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Abstract

In this paper, our main purpose is to establish the existence of large nonnegative
solutions for the problem

—(®,w")) =rf(ux)), 0 <x <1
lilél+ u(x) =00 = lirrll_ u(x),

where A > 0 is parameter and f is a smooth function. We give some new sufficient
conditions for the existence of nonnegative solutions. The main results of the paper
extend previously known results.
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1. Introduction

We consider the existence of large solutions of the problems

—(CDP(L/))/ =Arf(ux)), 0<x <1 (1.1)
lir{)l+ ux) =00 = hnll, u(x), (1.2)

where A > 0 is a positive parameter and f is a Lipschitz continuous function, and
O ,u) = lul?u, p > 1.

This problem appears in the study of non-Newtonian fluids and non-Newtonian fil-
tration. The quantity p is a characteristic of the medium. Media with p > 2 are called
dilatant fluids and those with p < 2 are called pseudoplastics. If p = 2, they are
Newtonian fluids.

Large solutions of the problem

—Au(x) = f(ulx)), x € (1.3)
ulpg = 00, (1.4)

where Q is bounded domain in RY (N > 1) have been extensively studied, see [1,5,7,
12—-17,19-22]. A problem of this was first considered by Bieberbach [5] in 1916, where
f(u) = —e" and N = 2. Bieberbach showed that if 2 is a bounded domain in R? such
that 32 is a C? sub-mainfold of R?, then there exists a unique u € CZ(Q) such that
—Au = —e" in Q and |u(x) — ln(d(x))_2| is bounded on 2. Here d(x) denotes the
distance from a point x to d€2. Rademacher [21], using the idea of Bieberbach, extended
to smooth bounded domain in R>. In this case the problem plays an important role,
when N = 2, in the theory of Riemann surfaces of constant negative curvature and in the
theory of automorphic functions, and when N = 3, according to [21], in the study of the
electric potential in a glowing hollow metal body. Lazer and McKenna [14] extended
the results for  a bounded domain in R (N > 1) satisfying a uniform external sphere
condition and the nonlinearity f = f(x,u) = p(x)e", where p(x) is continuous and
strictly negative on 2. Lazer and McKenna [15] obtained similar results when A is
replaced by the Monge—Ampere operator and €2 is a smooth, strictly convex, bounded
domain. Similar results were also obtained for f = p(x)u® with a > 1. Posteraro [20],
for f(u) = —e" and N > 2, proved estimates for the solution u (x) of (1.3)—(1.4) and for
the measure of 2 comparing this problem with a problem of the same type defined in a
ball. In particular, when N = 2, Posteraro obtained an explicit estimate of the minimum
of u(x) in terms of the measure of 2:

inn u(x) > In(8r/|2).

Further, the case where A is replaced by the p-Laplacian has been discussed by Diaz
and Letelier [7] when f(u) = bu“ witha > p — 1 and p > 2.

For general nonlinearities f(x) and in one space dimension, Anuradha et al. [1] and
Shin-Hwa Wang [22] considered Problem (1.3)—(1.4). They mainly proved the existence
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and multiplicity of large nonnegative solutions basing on building a quadrature method
for such large solutions. Very recently, H. Yang and Z. Yang [23] proved the existence and
multiplicity of large nonnegative solutions for the problem (1.1)—(1.2) basing on building
a quadrature method. In this paper, we further obtain some new the existence results
of large nonnegative solutions to (1.1)—(1.2) under new conditions by using quadrature
method, the extends and complementary to the cases considered in [1,22,23].

2. Main Results

Let S
F(s) = / fdr,
0

and

I={seR"U{0}: f(s) <Oand F(s) > F(u) forallu > s

o0 du
and <00y .
K (F(s) — F(u)!/p }

From [23], we give the following lemma.

Lemma 2.1. Assume that p > 1. Let f be a Lipschitz continuous function in R except

possibly at some point s = 0 where f(s) = 0 and f is continuous here. Then, given

A > 0, there exist solution u to (1.1)—(1.2) with ig)fl) u(x) = p € Rif and only if
xe(V,

_ p_l l/p poo du Y
Gwy_2(77) yé (F)— Fapr 0 rPEn

By a modification of the method given in [1,22,23], we obtain the following results.

Theorem 2.2. If there exists any solution to (1.1)—(1.2) for any A > 0, then

; (tﬂw>_ . ( f@ )_
imsup | — =00 and limsup| ——————— ) =0

Uu— 00 ur—1 Uu— 00 up—l(lnu)p

The proof of Theorem 2.2 is similar to that of [23, Theorem 2], so we omit it here.

Remark 2.3. By Theorem 2.2, we also obtain

) /@

imsup | — = o0.

U—>00 uP~I(lnln- - - Inu)P
—_—

n

Theorem 2.4. Assume one of the following conditions is satisfied:
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(1) f(u) satisfies

o —fw ,
(i1) f(u) satisfies
lim inf —Sw -y
u—oo (ulnln---Inulnln---Inu - Inu)?~I(lnln- - - Inu)P+!
—
n—1 n—2 n
0 <L <). (2.2)

Then there exist solutions to Problem (1.1)—(1.2) for some A > 0. Furthermore, G (p) is
well defined and continuous for all p € 1.
To prove Theorem 2.4, we need the following lemma.

Lemma 2.5. Let f satisfy Eq. (2.1) or (2.2) and p € [p1, p2] C I. Then there exists
M > eP*! such that

F(p) — F(u) > Ca(p — DuP (Inu)?*', foru > M, p €lp1, p2l,  (2.3)

where
L . 1 )
Ch=——, fO0<L <00, Cp=———, if L =00;
2p(p+ 1) p(p+1)
'eerl
or there exists M > e such that

F(p) — F(u) > C3(p — DuP(Inln - - - Inu)?™! for u > M, p € [p1, p2], (2.4)
where
1
3=—— if0<L <00, C3=———, if L =00.
2p(p+ 1) p(p+1)

Proof. We only prove (2.3), the other case being similar. If f satisfies Eq. (2.1), it is
easy to see that there exists a constant M3 > e” *+1 such that

— f@) > p(p+ DCu? Inu)? ™" > h(u)
= pCW” 'p(lnw)?™ + (p + Du?~'(Inuw)?], foru > M3 > ’T!,  (2.5)

where C is defined in Eq. (2.3). Then, for u > M3,

u u

—F(u) =—F(M3) + —f(t)dt > —F(M3) +/ h(t)dt
M3 M3

= —F(M3) + pClu” (Inu)?*' — MY (InM3)P '],
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Let p € I. Since [ is open, there exist p; and p, € I and [p1, 2] C I. Let K =
—F(M3) — pCMY (InM3)P+! + pe[iglfm] F(p). We obtain

F(p) — F(u) > K + pCu?(Inu)?*, for u > Mz, p € [p1, p2]. (2.6)
Now there exists a constant M4 > p such that

Cu? (Ilnu)?™!' > —K, foru > My
which implies
K + pCu?(Inu)?*' > C(p — Du? (Inu)?*! for u > Mj. (2.7)

Letting M = max{Ms3, M4} > eP Tl by Egs. (2.6)—(2.7), we obtain

F(p) = F(u) = C(p — DuP tn)"*! foru > M. p € [p1, p2].
This completes the proof. |

Proof of Theorem 2.4. We only prove f satisfies Eq. (2.1), the other case being similar.
Suppose that f satisfies Eq. (2.1), let p € I. Since [ is open, there exist p;, p2 € I such
that p € (p1, p2) and [p1, p2] C I. Let C and M be as in Lemma 2.5. Note that

p—1 1/1’/00 du
G =2 —
(») ( P ) L (F(p) — Fu)/r

converges if and only if

p+6 a’u
/p (Flo) = Fayp =0 0=0=m=p

and

/ o0 du
< 00,
m (F(p) — F(u))l/p
where we assume without loss of generality that M > p>. Now, [p1, p2] C I implies

L = [inf ](— f(z)) > 0. This combined with the mean value theorem implies
ZELP1,02

F(p)—Fu) =—f(@)m—p) > Lu—p) Yu € [p1, p2].

Since p + § < pp, we have

p+é du 1 p+38 du pg(p—l)/p
/ (F( Fan/r = 1/,,/ /p — L/p D =%
o p) — F(u)) L p (W —p) L'/P(p—1)

Also, using Lemma 2.5 we have

o0 du (P du B 1 tp
fM (F(p) — Funl/r = (5) /M u(nuwyeo/e = P (C(p - 1)1nM) =
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Hence G(p) is well defined for all p € I, and by Lemma 2.1 there exists a solution to
(1.1)=(1.2) for A = [G(p)]? given and any p € I.
Also, G is continuous at p. This can be shown by defining

G, () 2(p_1>1/p/p+n du forneN, pe] 1
p)=2|— , fornm , p € lp1, p2].
" p or1/n (F(p) — Fu)/p

Since G, is a proper integral of a continuous integrand for each n € N, G,, is continuous
on [p1, p2]. We will have that G is continuous on [p1, 02], and thus at p, if we can show
that G, — G uniformly as n — oo.

Since [ is open, there exists a constant § > 0 such that [p;, pp + 8] C I which

implies L = inf  (—f(z)) > 0. Choose N large enough so that 1/n < § for all
z€[p1,p2+4]

n > Nj. Thus, we obtain by the mean value theorem

2<P_—1)1/p /pH/" du - (Z(p— 1))1/1? /,O-H/n du
p o (F(p) — Fu)l/r ~ Zp P (u — p)l/I’

p— 1/p
=2p( = ) , foralln > Ny, p € [p1, p2].
pLn

Also, choosing N; large enough so that p+n > p;+n > M foralln > N,,here M > 0
is as in Lemma 2.5, we have

2<p—1>1/P/°° du
p pn (F(p) — Fu)!/»

1 1/p [e’e} du 1 1/p
e
pC p1+n W(Inu)P+D/p pCln(p; + n)

Letting N = max{Nj, N,}, we have

p— 1/p 1 1/p
(G —Gu)(p)| =2p (E> +2p <m> , forn>N
which implies sup [(G — G,,)(p)| > 0asn — oo. Thus, G, — G uniformly on
[p1, p2lasn —f ecigl.’ple]ence G 1s continuous on all of /. |

Theorem 2.6. If f(u) satisfies Eq. (2.1) or (2.2), then
G(p) > 0" as p — oo. (2.8)

Proof. We only prove f satisfies Eq. (2.1), the other case being similar. Suppose that f
satisfies Eq. (2.1). By Theorem 2.4, G(p) exists and is continuous on /. Moreover, in
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pad

Eq. (2.1), it is known that, there exists a constant M3 > e such that

_ p—1 p+l1 — p—1 p+l1
fw) > p(p+1DHCu” "(Inln---Inu) > h(u) = pCu |:p(lnln In u)

n n

1
Ddnln---1 p , f My,
+p+ )(h\f‘_’nnn nu) Inln:---Inulnln---Inu---Inu oru = Ma
n—1 n—2
(2.9)

where C is defined in Eq. (2.4). Thus foru > p > M3,

Flp) — Fu) = / _fdr = / Chde
p P

= pC |:u”(lnln- ~Inuw)Pt = pP(Inln - - .1np)p+li| _

n n

If we let p* = pp, then for u > p* = pp, we have

F(p) — F(u) > pC |:u”(lnln- ~Inu)PT! = pP(Inln- - - In p)p+1i|

n n

> ((p+ DC/2)uP(nln---Inu)P*!, (2.10)

n

since
p p+1 p p+l1
u(Inln---Inu) > (pp)’(Inln---1n p)" ",
n n
P+l

Then, by Eq. (2.10), for p > M3 > ¢¢

G( )—2<p—1>1/”/°° du
=" L (F(p) — Fu)\/r

*

1/
<2(p—1> p /p du
B p o (F(p)— Fu)l/r

N 2;, 1/P'/ﬂ&> du
Cp+1) o+ u(lnln - - - Iny)P+/p

n

_1\r * (p+1) 1/p
() [f et (o) ]
p o [=f@w—p)]l/r (p + 1)Clnp*
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where z = z(u) € (p,u) for each u € (p, p*) exists by the mean value theorem.
However, Eq. (2.9) implies

—f(2) = p?CzP '(nln---In2)?*' > p?CpP~'(nln---In p)?*! forz > p > Mj.

n n
So we have
=2 (20 [ (g
p) < i
p |Jo [=f@u—=p]Y7 " \(p+ DClnp*
[ 1/p
p—1 1/p 1 I du
<2 2CpP=1(Inl In 0)P+! /p
p p*CpP~!(Inln- - -In p) o (u—p)
— n
2p(p+1) 1/p
=
((p + 1)Clnp*)
1/p
_, (P! v pr?
S\ p C(p — D(lnln - --In p)P+!
n
2 p(p+1) 1/p
+<p—) — 0, as p — oo.
(p +1)Clnpp
This completes the proof. n

Theorem 2.7. Let f satisfy (2.1) or (2.2). If there exists a constant s > 0 such that
s € I and f is nonincreasing on [s, 00), then G is strictly decreasing on [s, 00).

The proof of Theorem 2.7 is similar to the proof of [1, Theorem 3.4], so we omit it
here.

Theorem 2.8. Let f(u) satisfy Eq. (2.1) or (2.2) and 0 € I. Then
G(0) < oo.
The proof of Theorem 2.8 is quite similar to that of Theorem 2.4, so we omit it here.

Theorem 2.9. Let f satisfy (2.1) or (2.2). If £(0) < Oand f is nonincreasing on [0, 00),
then there exists A* > 0 such that for all 1 € (0, A*] there exists a unique nonnegative
solution to (1.1)—=(1.2) and for all A > A* there exist no nonnegative solutions to (1.1)—
(1.2).

Proof. Let f satisfy (2.1) (f satisfy (2.2) being similar). Since f(0) < 0 and f is
non-increasing on [0, 00), I = [0, 00). Thus, G(p) exists and is continuous for all
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p € (0, 00) by Theorem 2.4. Also, by Theorem 2.7, G is strictly decreasing on [0, 00)
so that

G(p) <G(0) forall p>0. (2.11)

By Theorem 2.6, we have G(0) — 0 as p — oo. Combining these results we have that
given an r € (0, G(0)), there exists a unique p € [0, co) such that G(p) = r. So, given
0 < A < A* = [G(0)]?, there exists a unique p > 0 such that G(p) = A!/?, and thus
there will exist a unique nonnegative solution (1.1)—(1.2) for A € (0, A*]. For A > A",
there will not exist p > 0 such that G(p) = AP G (0) because of (2.11), and thus
there will exist no nonnegative solutions to (1.1)—(1.2) for A > A*. |

Theorem 2.10. In addition to Eq. (2.2), suppose that f (1) satisfies f(#) < 0 on [0, c0)
u

u

and F(u) = / f()dt and H(u) = / h(t)dt is an elementary function. Assume that

0 0
there exist a function 4 («) and constants b > k > 0, c < d = f(b) < 0O satisfying

d —
S (@w) §h(u):—( kc)u +c, 0<u <k,
f) <h(u)=d, k<u=<b,
fw) <h(u)= fu), u>bhb. (2.12)
Suppose that there exist n, m € N such that
T=C —A —A,—B; >0, (2.13)
where
b & |
C|=— , 2.14
G ; (F(b) = F((i/2" + b))/ 19
k
du
Al= | ——— =k(— 1/2(c — d)k)~'/»
= | gy =k 12 - 00
—c+d)k\'?
X (1 n &> Qexk — ck? + dk3)VP
2cx
113 (—c+dk
Qexk + (—c + d)k>H)~Vp Hypergeometric2F1 |:—, - =, —g] ,
2 p 2 2cx
(2.15)
B /” du  27"WVUP((—c —d)k) VP (—ck — dk)p
T CH@)Vr T d(—1+ p)
—d(b — k) + 1/2(—c — d)k)~VP(=2bd — ck + dk)p 2.16)
2d(—1+ p) ’ '
2m 1
— b 1
B = — , 2.17
Lo ; (—H (/2" + Db)V/P @17
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where Hypergeometric, Fila, b, ¢, z] is the hypergeometric function ,Fj(a, b, c, 2).

0
The ,F; function has series expansion »Fi(a, b; c; z) = Z(a)k(b)k/(c)k/k!. Then
k=0

(1) Gy(b) > Gf(0)and lim Gy(p) =0, here
p—>00

G()_2<_p_1>‘/”/°° 5
==\ » (Fp) = Fupl/v’

(i1) G f(p) has at least one critical point, a local maximum, on (0, c0).

. J— p’
(pe[osb] f( )) (,OG[O,OO) f(‘ ))

then problem (1.1)—(1.2) has at least two nonnegative solutions for A < A < A,
at least one nonneigative solution for 0 < A < A and A = A, and no nonnegative
solutions for A > A.

Proof. The proof is similar to the proof of [22, Theorem 2.6], so we omit the detail. W

3. Example
Example 3.1. Consider the problem

—(@, () = —he"
1i1’61+ ux) =00 = hnll, u(x)

This example for which f(u) = —e" demonstrates Theorem 2.9. Note that F(u) =

—e" 4+ 1 implies
p—1 /p oo du
Gp)=2(L— o
) ( p ) /p (e —en)/P

Letting w = /P we obtain

G(py =2p (2= 1/,,/00 dw
p)=<p p erlD w(wp—ep)l/l)'

Letting w = ¢”/Psec®P6 we obtain

p—1 1/p /2
G(p) =2p (—p > e P/P / tan'?~2/P9dg
0

1/p
= pme PP (pT) csc(n/p).
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From lim G(p) = 0", lim G(p) = oo, and G(p) is strictly decreasing on (0, 00).
p—>00 p—0t

These results imply that G is a bijective mapping from (0, co) onto (0, o). Thus,
given A > 0 there exist a unique p > 0 such that G(p) = A'/?. Hence, by Theorem
2.8, there is a unique nonnegative solution to (1.1)—(1.2) for each A > A*. Hence,
A= pP(@Pe " ((p —1)/p)(esc(r/p))? and 2* = pP~' ()P (p — D(csc(w/p))”.
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