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Abstract

Conditions under which solutions of a first-order nonlinear variable-delay dynamic
equation go to zero at infinity are given, for arbitrary time scales that are unbounded
above. In two examples, we apply our techniques to dynamic equations on isolated,
unbounded time scales.

AMS subject classification: 39A10.
Keywords: Delay dynamic equation, time scale, attractivity.

1. Introduction to the Delay Dynamic Equation

Utilizing Hilger’s landmark paper [11], in which he unifies, extends, and generalizes ideas
from continuous calculus, discrete calculus, and quantum calculus to arbitrary time-scale
calculus, we extend to dynamic equations on time scales some discrete results on delay
difference equations. In particular, we consider the nonlinear variable delay dynamic
equation

x2(t) = F(t, x(x(1)), 1 € 10, 00)T, (1.1)

where T is a time scale unbounded above, and the function F : T x R — R is continuous
with respect to its two variables with F(¢,0) = O for each r € T. Moreover, the
variable delay t : T — T is increasing with t(¢) < ¢ for all t € [f9, co)T such that
t1_1>rr010 7(t) = oo. The initial function associated with (1.1) takes the form x(z) = ¥ (¢)

for t € [t(ty), to], where i is rd-continuous on [t (fy), fo]. Equation (1.1) is studied
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extensively by Zhang [16] and Zhang and Yan [17] in the case when T = Z; indeed
much of the organization of this paper is motivated by these two papers. See also
related discussions by Erbe, Xia, and Yu in [9]; Matsunaga, Miyazaki, and Hara [13];
Matsunaga, Hara, and Sakata [12]; and the recent work by Graef and Qian [10]. Related
papers on delay dynamic equations include [1-4] and work by Bohner [5], Cermdk
and M. Urbének [8], Potzsche [14], and Wu and Zhou [15]. For more on dynamic
equations on time scales consult the recent texts by Bohner and Peterson [6,7]. To
clarify some notation, take t_l(t) = sup{s : T(s) < t}, t_("H)(t) = r_l(r_" (1)) for
t € [t(tg), 0o)T, and "1 () = (" (1)) for t € [t 3(19), c0)T. By our choice of the
delay 7, there exists large 7 € T such that t(z) > 79 and rz(t) <t()<t< ! (o(1))
for all # > T'. In addition, we always suppose

(H1) there exists continuous f : R — R such that xf(x) > 0 and | f(x)| < |x| for
x # 0, with

fT(x) :=max{ sup f(u), sup (—f(—u))}, x € R;

O<u<|x| O<u<|x|

(H2) there exist rd-continuous functions a, b : T — [0, co) such that for large r € T,
x € R, and f from (H1),

a(t) min{0, f(—x)} < F(t, x) < b(r) max{0, f(—x)};

(H3) there exist A, B > 0 such that for large t € T and a, b from (H2),

a(t) o(t)
/ a(s)As < AA and / b(s)As < AB,
(1) (1)

where
3 1 inf{u(t) :t € T}

* 2sup{t—N(o(t) —t:teT}

)\’._

= (1.2)

It is understood that A = 3/2 if either inf{u(¢)} = 0 or sup{t_l(a(t)) —t} = oc.
Equation (1.1) has the related special form

X80 + p()gx(x())) =0, 1 € [1, 00)T, (1.3)

where p : T — R is rd-continuous and g : R — R is continuous with xg(x) > 0 for
x # 0. The following results were established in the discrete case by Zhang and Yan [17]
and extended to arbitrary time scales [3].

Theorem 1.1. [3, Theorem 3.1] Suppose that (H1)-(H3) hold, and that

max{A, A%} - max{B, B>} < 1. (1.4)
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If there exists t* € T and a collection of continuous functions {H (¢, -) : (0, 00) —
[0, 00)}seT such that, for any € > 0 and ¢ € [¢*, co)T,

0
sup F(t,x) < —H(t,e€), i<nf F(t,x)= H(,e¢), f H(t,e)At =00, (1.5
xX<—¢€ e

x>e
then every solution of (1.1) goes to zero in the limit.
Corollary 1.2. [3, Corollary 3.2] Let o, 8 > 0 such that

—alx| = g(x) < Blx|, x #0.
Assume for all large r € T that

o(t) o(t)

(aﬂ2)1/3/ p(s)As < 1ifa < B, (azﬁ)l/f‘/ p(s)As < Aifa > B.  (1.6)
T(t) (1)

0
If / p(t) At = oo, then every solution of (1.3) goes to zero in the limit.
To

Note that in condition (1.4), the larger of A and B may be greater than one, but with
its square very large, the smaller of the two must be correspondingly small. It is the
purpose of this note to replace (1.4) with the weaker condition

AB <1, (1.7)

following the discrete case by Zhang [16].

2. Foundational Lemmas
We will need Lemma 2.1 in the proof of Lemma 2.3.

Lemma 2.1. [1, Lemma 2.1] For right-dense continuous functions w : T — R and
points ¢, t € T,

t o(s) t
/ (w(s)f w(z)Az) As = % (/ w(s)As)

Lemma 2.2. Forany K > 0 and A given in (1.2), set

2

1 1
+§/ /L(s)wz(s)As.

Ak := max {AKZ - (A= 1)z2}.

0<z<1
IfA, B e (0,00)with AB < 1,then0 < AjAp < 1.
Proof. For K > 0, consider the function

K (z) = 2Kz — (A — 1)Z2,
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LK
which has a positive root z, = ——. If Z, = min{l, z,}, then Ax = max ¢g(z) > 0.
A—1 0<z<z,

For z; € [O, 23] and 7o € [O, EA], we have \/z122 € [O, ﬁm], and

¢5(z1)Pa(z2) = [ABzi — (A — Dz7][AAzo — (A — Dz3]
= A2ABziza — A(h — 1) [AZ}z2 + B3] + [ — Dziza)?
< A2ABzizo — 20(A — DVAB(2122)°"* + [0 — Dz122]?

= [aﬁm («/ﬁ)]z-

Since 0 < ¢ /55 (Vz122) < ¢ /55(1) and ¢ (1) is increasing for K € [0, 1], we see
that

dp(z1)Pa(z2) < ¢T(1) =1
forz; € [0, 2] and z € [0, Z4]. Thus, ApAp < 1. |
Lemma 2.3. Assume (H1)—(H3) hold, and let x be a solution of (1.1). Suppose there
exists 11 € (t72(T), 00)y such that t2(s;) > to9, (H3) holds for r > 72(11), and
x(t1)x%(t1) <0. Let M > 0 be given.
() If x(t) > —M for t € [t2(t1), t1]T, then

x(t) < ApfT(M) for telot), t " (a(t))]r.

(i) If x(t) < M for t € [t%(t), t1]r, then

x(t) > —AafT (M) for telo(t), r (@)

Proof. We concentrate solely on (i), since the proof of (i) is similar. Following from
x(11)x° (1) < 0, there exists a real number & € [t; — 1, #1] such that

x(t) + [x7 () —x(t)]E —n + 1) = 0. 2.1)

Because fT is nonnegative and nondecreasing, f(x(¢)) > —fT(x (1) = —fJ’(M) for
t € [tz(tl), t1]T; from (1.1) and (H2) we have

XA <b M),  telrt), T @), (2.2)

so that integration and the fundamental theorem of time scale calculus yield

1
x(t) —x(z(@®) < fT(M) | b(s)As, e[t @)t
(1)
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Using the characterization of & in (2.1), we obtain that for ¢ € [z, 7! (t)]r,
1

x(r(®) = x()— (M) | b(s)As

(1)
13
= —[x°(t) — x(t)IE -+ 1) — f1(M) ()b(sms
o(ty) o ()
> — T [@—n) / b(s)As + / b(s)As]
3] (1)

where we used (2.2) to arrive at the last line. Continuing in this manner, from (H2) and
the fact that f T(x) < x for positive x, we see that

o(ty) o(t)
2@ < b@)fT (f*(M) [(5—“) / b(s)As + / b(s)AsD

)
o(ty) o ()
< b ff ) [(S - tl)/ b(s)As +/ b(S)AS} (2.3)
3] (1)
fort € [11, ! (t1)]T. Now by (H3) we know that
o(f) o (1))
0<¢:=( — 5)/ b(s)As -I—/ b(s)As < AB, 2.4)
1 o(t)

which we consider in the following two cases.

Case 1:
Suppose ¢ defined in (2.4) satisfies ¢ € (0, 1). For ¢t € [o (1), t_l(a (t1))]T, we have

t
x(t) = x”(t1)+/ x2(s)As
o(t)
t

(1) — x ()1 —s>+f( )x%)As
o(h
t
= (1 —EHud)xt) +/( )x%)As
o
(2.3) o(t)

. . o(t1)
< fTM)(t =& ut)b(t) [(5 — tl)/ b(s)As +/ b(S)AS}

()

t o () o(n)
+ 7T (M) b(s) |:(§ — l])/ b(u)Au —|—f b(u)Aui| As
o(ty) 1 7(s)

o(t)

= [l {(ll — &) ut)b(r) [f b(s)As — (11 — E)M(ll)b(fl):|

()

t o)
+ / b(s) |:/ b(u)Au — (1 — S)M(Zl)b(tl):| AS} ,
a(t) 7(s)
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where the last equality follows from simple factoring. Continuing,

x2S {0 = E)b) B — (1 — E)u()b()]

tHom)) o(s)
+ f b(s) |:)»B —f b(u)Au — (1 — S)M(ll)b(ll):| AS}
o(ty) o)

o)
= fT(M){ [(t1 — E)u(t)b(t1)1> — (11 — &) u(t1)b(ty) b(s)As

o(t1)
o (1) o (s)
+AB§—/ b(s) f b(u)Au | As ¢ .
o(ty) o(t1)

Using Lemma 2.1 on the last double integral involving b, we obtain
(o)
x() = fIM)=1 — E)p)bE) — (11 — E)u(t)b(tr) b(s)As

o(t)

1 [ 7 @) 2 ey
+AB — = / b(s)As | — —/ w(s)b>(s)As
2 o(t) 2 o(t)

— 2 o))
_ fT(M)()\Bg { o = DUOb)? V) o D

2 2 ) 2

Define

m(s) - (t1 =&V s)b(s) s <t
Vi (s)b(s) Cs > 1,

so that m is right-dense continuous and

] g2 1 [T )
x(n) < 1o )‘B“?_E/ m2(s)As ) .
I

By the Cauchy—Schwarz inequality [6, Theorem 6.15],

o)) 1 o n) 2
/ mz(s)As > — / m(s)As
f T (G(tl)) | 131

_ 1 _ 32
R TP — (11 — &) (1)) b(11)
o)) 2
+/ b(s) /L(S)AS)
o(t1)

(>)2(x—3/2);
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Thus, for z € [o(11), T~ (o (1) ]T,
x() < fTM) (ABe — (0= 1)¢?) < ApfT(M) (2.5)
by Lemma 2.2.

Case 2:
Suppose 1 < ¢ < AB for ¢ as in (2.4). Actually, from (H3) we have in this case that

o))
/ b(s)As € [1, AB]. Note that
1

o)
g(1) = / b)As — 1, t el @)
t

is a delta-differentiable and decreasing function, so that by [6, Theorem 1.16 (1)], g is
continuous on ¢ € [t1, T~ (o (11))]r. Since g(#1) > 0 and g(t~ (o (r1))) = —1 < 0, by
the intermediate value theorem [6, Theorem 1.115], there exists t» € [71, ! (c(t))T
such that either g(z,) = 0 or g(#2) > 0 > g°(#,). Either way,

o) o) o)
/ b(s)As <1 < / b(s)As = u(t)b(t) —|—f b(s)As,
o

(t2) I o(t)

ergo there exists a real number ¢ € [t — 1, 17) such that

o (t1))
/ " b(s)As + (ta — $)p(t2)b(t2) = 1. (2.6)
o

Using (2.1) and (2.2), we have for ¢ € [#1, t>] that

x(t) = (1 — E)u)x(n) + f x2(s)As

o ()
t

< (11 — E)u(t)bt) fT (M) + / ( )b(s)f*(M)As

< ffm) [(11 — &) u(r)b(n) +/ b(S)As]

(t1)
n
< £ / b(s)As < (LB — D) fT (M) < Ag fT(M),

where the last inequality follows from our choice of 7. For ¢t € [t2, ! (o (t1))]T, with
(2.1) we see that
t
x(1) = (11 = E)p(r)x®(0) + / xB(s)As
o)
4]
= [(n — )X (1) + (¢ — o + Dp)x® (1) + f xA(sms]
o(t)
xA(s)As] = S1+ 5,

t

- [(tz — P)(t2)x> (1) + f "
ol
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where S is the first grouping and §; the second. Using (2.2) for S; and (2.3) for S,

S1 < i) [(n — E)u(t)b(t1) + (¢ — ) u(t2)b(t) + f

and

Sy < 1 (M) (t2 — ) u(12)b(t2)

o))
+ fT(M) b(s)

o ()

o ()

b(s)Asi|
(t1)

/G(tl)
T(12)

b(s)As — (1 — S)U«(Zl)b(tl):|

o)
/( : b(u)Au — (1) — S)M(tl)b(tl):| As.

Then continuing for ¢ € [t2, 77! (o (t1))]r while recalling (2.6),

x(t) < fT(m) ([(n — H)n)b(n) + (¢ — 2)u(12)b(12) +/

o))
|
o(f)

+ (12 — ) u(12)b(12) [/

LR CAGY))
v
o(f)

Proceeding by rearranging,

Yo t))
x(t) < fT(m) (f( )

+ (12 — P)u(2)b(12) [(qﬁ — n)u(2)b(tz) + /

-1
(H3) T (o(t))
= ron( [
o (n)

o(t)

(1)

o(t)
b(s) |:f
T(s)

b(s) [(«p — 1) (12)b(12) +/

b(s) [(¢> — )u(r2)b(tz2) + 1B — /

o ()

b(s)Asi|
(t1)

b(s)As + (tr — ¢).u(tz)b(t2)}

b(s)As — (1 — f)//v(tl)b(tl)i|

b(u)Au — (1 — S)M(fl)b(tl)i| AS) :

o(t)

b(u)Aui| As
(s)

b(s)Asi|)

o(s)

o ()

(2)

b(u)Au | As
(2)

+ (2 — Q) (12)b(12) [(¢ — 12)u(82)b(12) + AB])

26)

™ (on)
£ (28 - f
o(f)

™ on)

—(12 = @) (12)b(12)

o ()

2 2 Jowm

1 1 (7@
=fWM)AB————/
o

b(s)

o(s)
b(u)AulAs — [(ty — ) u(t2)b(t2)]?

o(n)

b(s)As)

1
(s)b*(s) As — S L2 = ¢)M(t2)b(t2)]2>
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using Lemma 2.1 and (2.6) again. Thus, as in (2.5),

¥ 1
x(t) = f1{(M) (kB —5~ (A — 3/2)> = Apfi(M), 1€ln, v (@)

This completes the proof. |

Lemma 2.4. Suppose that (H1)-(H3) hold, and that AB < 1. Let x be a solution of
(1.1)and #; € T be as in Lemma 2.3. Then for any M > 0 the following hold.

() If B<land —A M < x(t) < M fort € [t%(#;), t;]r, then

—AafT (M) <x(t) < fT(M), telo(t),o0)r.

(i) If A < land —M < x(t) < AgM fort € [t*(r1), t1]T, then

— (M) < x(t) < ApfT(M), telo(n),o0)r.

Proof. The proof of (ii) is similar to that for (i) and is omitted. Thus, suppose that
B < 1land —AaM < x(t) < M fort e [‘L’z(tl),tl]']r. By Lemma 2.3, for t €
[o(t1), 77" (o' (t1)) 11 we have

—AafT M) = x) < fT(M). 2.7)
If (2.7) is false for some ¢ > 7! (o (t1)), let
Ti=inf {t >t (0 (1) : x(1) < —Aaf (M) or x(1) > fT(MD)}.
Clearly
—AafT (M) <x(t) < fT(M), telo). TDr. (2.8)

and we have the following cases.

Case 1.1:

Suppose x(T1) > f "(M). By continuity and the choice of 77, T is a left-scattered
point with x(p(T})) € [—AAfT (M), fT(M)] and x2(p(T})) > 0. By (1.1) and (H2),
x(t(p(T1))) < 0. Set

To := max {7 € [t(p(T))), p(T1)T : x(1)x° (t) < 0}.

Then x(Tp)x® (Tp) < 0 and t2(1)) < ©(TY) < t2(Ty) < Ty < Th. By (i) above and
(2.8), x(t) = —AaM on [rz(To), TolT. As a result, from Lemma 2.3 (i) and the fact
that A4Ap < 1 by Lemma 2.2, x(t) < AgAgf (M) on [o(Tp), T~ (o (Tp))]r. Since
7(p(T1)) < Ty < p(Ty) and t is increasing, o (Tp) < T7 and fT(M) < x(T)) < fT(M),
a contradiction.

Case 1.2:
Suppose x(T7) = f T(M). Then Tj is a right-dense point, xA(Tl) > 0, and there
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exists T» € (T, T~ ' (T1)]T such that x(¢) > fT(M) on (T, T>]r. By (1.1) and (H2),
x(z(Ty)) < 0. Set

To := max {r € [t(T1), Tt : x(t)x° (1) < 0}.

Then x(Tp)x° (Tp) < 0 and t2(r;) < (1) < 2(Ty) < To < T». By (i) above and
(2.8), x(t) > —A4M on [‘EZ(T()), To]T. Consequently, from Lemma 2.3 (i) and the fact
that A4Ap < 1 by Lemma 2.2 again, x(1) < AsAgf (M) on [o(Ty), T~ (o (To))]r.
Since t(T1) < Ty < T and 7 is increasing, o (Ty) < T < r_l(a(To)) and fT(M) <
x(Th) < f T(M ), a contradiction.

Case 2:

If x(T) < —AafT(M), then (2.8) implies either x®(T7) < 0 or x*(p(T1)) < 0.
Again by (1.1) and (H2), either x(z(771)) > 0 or x(z(p(71))) > 0. Pick Ty as above
for either case. Then x(r) < M on [rz(To), Tolr. This time, from Lemma 2.3 (i),
x(t) = —A fT(M) on [o(Tp), "' (o(Tp))]r. Similar to above, either —A 4 fT(M) >
x(Th) > —AafT(M)or —A4 fT(M) > x(T}) > —A 4 fT (M), both contradictions. W

3. Solutions of (1.1) go to Zero

We now state our main result on the asymptotic behavior of solutions of (1.1), namely
that solutions of (1.1) go to zero at infinity. This improves Theorem 1.1, and extends [16,
Theorem 3.1] to arbitrary time scales.

Theorem 3.1. Suppose that (H1)—(H3) hold, and that AB < 1. If there exists t* € T
and a collection of continuous functions {H (¢, -) : (0, c0) — [0, 00)};eT such that, for
any € > O and ¢ € [r*, 00)T,

(0.¢]
sup F'(t,x) = —H(t,€), inf F(t,x) = H(,e), / H(t,e)At =00, (3.1)
— t*

X>€
then every solution of (1.1) goes to zero in the limit.

Proof. Let x be a solution of (1.1). If x is eventually negative or eventually positive,
then x must be eventually nondecreasing or eventually nonincreasing by (H2). Without
loss of generality suppose x is eventually positive, and thus eventually nonincreasing. If
x(t) — & > 0, then sup F(t,x) =O0forallr > t* by (1.1),s0 0 < —H (¢, &) < 0 for all

x>e
00

t > t* by (3.1); in other words, H = 0 on [t*, c0)T, a contradiction of H(t, e)At =

*

oo. Therefore any solution x that is eventually of one sign goes to zero i[n the limit. Next
assume that x is an oscillatory solution of (1.1). Then x has a generalized zero in any
neighborhood of infinity, so there exists an increasing sequence of points {t, € T},eNn
such that f, — ocoasn — oo and x(#,)x° (¢t,) <0. AsAB < 1,either A < lorB < 1.
If the latter, let M > 0 be given such that —Ag4M < x(t) < M fort € [rz(tl), t1]t. By
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Lemma 2.4 (i), —Aaf (M) < x(t) < fT(M) fort € [o(11), 00)T. Let f, := fT and

fnT a=1r To fnT for n € N. By successive use of the above argument, we deduce that

—Aafi (M) <x(1) < f{(M), 1 €lot),00)r. (3.2)
Assumption (H1) implies that the sequence { fnT (M)},eN 1s nonincreasing. If My =
lim (M), then My = f7(My). If My > 0, then since f(Mo) < My by (H1), set
n— oo

f(Mo) = Mp—e. By the continuity of f, there exists § > O suchthat | f(x)— f(Mp)| <
e/2 for all x € (Mo — &, Mp]. Therefore | f(x) — Mo + ¢| < &/2, which means
My—3e/2 < f(x) < Mg—¢/2forallx € (Mg — 6, Mp]. But f(x) < x on [0, mg—&]
implies that f(x) < Mo — 8§ < My on [0, My — §]. Consequently f is bounded away
from Mg on [0, My], a contradiction of My = fT(MO), so that My = 0. From (3.2)
we have that tl_l)nolo x() = 0. In a similar way we arrive at the identical conclusion

ifA<I. |
Recall the special case of (1.1) given in (1.3), namely
220 + pgx (T @) =0, 1 € [19, 00)7.
Then we have the following corollary to Theorem 3.1.

Corollary 3.2. Assume p : T — R isrd-continuous and g : R — R is continuous with
xg(x) > O0forx # 0. Let o, B > 0 such that

—alx| < g(x) < Blx], x #0. (3.3)

Assume for all large ¢ € T that

o(t)
(@B)!/? / p(s)As < A. (3.4)
(1)

(0]
If / p(t) At = oo, then every solution of (1.3) goes to zero in the limit.
0]

Proof. Take F(t,x) := —p(t)g(x), a(t) := ap(t), b(t) := Bp(t),

gx)/B x>0

Je = {g(x)/a :x <0,

and H (¢, €) := p(t) min {inf g(x), — sup g(x)}. Then (H1) and (H2) are satisfied, as
X>€

X<—€
are the conditions in (3.1). Set A := (a/B)'/? and B := (B/«)'/?, then by (3.4) we
have that (H3) holds and AB = 1. By Theorem 3.1, every solution of (1.3) goes to zero
in the limit. [ |

Remark 3.3. The condition in (3.3) improves those in Corollary 1.2.
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4. [Examples on Isolated Time Scales

Let T be a time scale unbounded above, with every point both left and right scattered.
Consider the logistic dynamic equation [7, (2.28)],

A _ py(L—y/N) sy +pup) py
- up or y = up ) — € R,
1+Wy 1+Wy N

with R given in [6, Definition 2.25]. Because of the isolated nature of each point in T
in this section, these two forms are equivalent. We introduce a delay 7 : T — T and

concentrate on
_ @O+ u®p®)
I+ 2P0y (2 (1))

assuming N > O is fixed, p > Oon T, and p(y o 7)/N € R. We would like to show
conditions under which positive solutions of (4.1) go to the “carrying capacity” N. In
(4.1),lety = Ne*, y° = Ne*°?,and y o T = Ne*°" to obtain

yo (1) eT, 4.1)

Ay — 1+ p()p(r)
o= wo { 1+ u(@)p(t)erT) } (4.2)
! 1 1
F(t,x) = ln{ + u(t)p(t) }
(1) 1+ pu()p(t)e*

then F (¢, -) is continuous with F(¢,0) = 0. For fixedtr € Tand x > 0, F(t,x) >
—x/u(t),sowetake a(t) := 1/u(t); forx <0, F(t,x) < —xp(t)/(1 + u(t)p(t)) im-
plies we should have b(t) := p(t)/(14+u(t) p(¢)). A direct consequence of these choices
is that conditions (H1) and (H2) are met. Finally, notice that —F(t,€) > F (¢, —e¢) for
t € Tand e > 0, so that

sup F(t,x) = F(t,e) < —F(t, —e), xi<nf€ F(t,x) = F(t, —¢€)

X=>€

leads us to define H (¢, €) := F(t, —¢).

Example 4.1. Let T = hZ for some h € (0,1), t(t) :=t — hk fort € Tand k € N,
and p(t) € (0, p] for all # € T for some p > 0, such that tlim p) #0. If
— 00

(o A2 or 1 3k +4
, or =,
p nk+ 1)2 — 22] 2+ 1)

then every positive solution of (4.1) goes to N in the limit.

k+1 hp(k 4+ 1)
and B := ———.
A(l 4+ hp)

o(t) t+h 1
/ a(s)As:/ —As=k+1=2AA,
(1) t—hk h

Proof. Note that u(t) = h. Take A := Then
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o(t) t+h t+h = k Dhp
/ b(s)As:/ Ams/ LN U
(1) t—hk 1+ hp(s) t—hk 1 +hp l+hp

(0¢]
and f F(t,—e)At = o0.
h
)MZ
0,
h{(k + 1)2 — A2]
- 2
_ hpte+ D7
A2(1+hp) —

Hence by Theorem 3.1, every solution x of (4.2) goes to zero in the limit. But then every
positive solution y = Ne”* of (4.1) goes to N. In addition, since

Moreover, if p € ( :|, then

A2 A3
hlk+ D2 —22]  hl(k + 1)3 — 23]
for all k € N and all 4 > 0, this improves [3, Example 4.1]. [ |

Again let T be a time scale unbounded above, with every point both left and right
scattered, and consider the food-limited population model given by the delay dynamic
equation

y;(f)) = exp (M(t)p(t)

for some delay 7 : T — T and constant ¢ > 0.

l—y(f(t))) 4.3)

1 4cy(z(2))

Example 4.2. Assume for large r € T that we have

o(t)
/ p(s)As < 2)14/c. 4.4)
(1)

(0]
If / p(t) At = oo, then every positive solution of (4.3) goes to 1 in the limit.
0

XOoT

Proof. In (4.3),lety = ¢, y? = ¢*°?,and y o T = ¢*°" to obtain

A T _q
X (ﬂ‘*‘P(ﬂm =0, 4.5)

which is of form (1.3). If

e —1

1+ cex’

then g is continuous with xg(x) > 0 for x # 0 and g(0) = 0. Asin [16],

1+c¢ 1+c¢
e <1,
4c ') = 4c
1 L= 1

l4+c¢ 1+c¢

g(x) =

e > 1,
max g'(x) =
x>0 1
e < 1.
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Take a = ma())( g (x)and B = ma())( g’ (x), so that (3.3) holds, and (4.4) implies (3.4). By
X< X>

Corollary 3.2, every solution of (4.5) tends to zero. Thus every solution of (4.3) tends
to one. [ |
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