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Abstract

In this paper, we are concerned with proving the existence of positive solutions of a
nonlinear second order m-point boundary value problem (m-PBVP) on time scales.
The proofs are based on the fixed point theorems concerning cones in a Banach
space.
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1. Introduction

There are many well-known analogies in the concepts of difference equations and dif-
ferential equations. The concept of dynamic equations on time scales can build bridges
between differential and difference equations. This concept not only gives us unified
approach to study the boundary value problems on discrete intervals with uniform step
size and real intervals but also gives an extended approach to study on discrete case
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with nonuniform step size or combination of real and discrete intervals. Some basic
definitions and theorems on time scales can be found in the books [3, 4].

The study of multipoint boundary value problems for linear second order ordinary dif-
ferential equations started with Il’in and Mosiev [9]. Motivated by this article, Gupta [6]
studied certain three point boundary value problems (TPBVP) for nonlinear differen-
tial equations. Since then, in the literature many authors focused on positive solutions
of nonlinear differential equations and difference equations including two-point, three-
point and m-point boundary conditions (see [1,2,7,10,13,14] and the references therein).
However a few results have been obtained for multipoint BVP on time scales. Recently,
Anderson [1], Sun and Li [15], Yaslan [16] have obtained some existence results for
various kind of TPBVPs on time scales. Fixed point theorems, coincidence degree the-
ory and nonlinear alternative of Leray–Schauder have been used to prove the existence
results.

In 2004, Sun and Li [15] discussed the existence of single and multiple positive
solutions to the TPBVP

u�∇(t) + a(t)f (u(t)) = 0, t ∈ (0, T ),

βu(0) + γ u�(0) = 0, u(T ) = αu(η),

where β, γ ≥ 0, β + γ > 0, µ ∈ (0, ρ(T )), 0 < α < T/η and d = β(T − αη) +
γ (1 − α) > 0.

In 2004, He [8] dealt with the m-PBVP

u�∇(t) + q(t)f (u(t)) = 0, t ∈ [0, T ]k,

u�(0) =
m−2∑
i=1

biu
�(ηi), u(T ) =

m−2∑
i=1

aiu(ηi),

where ηi ∈ (0, ρ(T ))k with 0 < η1 < η2 < · · · < ηm−2 < ρ(T ), and obtained existence
of at least two positive solutions by imposing the growth conditions on f .

Motivated by the studies above, we are interested in the existence of positive solutions
of the m-PBVP

u�∇(t) + h(t)f (t, u(t)) = 0, t ∈ [t1, tm]k ⊂ T, (1.1)

u�(t1) = 0, αu(tm) + βu�(tm) =
m−1∑
i=2

u�(ti), m ≥ 3 (1.2)

where T is a time scale, 0 ≤ t1 < t2 < · · · < tm−1 < tm and α, β are constants such that
α > 0, β > m − 2.

The aim of this paper is to establish some simple criteria for the existence of single
and multiple positive solutions of the m-PBVP (1.1)–(1.2). This paper is organized as
follows: In Section 2 we first present the solution and some properties of the solution
of the linear m-PBVP corresponding to (1.1)–(1.2). Consequently we define the Banach
space, cone and the integral operator to prove the existence of the solution of (1.1)–(1.2).
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Finally we state the fixed point theorems in order to prove the main results. In Section
3 we get the existence of at least one, two, three and odd number of multiple solutions
for nonlinear m-PBVP (1.1)–(1.2).

2. Preliminaries and Fixed Point Theorems

In this section, we will give several fixed point theorems to prove existence of positive
solutions of nonlinear m-PBVP (1.1)–(1.2). Also, to state the main results in this paper we
employ the following lemmas. These lemmas are based on the linear dynamic equation

u�∇(t) + y(t) = 0, (2.1)

coupled with the boundary conditions (1.2).

Lemma 2.1. Let α �= 0. If y ∈ Cld([t1, tm]), then the m-PBVP (2.1)–(1.2) has a unique
solution

u(t) =
∫ tm

t1

(
tm + β

α
− s

)
y(s)∇s − 1

α

m−2∑
i=1

∫ ti+1

ti

y(s)∇s

−
∫ t

t1

(t − s)y(s)∇s. (2.2)

Proof. The proof is similar to [16, Lemma 2.1]. From (2.1) we have

u(t) = u(t1) + u�(t1)(t − t1) −
∫ t

t1

(t − s)y(s)∇s.

By applying the first boundary condition, we can obtain

u(t) = u(t1) −
∫ t

t1

(t − s)y(s)∇s. (2.3)

Applying the second boundary condition leads us to have

αu(t1) − α

∫ tm

t1

(tm − s)y(s)∇s − β

∫ tm

t1

y(s)∇s = −
m−1∑
i=2

∫ ti

t1

y(s)∇s,

and therefore

u(t1) =
∫ tm

t1

(tm − s)y(s)∇s + β

α

∫ tm

t1

y(s)∇s − 1

α

m−1∑
i=2

∫ ti

t1

y(s)∇s

=
∫ tm

t1

(
tm + β

α
− s

)
y(s)∇s − 1

α

m−1∑
i=2

∫ ti

t1

y(s)∇s. (2.4)
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Hence substituting (2.4) into (2.3) we can get

u(t) =
∫ tm

t1

(
tm + β

α
− s

)
y(s)∇s − 1

α

m−1∑
i=2

∫ ti

t1

y(s)∇s

−
∫ t

t1

(t − s)y(s)∇s.

This completes the proof. �

Lemma 2.2. Let α > 0, β ≥ m − 2. If y ∈ Cld([t1, tm], [0, ∞)), then the solution
m-PBVP (2.1)–(1.2) satisfies

u(t) ≥ 0, ∀t ∈ [t1, tm].

Proof. From equation (2.3) we can find that u�(t) = −
∫ t

t1

y(s)∇s. Hence u(t) is de-

creasing on [t1, tm]. Therefore, if u(tm) ≥ 0, the result holds.

u(tm) =
∫ tm

t1

(
tm + β

α
− s

)
y(s)∇s − 1

α

m−1∑
i=2

∫ ti

t1

y(s)∇s −
∫ tm

t1

(tm − s)y(s)∇s

= β

α

∫ tm

t1

y(s)∇s − 1

α

m−1∑
i=2

∫ ti

t1

y(s)∇s

= β

α

m−1∑
i=1

∫ ti+1

ti

y(s)∇s − 1

α

m−1∑
i=2

∫ ti

t1

y(s)∇s

= β

α

∫ tm

tm−1

y(s)∇s + 1

α

{
β

(
m−2∑
i=1

∫ ti+1

ti

y(s)∇s

)
−

∫ t2

t1

y(s)∇s

−
(∫ t2

t1

y(s)∇s +
∫ t3

t2

y(s)∇s

)
− . . .

−
(∫ t2

t1

y(s)∇s + · · · +
∫ tm−1

tm−2

y(s)∇s

)}
.

Arranging the preceding equation we get

u(tm) =
m−1∑
i=1

∫ ti+1

ti

β − (m − 1 − i)

α
y(s)∇s ≥ 0.

The proof is complete. �

Let the Banach space B = Cld[t1, tm] be endowed with the norm

‖u‖ = sup
t∈[t1,tm]

|u(t)|,
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and also P ⊂ B be a cone defined by

P = {u ∈ B : u(t) ≥ 0, u is concave on [t1, tm]k, u�(t1) = 0}. (2.5)

Lemma 2.3. If u ∈ P , then u(t) ≥ tm − t

tm
‖u‖, for all t ∈ [t1, tm].

Proof. Since u is concave, u�∇(t) ≤ 0, for all t ∈ [t1, tm]k which implies u�(t) is
nonincreasing on [t1, tm] ⊂ T

k. Then u
(t) ≤ u
(t1) = 0 and u is nonincreasing
on [t1, tm] ⊂ T. Hence ‖u‖ = sup

t∈[t1,tm]
|u(t)| = |u(t1)| = u(t1). Define the auxiliary

function
g(t) = u(t) − tm − t

tm
‖u‖.

Then we have the following properties:

(i) g�∇(t) = u�∇(t) ≤ 0 for all t ∈ [t1, tm]. Hence g is concave.

(ii) g(t1) = u(t1) − tm − t1

tm
‖u‖ = u(t1) − tm − t1

tm
u(t1) = t1

tm
u(t1) ≥ 0.

(iii) g(tm) = u(tm) ≥ 0.

Therefore concluding the properties (i), (ii), and (iii) of g, we guarantee that g(t) ≥ 0,

for all t ∈ [t1, tm], which implies u(t) ≥ tm − t

tm
‖u‖, for all t ∈ [t1, tm]. �

It is clear that the solutions of m-PBVP (1.1)–(1.2) are the fixed points of the integral
operator

(Au)(t) =
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

−
∫ t

t1

(t − s)h(s)f (s, u(s))∇s. (2.6)

In order to establish the main results of this paper easily, we now state the fixed point
theorems which we apply to prove Theorems 3.1–3.5.

Theorem 2.4. (Schauder Fixed Point Theorem [11]) Let E be a Banach space, and
let A : E → E be a completely continuous operator. Assume K ⊂ E is a bounded,
closed and convex set. If A(K) ⊂ K , then A has a fixed point in K .

Theorem 2.5. (Krasnoselskii Fixed Point Theorem [5]) Let E be a Banach space,
and let K ⊂ E be a cone. Assume �1 and �2 are open, bounded subsets of E with
0 ∈ �1, �1 ⊂ �2, and let

A : K ∩ (�2 \ �1) → K

be a completely continuous operator such that either
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(i) ‖Au‖ ≤ ‖u‖ for u ∈ K ∩ ∂�1, ‖Au‖ ≥ ‖u‖ for u ∈ K ∩ ∂�2; or

(ii) ‖Au‖ ≥ ‖u‖ for u ∈ K ∩ ∂�1, ‖Au‖ ≤ ‖u‖ for u ∈ K ∩ ∂�2

hold. Then A has a fixed point in K ∩ (�2 \ �1).

Theorem 2.6. (Avery–Henderson Fixed Point Theorem [2]) Let P be a cone in a real
Banach space E. Set

P(φ, r) = {u ∈ P : φ(u) < r}.
If µ and φ are increasing, nonnegative, continuous functionals on P , let θ be a nonneg-
ative continuous functional on P with θ(0) = 0 such that for some positive constants r

and W ,
φ(u) ≤ θ(u) ≤ µ(u) and ‖u‖ ≤ Mφ(u)

for all u ∈ P(φ, r). Suppose that there exist positive numbers p < q < r such that

θ(λu) ≤ λθ(u) for all 0 ≤ λ ≤ 1 and u ∈ ∂P(θ, q).

If A : P(φ, r) → P is a completely continuous operator satisfying

(i) φ(Au) > r for all u ∈ ∂P(φ, r),

(ii) θ(Au) < q for all u ∈ ∂P(θ, q),

(iii) P(µ, q) �= ∅ and µ(Au) > p for all u ∈ ∂P(µ, p),

then A has at least two fixed points u1 and u2 such that

p < µ(u1) with θ(u1) < q and q < θ(u2) with φ(u2) < r.

Theorem 2.7. (Legget–Williams Fixed Point Theorem [12]) Let P be a cone in a real
Banach space E. Set

Pr : = {x ∈ P : ‖x‖ < r},
P(ψ, a, b) : = {x ∈ P : a ≤ ψ(x), ‖x‖ ≤ b}.

Suppose A : Pr → Pr is a completely continuous operator and ψ is a nonnegative,
continuous, concave functional on P with ψ(u) ≤ ‖u‖ for all u ∈ Pr . Assume there
exist 0 < p < q < l ≤ r such that the following conditions hold:

(i) {u ∈ P(ψ, q, l) : ψ(u) > q} �= ∅ and ψ(Au) > q for all u ∈ P(ψ, q, l),

(ii) ‖Au‖ < p for all ‖u‖ ≤ p,

(iii) ψ(Au) > q for u ∈ P(ψ, q, r) with ‖Au‖ > l.

Then A has at least three positive solutions u1, u2 and u3 in Pr satisfying

‖u1‖ < p, ψ(u2) > q, p < ‖u3‖ with ψ(u3) < q.
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3. Main Results

In this section we will prove the existence of at least one, two, three and odd number
of multiple positive solution of m-PBVP (1.1)–(1.2). In the following four theorems
we will make use of Schauder, Krasnoselskii, Avery–Henderson and Legget–Williams
fixed point theorems respectively. In the proof of Theorem 3.5 we also employ Legget–
Williams’ fixed point theorem. For the rest of this work assume that the following
conditions hold:

(H1) h ∈ Cld([t1, tm], [0, ∞)) and ∃t0 ∈ [tm−2, tm−1] such that h(t0) > 0.

(H2) f : [t1, tm] × [0, ∞) → [0, ∞) is continuous such that f (t, ·) > 0 on any subset
of T containing t0.

The sufficient conditions for existence of at least one positive solution of m-PBVP (1.1)–
(1.2) are stated in Theorem 3.1 and Theorem 3.2. For this purpose we make use of the
Krasnoselskii fixed point theorem (Theorem 2.5) and the Schauder fixed point theorem
(Theorem 2.4), respectively.

Theorem 3.1. Let α > 0, β ≥ m − 2. Assume that (H1) and (H2) are satisfied and
there exist numbers 0 < r < R < ∞ such that

f (s, u) ≤ 1

k1
u if 0 ≤ u ≤ r

and

f (s, u) ≥ tm

k2(tm − tm−1)
u if R ≤ u ≤ ∞,

where

k1 =
m−1∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)∇s

and

k2 =
∫ tm−1

tm−2

(
tm + β − 1

α
− s

)
h(s)∇s.

Then m-PBVP (1.1)–(1.2) has at least one positive solution.

Proof. Define the cone as in equation (2.5). From Lemmas 2.2 and 2.3 and the conditions
(H1) and (H2) we can obtain A(P) ⊂ P . Also it is easy to obtain that A : P → P is
completely continuous.
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If u ∈ P with ‖u‖ = r , then from Lemma 2.2 we have

‖Au‖ = sup
t∈[t1,tm]

∣∣∣∣∣
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

−
∫ t

t1

(t − s)h(s)f (s, u(s))∇s

∣∣∣∣
=

∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s.

By using the similar calculations and Lemma 2.2 we get

‖Au‖ =
m−1∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)f (s, u(s))∇s

≤
m−1∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)

1

k1
u(s)∇s

≤ 1

k1
‖u‖

m−1∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)∇s

= ‖u‖.
Therefore we have

‖Au‖ ≤ ‖u‖ for all u ∈ P ∩ ∂�1, (3.1)

where �1 = {u ∈ Cld([t1, tm], R) : ‖u‖ < r}.
Let us now define �2 =

{
u ∈ Cld([t1, tm], R) : ‖u‖ <

tm

tm − tm−1
R

}
.

‖Au‖ =
m−1∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)f (s, u(s))∇s

≥
m−2∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)f (s, u(s))∇s

≥
∫ tm−1

tm−2

(
tm + β − 1

α
− s

)
h(s)f (s, u(s))∇s

≥ tm

k2(tm − tm−1)

∫ tm−1

tm−2

(
tm + β − 1

α
− s

)
h(s)u(s)∇s
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≥ tm

k2(tm − tm−1)

∫ tm−1

tm−2

(
tm + β − 1

α
− s

)
h(s)

tm − tm−1

tm
‖u‖∇s

= 1

k2
‖u‖

∫ tm−1

tm−2

(
tm + β − 1

α
− s

)
h(s)∇s

= ‖u‖,
where we used Lemma 2.3 in the fifth line of the preceding inequality. Therefore we
have

‖Au‖ ≥ ‖u‖, u ∈ P ∩ ∂�2. (3.2)

The equations (3.1) and (3.2) imply that the first case of Knasnoselskii’s fixed point
theorem (Theorem 2.5) is satisfied. Then A has a fixed point u ∈ P ∩ (�2 \ �1). Hence
the m-PBVP (1.1)–(1.2) has at least one positive solution. �

Existence of at least one positive solution is also proved using Schauder fixed point
theorem (Theorem 2.4). Then we have the following result.

Theorem 3.2. Let α > 0, β ≥ m − 2. Assume that (H1) and (H2) are satisfied. If k1
satisfies

max‖u‖≤r
| f (s, u) |≤ 1

k1
u for t ∈ [t1, tm],

where

k1 =
m−1∑
i=1

∫ ti+1

ti

(
tm + β − (m − 1 − i)

α
− s

)
h(s)∇s,

then the m-PBVP (1.1)–(1.2) has at least one positive solution.

Proof. Let Pr := {u ∈ P : ‖u‖ < r}. Note that Pr is a closed, bounded and convex
subset of B to which the Schauder fixed point theorem is applicable.

Define A : Pr → B as in (2.6) for t ∈ [t1, tm]. It can be shown that A : Pr → B is
continuous. Claim that A : Pr → Pr . Let u ∈ Pr . By using similar methods as the ones
used in the proof of Theorem 3.1, we have ‖Au‖ ≤ ‖u‖ < r which implies Au ∈ Pr .
The compactness of the operator A : Pr → Pr follows from the Arzela–Ascoli theorem.
Hence A has a fixed point in Pr . �

Now we will give the sufficient conditions to have at least two positive solutions for
m-PBVP (1.1)–(1.2). The Avery–Henderson fixed point theorem (Theorem 2.6) will be
used to prove the result.

Theorem 3.3. Let α > 0, β > m − 2. Assume that (H1) and (H2) are satisfied.
Suppose that there exist positive numbers p < q < r such that the function f satisfies
the following conditions:

(i) f (s, u) ≥ rW for s ∈ [t1, tm−1] and u ∈
[
r,

rtm

tm − tm−1

]
,
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(ii) f (s, u) < qw for s ∈ [t1, tm] and u ∈
[

0,
qtm

tm − tm−1

]
,

(iii) f (s, u) ≥ pW for s ∈ [t1, tm−1] and u ∈
[
p

tm − tm−1

tm
, p

]
,

for some positive constants w and W . Then the m-PBVP (1.1)–(1.2) has at least two
positive solutions.

Proof. Define the cone as in equation (2.5). From Lemmas 2.2 and 2.3 and the conditions
(H1) and (H2) we can obtain A(P) ⊂ P . Also it is easy to obtain that A : P → P is
completely continuous.

Let the nonnegative, increasing, continuous functionals φ, θ and µ be defined on the
cone P by

φ(u) = u(tm−1), θ(u) = u(tm−1), µ(u) = u(t1).

So by the definition of u we have φ(u) = θ(u) ≤ µ(u), for all u ∈ P . In addition from

Lemma 2.3 we have φ(u) = u(tm−1) ≥ tm − tm−1

tm
‖u‖, for all u ∈ P . Therefore

‖u‖ ≤ tm

tm − tm−1
φ(u). (3.3)

If u ∈ ∂P(φ, r) = {u ∈ P : φ(u) = r}, then from inequality (3.3) we can obtain

r = u(tm−1) ≤ u(s) ≤ ‖u‖ ≤ r
tm

tm − tm−1
, ∀s ∈ [t1, tm−1].

Define

W = α

β − 1

(∫ tm−1

tm−2

h(s)∇s

)−1

. (3.4)

We will show that the condition (i) of Theorem 2.6 is satisfied. From the assumption (i)

and the positivity of tm + β

α
− s and tm − tm−1, we can obtain

φ(Au) = (Au)(tm−1)

=
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

−
∫ tm−1

t1

(tm−1 − s)h(s)f (s, u(s))∇s

=
∫ tm

tm−1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s

+
m−2∑
i=1

∫ ti+1

ti

(
tm − tm−1 + β − (m − 1 − i)

α

)
h(s)f (s, u(s))∇s
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≥
m−2∑
i=1

∫ ti+1

ti

(
tm − tm−1 + β − (m − 1 − i)

α

)
h(s)f (s, u(s))∇s

>

m−2∑
i=1

∫ ti+1

ti

(
β − (m − 1 − i)

α

)
h(s)f (s, u(s))∇s

≥ β − 1

α

∫ tm−1

tm−2

h(s)f (s, u(s))∇s

≥ β − 1

α
rW

∫ tm−1

tm−2

h(s)∇s = r.

Thus the condition (i) of Theorem 2.6 holds. Next we will show the condition (ii) of
Theorem 2.6 is satisfied. If u ∈ ∂P(θ, q), then from equation (3.3) we have 0 ≤ u(s) ≤
‖u‖ ≤ q

tm

tm − tm−1
, for all s ∈ [t1, tm]. Define

w =
(∫ tm

t1

(
tm + β

α
− s

)
h(s)∇s

)−1

. (3.5)

Then

θ(Au) = (Au)(tm−1)

=
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

−
∫ tm−1

t1

(t − s)h(s)f (s, u(s))∇s

≤
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s

< qw

∫ tm

t1

(
tm + β

α
− s

)
h(s)∇s = q.

So condition (ii) of Theorem 2.6 holds.
Since 0 ∈ P and p > 0, P(µ, p) �= ∅. If u ∈ ∂P(µ, p), from Lemma 2.3 we get

p · tm − tm−1

tm
≤ u(tm−1) ≤ u(s) ≤ ‖u‖ = p.

Then from the assumption (iii), we have

µ(Au) = (Au)(t1)

=
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s
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>
β

α

∫ tm

t1

h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

=
m−1∑
i=1

β − (m − 1 − i)

α

∫ ti+1

ti

h(s)f (s, u(s))∇s

>
β − 1

α

∫ tm−1

tm−2

h(s)f (s, u(s))∇s

≥ β − 1

α
pW

∫ tm−1

tm−2

h(s)∇s = p.

Therefore the condition (iii) of Theorem 2.6 holds. Since all the conditions of Theorem
2.6 are satisfied, the m-PBVP (1.1)–(1.2) has at least two positive solutions u1and u2
satisfying

u1(t1) > p with u1(tm−1) < q and u2(tm−1) > q with u2(tm−1) < r.

This completes the proof. �

Theorem 3.4. Assume that the conditions (H1) and (H2) are satisfied and α > 0, β >

m − 2. Suppose that there exist constants 0 < p < q < q
tm

tm − tm−1
≤ r such that

(i) f (s, u) ≤ rw for s ∈ [t1, tm] and u ∈ [0, r],

(ii) f (s, u) ≥ qW for s ∈ [t1, tm−1] and u ∈
[
q,

qtm

tm − tm−1

]
,

(iii) f (s, u) < pw for s ∈ [t1, tm] and u ∈ [0, p].
Then the m-PBVP (1.1)–(1.2) has at least three positive solutions u1, u2 and u3 satisfying

u1(t1) < p, u2(tm−1) > q, u3(t1) > p with u3(tm−1) < q.

Proof. We will show that the conditions of Legget–Williams fixed point theorem (The-
orem 2.7) are satisfied. For this purpose we first define the nonnegative, continuous,
concave functional ψ : P → [0, ∞) to be ψ(u) := u(tm−1), the cone P as is (2.5), W

as in (3.4) and w as is (3.5). Then ψ(u) ≤ ‖u‖ for all u ∈ P . If u ∈ Pr , then ‖u‖ ≤ r

and from the assumption (i) f (s, u) ≤ rw. So we have

‖Au‖ =
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

≤ rw

∫ tm

t1

(
tm + β

α
− s

)
h(s)∇s

= r.
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Thus A : Pr → Pr . Since

qtm

tm − tm−1
∈ P

(
ψ, q,

qtm

tm − tm−1

)

and

ψ

(
qtm

tm − tm−1

)
= qtm

tm − tm−1
> q,

{
u ∈ P

(
ψ, q,

qtm

tm − tm−1

)
: ψ(u) > q

}
�= ∅.

For u ∈ P
(

ψ, q,
qtm

tm − tm−1

)
, we have q ≤ u(tm−1) ≤ u(s) ≤ qtm

tm − tm−1
for

s ∈ [t1, tm−1]. The use of the assumption (ii), the nonnegativity of tm + β

α
− s and

the positivity of tm − tm−1 establishes

ψ(Au) = (Au)(tm−1)

=
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

−
∫ tm−1

t1

(tm−1 − s)h(s)f (s, u(s))∇s

=
∫ tm

tm−1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s

+
m−2∑
i=1

∫ ti+1

ti

(
tm − tm−1 + β − (m − 1 − i)

α

)
h(s)f (s, u(s))∇s

≥
m−2∑
i=1

∫ ti+1

ti

(
tm − tm−1 + β − (m − 1 − i)

α

)
h(s)f (s, u(s))∇s

>

m−2∑
i=1

∫ ti+1

ti

(
β − (m − 1 − i)

α

)
h(s)f (s, u(s))∇s

≥ β − 1

α

∫ tm−1

tm−2

h(s)f (s, u(s))∇s

≥ β − 1

α
qW

∫ tm−1

tm−2

h(s)∇s = q.

Therefore the condition (i) of Legget–Williams fixed point theorem (Theorem 2.7) is
satisfied.
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If ‖u‖ ≤ p, then f (s, u) < pw, for all s ∈ [t1, tm] is obtained from condition (iii).
Then

‖Au‖ =
∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s − 1

α

m−1∑
i=2

∫ ti

t1

h(s)f (s, u(s))∇s

<

∫ tm

t1

(
tm + β

α
− s

)
h(s)f (s, u(s))∇s

< pw

∫ tm

t1

(
tm + β

α
− s

)
h(s)∇s = p.

Therefore the condition (ii) of Legget–Williams fixed point theorem (Theorem 2.7) is
satisfied.

Finally for condition (iii) of Theorem 2.7 we suppose that u ∈ P(ψ, q, r) with

‖Au‖ >
qtm

tm − tm−1
. Using Lemma 2.3 we deduce

ψ(Au) = Au(tm−1) ≥ tm − tm−1

tm
‖Au‖ > q,

which implies that condition (iii) of Theorem 2.7 is satisfied.
Since all the conditions of Legget–Williams fixed point theorem are satisfied, the

m-PBVP (1.1)-(1.2) has at least three positive solutions u1, u2 and u3 in Pr satisfying
‖u1‖ < p, ψ(u2) > q, p < ‖u3‖ with ψ(u3) < q. �

If we generalize the conditions of Theorem 3.4, we can establish the existence of an
odd number of positive solutions of the m-PBVP (1.1)–(1.2).

Theorem 3.5. Assume that the conditions (H1) and (H2) are satisfied and α > 0, β >

m − 2. Suppose that there exist constants

0 < p1 < q1 < q1
tm

tm − tm−1
≤ p2 < q2 < q2

tm

tm − tm−1
≤ p3 < ... ≤ pn

such that

(i) f (s, u) < piw for s ∈ [t1, tm] and u ∈ [0, pi],

(ii) f (s, u) ≥ qiW for s ∈ [t1, tm−1] and u ∈
[
qi,

qitm

tm − tm−1

]
,

Then the m-PBVP (1.1)–(1.2) has at least 2n − 1 positive solutions.

Proof. When n = 1, it is immediate from (i) that A : Pp1 → Pp1 ⊂ Pp1 , which means
that A has at least one fixed point u1 by Theorem 3.2. When n = 2, by Theorem 3.4, we
can obtain at least three positive solutions u1, u2, u3 satisfying

u1(t1) < p2, u2(tm−1) > q1, u3(t1) > p2 with u3(tm−1) < q1.
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Following this way, we finish the proof by induction. �

We can illustrate our last result in the following example.

Example 3.6. Let T =
[

0,
2

5

]
∪

{
3

5

}
∪

[
4

5
, 1

]
. We consider the following four-point

BVP:

u�∇(t) + 4000u4

u4 + 4004
= 0, t ∈

[
1

5
,

4

5

]
⊂ T, (3.6)

u�

(
1

5

)
= 0,

1

2
u

(
4

5

)
+ 3u�

(
4

5

)
= u�

(
2

5

)
+ u�

(
3

5

)
. (3.7)

Taking ti = i

5
, (i = 1, 2, 3, 4), α = 1

2
, β = 3 and h(t) = 1 we have w = 50

187
and

W = 5

4
. If we take

p1 = 1

4
, q1 = 2, p2 = 15000, q2 = 16000, p3 = 65000, q3 = 66000, p4 = 265000

we can obtain

0 < p1 < q1 < 4q1 ≤ p2 < q2 < 4q2 ≤ p3 < q3 < 4q3 ≤ p4.

The use of Theorem 3.5 implies four-PBVP (3.6)–(3.7) has at least 7 positive solutions.
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