a, ∞)T; R
n), in a similar fashion to the above working, we

obtain

d∞
β (Fu, Fv) ≤ sup

t∈[a,∞)T

1

eβ(t, a)

∫ t

a

‖k(t, s, uσ (s)) − k(t, s, vσ (s))‖ �s

≤ L

(
1 + sup

t∈[a,∞)T

µ(t)β

)
dβ(u, v) sup

t∈[a,∞)T

1

eβ(t, a)

∫ t

a

eβ(s, a) �s

= L

(
1 + sup

t∈[a,∞)T

µ(t)β

)
dβ(u, v) sup

t∈[a,∞)T

1

eβ(t, a)

(
eβ(t, a) − 1

β

)

≤
(

1

γ
+ L sup

t∈[a,∞)T

µ(t)

)
dβ(u, v) sup

t∈[a,∞)T

[
1 − 1

eβ(t, a)

]
,

since β = Lγ,

< d∞
β (u, v).

We see that F is a contractive map and Banach’s fixed point theorem applies, yielding
the existence of a unique fixed-point x of F. �
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Corollary 4.5. If the conditions of Theorem 4.2 (or Theorem 4.4) hold with (4.4) (or
(4.10)) replaced by

f ∈ Cβ([a, ∞)T; R
n); and k(t, s, 0) = 0, ∀(t, s) ∈ [a, ∞)2

T
, (4.14)

then the conclusions of Theorem 4.2 (or Theorem 4.4) hold.

Proof. It is easy to see that if (4.14) holds, then (4.4) (or (4.10)) holds and the result
follows from Theorem 4.2 (or Theorem 4.4). �

Remark 4.6. We note that the theorems of this section not only provide existence,
uniqueness and approximation results for solutions to (1.1) and (1.2), but they also pro-
vide some information about the behaviour of solutions x on the entire interval [a, ∞)T.
This is due to our solutions x being in the space Cβ([a, ∞)T; R

n), so that

‖x(t)‖ ≤ Keβ(t, a), t ∈ [a, ∞)T;
for some constant K . This kind of information is usually useful in applications [11, p.37].

4.2. Applications to Initial Value Problems

We now apply our new results of the previous section to initial value problems for dynamic
equations on time scales, where the solutions x have unbounded domains [a, ∞)T. In
particular, we will obtain existence, uniqueness, approximation and growth behaviour
of solutions to dynamic equations on the time scale half-line [a, ∞)T.

Consider either of the dynamic equations

x� = g(t, x), t ∈ IT := [a, ∞)T; (4.15)

x� = M(t)x + h(t, x), t ∈ IT; (4.16)

subject to the initial condition
x(a) = A. (4.17)

Above, g : [a, ∞)T × R
n → R

n and h : [a, ∞)T × R
n → R

n may be nonlinear
functions, n ≥ 1; x� is the generalised delta derivative of x; M :[a, ∞)T → R

n×n is a
matrix-valued function and A is a given constant in R

n. The above problems are known
as initial value problems (IVPs) on time scales.

We remark that when T = R, then (4.15) and (4.16) become, respectively, the well-
known ordinary differential equations

x′ = g(t, x), t ∈ I := [a, ∞);
x′ = M(t)x + h(t, x), t ∈ I ;

whereas if T = Z, then (4.15) and (4.16) become, respectively, the familiar difference
equations

�x = g(t, x), t ∈ I := [a, ∞)Z;
�x = M(t)x + h(t, x), t ∈ IZ;
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where the � operator is the usual forward difference, that is, �p(t) := p(t + 1) − p(t).
Our first result concerns the nonlinear problem (4.15), (4.17).

Theorem 4.7. Consider the dynamic IVP (4.15), (4.17). Let g : [a, ∞)T × R
n → R

n

be rd-continuous and let γ > 1, L and β be positive constants with β := Lγ . If

‖g(s, p) − g(s, q)‖ ≤ L‖p − q‖, ∀s ∈ [a, ∞)T, (p, q) ∈ R
2n; (4.18)

sup
t∈[a,∞)T

1

eβ(t, a)
‖A +

∫ t

a

g(s, 0) �s‖ < ∞, (4.19)

then the dynamic IVP (4.15), (4.17) has a unique solution x. In addition, if a sequence of
functions {xi} is defined inductively by choosing any x0 ∈ Cβ([a, ∞)T; R

n) and setting

xi+1(t) := A +
∫ t

a

g(s, xi(s)) �s, t ∈ [a, ∞)T, (4.20)

then lim
i→∞ xi = x on [a, ∞)T with the convergence being uniform on compact subsets

of [a, ∞)T. Furthermore, x� ∈ Crd([a, ∞)T; R
n).

Proof. Since g is an rd-continuous function, (4.20) is well defined. Let L > 0 be the
constant defined in (4.18) and let β := Lγ , where γ > 1. Consider the complete met-
ric space (Cβ([a, ∞)T; R

n), d∞
β ) and consider the equivalent reformulation of (4.15),

(4.17), namely

x(t) = A +
∫ t

a

g(s, x(s)) �s, t ∈ [a, ∞)T. (4.21)

See that the integral equation (4.21) satisfies all of the conditions of Theorem 4.2 and so
(4.21) has a unique solution. Since (4.21) has a solution if and only if (4.15) and (4.17)
have a solution we are finished, with the claim that x� ∈ Crd([a, ∞)T; R

n) following
from [35, Lemma 2.3]. �

Hilger’s existence and uniqueness result [20, Theorem 5.7] for (4.15), (4.17) does
not employ a condition of type (4.19). On the other hand, in view of Remark 4.6 our
result provides more information about solutions than Hilger’s result does. In partic-
ular, our result gives a nice rate of growth of solutions on the entire interval [a, ∞)T

and we believe that this idea has many potential applications concerning boundedness,
asymptotic behaviour and stability of solutions.

Example 4.8. We claim that the scalar dynamic equation

x� = t + [
x2 + 10

]1/3
, t ∈ [a, ∞)T; (4.22)

subject to the initial condition x(a) = A, has a unique solution on [a, ∞)T.

Proof. Using a similar argument to that in the proof of Example 4.3 it is not difficult to
show that all of the conditions of Theorem 4.7 hold. �
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Consider the dynamic IVP (4.16), (4.17). If M is regressive in the matrix sense,
that is I + µ(t)M(t) is invertible for all t ∈ T, then we can solve the matrix dynamic
equation

X � = M(t)X , (4.23)

for any initial condition and, furthermore, det X 	= 0. For more detail we refer the reader
to [6, Chap. 5].

The following result concerns the semilinear problem (4.16), (4.17).

Theorem 4.9. Consider the dynamic IVP (4.16), (4.17). Let h : [a, ∞)T × R
n → R

n

be rd-continuous; let M : [a, ∞)T → R
n×n be rd-continuous with M ∈ R; and let

γ > 1, L and β be positive constants with β := Lγ . If

‖X (t)X −1(σ (s))
[
h(s, p) − h(s, q)

] ‖ ≤ L‖p − q‖,
∀(t, s) ∈ [a, ∞)2

T
, (p, q) ∈ R

2n; (4.24)

sup
t∈[a,∞)T

1

eβ(t, a)

∥∥∥∥X (t)X −1(a)A +
∫ t

a

X (t)X −1(σ (s))h(s, 0) �s

∥∥∥∥ < ∞, (4.25)

then the dynamic IVP (4.16), (4.17) has a unique solution x. In addition, if a sequence of
functions {xi} is defined inductively by choosing any x0 ∈ Cβ([a, ∞)T; R

n) and setting

xi+1(t) = X (t)X −1(a)A +
∫ t

a

X (t)X −1(σ (s))h(s, xi(s)) �s, t ∈ [a, ∞)T, (4.26)

then lim
i→∞ xi = x on [a, ∞)T, with uniform convergence on compact subsets of [a, ∞)T.

Furthermore, x� ∈ Crd([a, ∞)T; R
n).

Proof. Since h is an rd-continuous function, (4.26) is well defined. Let L > 0 be the
constant defined in (4.24) and let β := Lγ , where γ > 1. Consider the complete met-
ric space (Cβ([a, ∞)T; R

n), d∞
β ) and consider the equivalent reformulation of (4.16),

(4.17), namely

x(t) = X (t)X −1(a)A +
∫ t

a

X (t)X −1(σ (s))h(s, x(s)) �s, t ∈ [a, ∞)T, (4.27)

where X is derived from (4.23). See that the delta integral equation (4.27) satisfies all
of the conditions of Theorem 4.2 and so (4.27) has a unique solution. The claim that
x� ∈ Crd([a, ∞)T; R

n) follows from [35, Lemma 3.3]. �

5. Nonlinear Problems on Compact Intervals

In this section we obtain some new results concerning the existence, uniqueness and
approximation of solutions to the integral equations (1.1) and (1.2) with

IT = [a, b]T := [a, b] ∩ T, a, b ∈ T,

a compact interval in T.
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5.1. Contractive Mapping Approach

Motivated by the results for the linear case (3.1) in Theorem 3.4, we now discuss the
nonlinear case.

Theorem 5.1. Consider the integral equation (1.1) with IT := [a, b]T. Let k : [a, b]2
T

×
R

n → R
n be continuous in its first and third variables and rd-continuous in its second

variable, let f : [a, b]T → R
n be continuous, and let L be a positive constant. If

‖k(t, s, p) − k(t, s, q)‖ ≤ L‖p − q‖, ∀(t, s) ∈ [a, b]2
T
, (p, q) ∈ R

2n, (5.1)

then (1.1) has a unique solution. In addition, if a sequence of functions {xi} is defined
inductively by choosing any x0 ∈ C([a, b]T; R

n) and setting

xi+1(t) := f(t) +
∫ t

a

k(t, s, xi(s)) �s, t ∈ [a, b]T, (5.2)

then the sequence {xi} converges uniformly on [a, b]T to the unique solution x of (1.1).

Proof. Since k is rd-continuous with respect to the integrated variable s, (5.2) is well
defined. Let L > 0 be the constant defined in (5.1) and let β := Lγ , where γ > 1 is an
arbitrary constant. Consider the complete metric space (C([a, b]T; R

n), dβ) and let

F : C([a, b]T; R
n) → C([a, b]T; R

n)

be defined by

[Fx](t) := f(t) +
∫ t

a

k(t, s, x(s)) �s, t ∈ [a, b]T. (5.3)

It is easy to see that fixed-points of F will be solutions to (1.1). Thus, we want to prove
that there exists a unique x such that Fx = x. To do this, we show that F is a contractive
map with contraction constant α = 1/γ < 1 and Banach’s fixed point theorem will then
apply. For any u, v ∈ C([a, b]T; R

n), consider

dβ(Fu, Fv) := sup
t∈[a,b]T

‖[Fu](t) − [Fv](t)‖
eβ(t, a)

≤ sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

‖k(t, s, u(s)) − k(t, s, v(s))‖ �s

≤ sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

L‖u(s) − v(s)‖ �s, from (5.1)

<
dβ(u, v)

γ
,

where the argument parallels that of the proof of Theorem 3.4. As γ > 1 we see that F is
a contractive map and Banach’s fixed point theorem applies, yielding the existence of a
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unique fixed-point x of F. In addition, from Banach’s theorem, the sequence {xi} defined
in (4.26) converges uniformly in the norm ‖ · ‖β and thus the sequence {xi} converges
uniformly in the sup-norm ‖ · ‖0 to that fixed-point x. �

We now present a result on the dependence of solutions to (1.1) on initial values.
Essentially, this theorem gives conditions under which two solutions to (1.1) will not
stray too far apart.

Theorem 5.2. Consider the dynamic integral equation (1.1) with IT := [a, b]T and

y(t) = h(t) +
∫ t

a

k(t, s, y(s)) �s, t ∈ [a, b]T. (5.4)

Let (1.1) and (5.4) satisfy the conditions of Theorem 5.1. Then the respective solutions
of (1.1) and (5.4) satisfy

‖x(t) − y(t)‖ ≤ δeL(t, a), t ∈ [a, b]T;
where δ := max

t∈[a,b]T
‖f(t) − h(t)‖.

Proof. Consider

‖x(t) − y(t)‖ ≤ ‖f(t) − h(t)‖ +
∫ t

a

‖k(t, s, x(s)) − k(t, s, y(s))‖ �s, t ∈ [a, b]T

≤ δ + L

∫ t

a

‖x(s) − y(s)‖ �s

and the result now follows from Gronwall’s lemma for time scales, Lemma 3.7. �

Our attention now shifts to the integral equation (1.2). Although (1.2) appears to
be almost the same as (1.1), there are genuine differences between the two in terms of
mathematical theory, as the following theorem illustrates.

Theorem 5.3. Consider the dynamic integral equation (1.2) with IT := [a, b]T. Let
k : [a, b]2

T
× R

n → R
n be continuous in its first and third variables and rd-continuous

in its second variable, let f : [a, b]T → R
n be continuous and let L > 0 be a constant. If

‖k(t, s, p) − k(t, s, q)‖ ≤ L‖p − q‖, ∀(t, s) ∈ [a, b]2
T
, (p, q) ∈ R

2n; (5.5)

L sup
t∈[a,b]T

µ(t) < 1, (5.6)

then the dynamic IVP (1.2) has a unique solution. In addition, if a sequence of functions
{xi} is defined inductively by choosing any x0 ∈ C([a, b]T; R

n) and setting

xi+1(t) = f(t) +
∫ t

a

k(t, s, xσ
i (s)) �s, t ∈ [a, b]T, (5.7)
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then the sequence {xi} converges uniformly on [a, b]T to the unique solution x of (1.2).

Proof. Since k is rd-continuous with respect to the integrated variable s, (5.7) is well
defined. Let L > 0 be the constant defined in (5.5) and let β := Lγ , where γ > 1
is a constant chosen such that L|µ|0 = 1 − 1/γ . Consider the complete metric space
(C([a, b]T; R

n), dβ). Let

F : C([a, b]T; R
n) → C([a, b]T; R

n)

be defined by

[Fx](t) := f(t) +
∫ t

a

k(t, s, xσ (s)) �s, t ∈ [a, b]T. (5.8)

Fixed-points of F will be solutions to the dynamic IVP (1.2). Thus, we want to prove that
there exists a unique x such that Fx = x. To do this, we show that F is a contractive map
and Banach’s fixed point theorem will then apply. For u, v ∈ C([a, b]T; R

n), consider

dβ(Fu, Fv) ≤ sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

‖f(t, s, uσ (s)) − f(t, s, vσ (s))‖ �s

≤ sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

L‖uσ (s) − vσ (s)‖ �s, from (5.5)

= L sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

eβ(σ (s), a)
‖uσ (s) − vσ (s)‖

eβ(σ (s), a)
�s

≤ Ldβ(u, v) sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

eβ(σ (s), a) �s

= Ldβ(u, v) sup
t∈[a,b]T

1

eβ(t, a)

∫ t

a

(1 + βµ(s))eβ(s, a) �s,

c.f. Theorem 2.6 (iv);
≤ L(1 + β|µ|0)dβ(u, v) sup

t∈[a,b]T
1

eβ(t, a)

∫ t

a

eβ(s, a) �s

= L(1 + β|µ|0)dβ(u, v) sup
t∈[a,b]T

1

eβ(t, a)

(
eβ(t, a) − 1

β

)

=
(

1

γ
+ L|µ|0

)
dβ(u, v) sup

t∈[a,b]T

[
1 − 1

eβ(t, a)

]
, since β = Lγ,

= dβ(u, v)

[
1 − 1

eβ(b, a)

]
< dβ(u, v).

We see that F is a contractive map and Banach’s fixed point theorem applies, yielding
the existence of a unique fixed-point x of F. In addition, from Banach’s theorem, the
sequence {xi} defined in (4.11) converges uniformly in the norm ‖ · ‖β and thus the
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sequence {xi} converges uniformly in the sup-norm ‖ · ‖0 to that fixed-point x. This
completes the proof. �

Theorem 5.3 gives existence and uniqueness of solutions to (1.2) for those time scales
where the points are not spaced “too far apart”, whereas Theorem 5.1 does not involve
any such restriction.

As an application of of Theorem 5.3, we present the following example.

Example 5.4. Consider the scalar integral equation

x(t) = A + B(t − a) +
∫ t

a

[t − σ(s)]g(s, xσ (s)) �s, t ∈ [a, b]T, (5.9)

where A and B are constants and g : [a, b]T × R → R is rd-continuous. We claim that
if g satisfies the Lipschitz condition (4.18) on [a, b]T ×R and (5.6) holds, then (5.9) has
a unique solution.

Proof. It is not difficult to show that all of the conditions of Theorem 5.3 all hold and
the claim follows from there. �

It is interesting to note that (5.9) arises in the analysis of the IVP

x�� = g(t, xσ ), t ∈ [a, b]κ2

T
:= [a, b]κκ

T
; (5.10)

x(a) = A, x�(a) = B (5.11)

as the two problems are equivalent formulations. Thus, Example 5.4 contains a new
existence and uniqueness result for solutions to the above IVP. This appears to be inter-
esting because (5.10), (5.11) does not reduce to a “nice” system of first-order IVPs and
so the approach in, say, [35, Sec. 5] does not apply. To see this, introduce the standard
substitutions u = x and v = x� so (5.10) becomes

u� = v, v� = f (t, uσ ). (5.12)

Notice that one of the above equations features a σ , while the other does not. This kind
of “mixed” situation would seem to cause problems in the general analysis of (5.12).

In view of Remark 3.3, our approach in the proof of Theorems 5.1, 5.3 and 3.4 can be
used to evaluate the rate of convergence of a sequence of Picard iterates to our solutions
in the following way. Let x be the unique solution and choose x0 ∈ C([a, b]T; R

n).
Then for β := Lγ with γ > 1 we have, from (3.2),

dβ(Fix0, x) ≤ γ −i

1 − γ −1
dβ(x0, Fx0)

and so

‖Fix0 − x‖0 ≤ eβ(b, a)
γ −i

1 − γ −1
‖x0 − Fx0‖0. (5.13)
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If we choose γ := i/L[b−a], then we obtain a nice evaluation of the rate of convergence
in (5.13), namely

‖Fix0 − x‖0 ≤ e i
b−a

(b, a)

(
L[b − a]

i

)i
i

i − L[b − a]‖x0 − Fx0‖0.

5.2. Topological Degree Approach

Our focus now shifts from concerns of existence, uniqueness and approximation of
solutions, to the lone question of existence of solutions to the integral equations (1.1)
and (1.2).

Our interest is in placing very mild assumptions of k so that our problems admit at least
one solution. This situation may arise when k does not satisfy the conditions of previous
sections. Fixed-point theorems based on the ideas of topological degree [26, Chap.4]
will be the main tools that we use. In particular, Schäfer’s fixed point theorem will be
employed, rather than Banach’s fixed point theorem.

On one hand, Schäfer’s theorem is very wide ranging, but on the other hand, it
does not provide as much information as Banach’s theorem. No explicit knowledge of
topological degree theory is needed to verify the conditions of Schäfer’s theorem.

Theorem 5.5. (Schäfer, [26, Theorem 4.4.12]) Let X be a normed space with H :
X → X a compact mapping. If the set

S := {u ∈ X : u = λHu for some λ ∈ [0, 1)}
is bounded, then H has at least one fixed-point.

Recall that a mapping between normed spaces is compact if it is continuous and
carries bounded sets into relatively compact sets.

Lemma 5.6. Consider the Banach space (C([a, b]T; R
n), ‖ · ‖0) and consider the map

F : C([a, b]T; R
n) → C([a, b]T; R

n) defined by

[Fx](t) := f(t) +
∫ t

a

k(t, s, x(s)) �s, t ∈ [a, b]T. (5.14)

If k : [a, b]2
T

× R
n → R

n and f : [a, b]T → R
n are continuous, then F is a compact

map.

Proof. Our argument follows that of [14, pp.52–53] and so is only sketched. We show
that the conditions of theArzela–Ascoli theorem [28, p.3] are satisfied. That is, given {xi}
with ‖xi‖0 ≤ r we show that the sequence vi := F(xi) is bounded and equicontinuous.

(a): We claim that {vi} is bounded. Let

M := sup{‖k(t, s, p)‖ : (t, s) ∈ [a, b]2
T
, ‖p‖ ≤ r} < ∞.
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We have

‖vi‖0 := sup
t∈[a,b]T

‖vi(t)‖

≤ sup
t∈[a,b]T

(∫ t

a

‖k(t, s, xi(s))‖ �s + ‖f(t)‖
)

≤ [b − a]M + sup
t∈[a,b]T

‖f(t)‖

and hence {vi} is bounded.
(b): We claim that {vi} is equicontinuous. Let ε > 0 be given and for t1, t2 ∈ [a, b]T

consider

‖vi(t1) − vi(t2)‖ ≤
∫ max{t1,t2}

min{t1,t2}
‖k(t, s, xi(s)‖ �s

≤ M|t1 − t2|
< ε, whenever |t1 − t2| < δ(ε) := ε/M

and hence {vi} is equicontinuous.
The result now follows from the Arzela–Ascoli theorem [28, p.3]. �

The following existence theorem permits linear growth of ‖k(t, s, p)‖ in ‖p‖.

Theorem 5.7. Consider the dynamic integral equation (1.1) with IT := [a, b]T. Let
k : [a, b]2

T
× R

n → R
n and f : [a, b]T → R

n be continuous and L > 0, N ≥ 0 be
constants. If

‖k(t, s, p)‖ ≤ L‖p‖ + N, ∀(t, s) ∈ [a, b]2
T
, p ∈ R

n, (5.15)

then (1.1) has at least one solution.

Proof. We will use Schäfer’s theorem. Let L > 0 be the constant defined in (5.15).
Consider the normed space

(C([a, b]T; R
n), ‖ · ‖L)

with the family of equations

x = λFx, λ ∈ [0, 1), (5.16)

where
F : C([a, b]T; R

n) → C([a, b]T; R
n)

is defined in (5.14). Note that F is a compact map from Lemma 5.6. Fixed points of F
will be solutions to the dynamic IVP (1.1).
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For a fixed λ ∈ [0, 1) let x ∈ C([a, b]T; R
n) be a solution to (5.16). We then have

‖x‖L ≤ sup
t∈[a,b]T

1

eL(t, a)

(
‖λf(t)‖ +

∫ t

a

‖λk(t, s, x(s))‖ �s

)

≤ sup
t∈[a,b]T

1

eL(t, a)

(
‖f(t)‖ +

∫ t

a

(L‖x(s)‖ + N) �s

)
, from (5.15)

≤ sup
t∈[a,b]T

1

eL(t, a)

(∫ t

a

eL(s, a)
L‖x(s)‖
eL(s, a)

�s + N [t − a] + ‖f(t)‖
)

≤ L‖x‖L sup
t∈[a,b]T

1

eL(t, a)

∫ t

a

eL(s, a) �s + N [b − a] + ‖f‖L

= ‖x‖L

[
1 − 1

eL(b, a)

]
+ N [b − a] + ‖f‖L

and a rearrangement leads to

‖x‖L ≤ eL(b, a)(N[b − a] + ‖f‖L).

Thus, the set of possible solutions to the family (5.16) is bounded a priori, with the bound
being independent of λ. Schäfer’s theorem now applies to F, yielding the existence of
at least one fixed-point. Hence the dynamic IVP (1.1) also has at least one solution. �

If we had used the sup-norm ‖ · ‖0 in the proof of Theorem 5.7 rather than the norm
‖ · ‖L, then we would have needed an additional assumption in Theorem 5.7, namely,
L[b − a] < 1.

Example 5.8. We claim that the integral equation

x(t) = t2 +
∫ t

a

|x(s)|
t2 + s2 + 1

�s, t ∈ [a, b]T; (5.17)

has at least one solution.

Proof. It is not difficult to show (5.17) satisfies (5.15) for L = 1 and N = 0. The result
now follows from Theorem 5.7. �

The following is an important special case of Theorem 5.7.

Theorem 5.9. Consider the dynamic IVP (1.1) with IT := [a, b]T. Let k : [a, b]2
T

×
R

n → R
n and f : [a, b]T → R

n be both continuous. If there exists a nonnegative
constant N such that

‖k(t, s, p)‖ ≤ N, ∀(t, s) ∈ [a, b]2
T
, p ∈ R

n, (5.18)

then the dynamic IVP (1.1) has at least one solution.
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Proof. It is easy to see that if (5.18) holds, then (5.15) holds and the result now follows
from Theorem 5.7. �

In a similar fashion to Theorem 5.9 we have the following result for (1.2).

Theorem 5.10. Consider the integral equation (1.2) with IT := [a, b]T. Let k : [a, b]2
T
×

R
n → R

n and f : [a, b]T → R
n be both continuous. If there exists a nonnegative

constant N such that (5.18) holds, then (1.2) has at least one solution.

Proof. The idea of the proof follows that of Theorem 5.9 and so is omitted. �

6. Open Problems and Remarks

Due to the very young age of the theory, there is obviously a huge potential for further
investigations into integral equations on time scales, in both the linear and nonlinear
formats.

It might be interesting to obtain further results based on the approach in Section 4
applied to the alternate form of the linear integral equation, namely

x(t) = f(t) +
∫ t

a

B(t, s)xσ (s) �s, t ∈ IT;

as such equations that feature xσ arise naturally in modelling, for example see [35, Sec.
6] for an example of this type concerning economic dynamics. Furthermore, the results
on boundedness of solutions to linear equations in Section 4 may have the potential to
be extended to the nonlinear case.
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