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1. Introduction and Preliminaries

Consider the rational difference equation

o XnXy— Xn—
Xppl = +,3nn1+)/n1, n=0.1,... (1.1
A+ Bxpxy—1 + Cxyg

with nonnegative parameters and with arbitrary nonnegative initial conditions such that
the denominator is always positive. Our goal here and in Part 2 of this paper is to
investigate the global stability character, the periodic nature, and the boundedness of
solutions of Eq. (1.1). We also pose several open problems and conjectures which we
are unable to resolve at this time.

Eq. (1.1), which contains some interesting and some challenging special cases of
second-order rational difference equations, also arises from the rational system in the
plane:

o1+ Y1y
o= T
" n=0,1,... (1.2)
o2 + BoXy + Vayn
Yn+1 =

Ar + Box, + Cayy
when we reduce it to a single equation. See [3].
If we allow one or more of the parameters in Eq. (1.1) to be zero, then Eq. (1.1)

contains
2P -1 x2=1)=49

special cases of equations with positive parameters. One can see that 19 of these special
cases are trivial, linear, Riccati, or reducible to linear or Riccati equations. The remaining
30 special cases are investigated here and in Part 2 of the paper and they are listed, in
normalized form, in Appendix A. The results which we obtained for the 30 cases, together
with some challenging open problems and conjectures, appear in Parts 1 and 2 of the
paper. Part 1 investigates Equations #1 through #12 and Part 2 investigates Equations
#13 through #30. A brief summary of our results and some conjectures are given in
Appendix A.

The following well-known result, which is needed for the local asymptotic stability
of the equilibrium points of Eq. (1.1), gives necessary and sufficient conditions for the
two roots of a quadratic equation to have modulus less than one. See [12].

Theorem 1.1. Assume that p and ¢ are real numbers. Then a necessary and sufficient
condition for both roots of the equation

A+ pri4qg=0
to lie inside the unit disk is
lpl <1+4+¢g <?2.

We also list four global attractivity results which are needed in our investigation. These
results have straight forward extensions to difference equations of any order but we only
need them here for second-order difference equations.
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In the next two theorems we make use of the following notation associated with a
function f(z1, z2) which is monotonic in both arguments.
For each pair of numbers (m, M) and for each i € {1, 2}, define

M, if fis increasing in z;
M;(m, M) = s ..
m, if f is decreasing in z;

and
mi(m, M) = M;(M,m).

Theorem 1.2. (Kulenovic-Ladas-Sizer [13] or [14]) Let[a, b] be aclosed and bounded
interval of real numbers and let f € C([a, b]2, [a, b]) satisfy the following conditions:

1. f(z1, z2) is monotonic in each of its arguments.
2. If (m, M) is a solution of the system

M = f(My(m, M), Mx(m, M))
(1.3)
m= f(mi(m, M), may(m, M))

then M = m.
Then the difference equation
xn—}-l :f(xn’xn—l)y n :O’ 17"' (1'4)

has a unique equilibrium point x in [a, b] and every solution of Eq. (1.4), with initial
conditions in [a, b], converges to x.

Theorem 1.3. (Camouzis-Ladas [5] or [6]) Assume that f € C([0, oo)z, [0, 00)) and
f(z1, z2) is either strictly increasing in z; and z», or strictly decreasing in z; and z3, or
strictly increasing in z; and strictly decreasing in z,. Furthermore, assume that for every

me (0,00) and M > m,
either
Lf (My(m, M), My(m, M)) — M][f (m1(m, M), mo(m, M)) —m] >0
or
f(My(m, M), My(m, M)) =M and  f(mi(m, M), ma(m, M)) = m.

Then every solution of Eq. (1.4) which is bounded from above and from below by positive
constants converges to a finite limit.

Theorem 1.4. (El-Metwally, Grove, Ladas, and Voulov [9] or [10]) Let / be an
interval of real numbers and let f € C(/ k1 ). Assume that the following three
conditions are satisfied:
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1. f isincreasing in each of its arguments.

2. f(z1,...,2k+1) 1s strictly increasing in each of the arguments z;,, ..., z; where
1 <ij <ip <...<i <k++ 1, and the arguments iy, i, ..., are relatively
prime.

3. Every point c¢ in [ is an equilibrium point of the difference equation
xl’l+] :f(x}’l’x}’l—l""axn—k)’ n:O’lv---- (15)
Then every solution of Eq. (1.5) has a finite limit.

The following powerful result holds when the function f(z1, z2) in Eq. (1.4) is
decreasing in z1 and increasing in z>. Note that this case of monotonicity is not included
in the hypotheses of Theorem 1.3.

Theorem 1.5. (Camouzis-Ladas [4] or [6]) Let / be a set of real numbers and let
f:IxI—1

be a function f(z1, z2) which decreases in z; and increases in z2. Then for every solution
{xn}oo_; of Eq. (1.4) the subsequences {x2,},~ o and {x2,+1}qc._; of even and odd terms
of the solution do exactly one of the following:

(i) They are both monotonically increasing.
(i1) They are both monotonically decreasing.

(i11) Eventually, one of them is monotonically increasing and the other is monotonically
decreasing.

In the remaining part of this section we present three results which were motivated by
our investigation of the character of solutions of the following special cases of Eq. (1.1):

#3, #4, #6, #10, #17, #19, #21.

See the corresponding sections in Parts 1 and 2 of the paper. See also [18, 19] and the
references cited there in.

Theorem 1.6. Let / be a set of real numbers and let
fiIxI—1

be a function f(z;,z2) which increases in both variables. Then for every solution
{xn}oo _; of the difference equation

xn—l—l :f(xn,xn—l)s n:0’19"'7 (16)

o0

the subsequences {x2,}7o and {x2,41}—

exactly one of the following:

_; of even and odd terms of the solution do
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(i) Eventually they are both monotonically increasing.
(i) Eventually they are both monotonically decreasing.

(ii1)) One of them is monotonically increasing and the other is monotonically decreasing.

Proof. Assume that (iii) is not true for a solution {x,};> _; of Eq. (1.6). Then for some
N > 0, either

XoN+1 = Xonv—1  and  Xon42 > Xon (1.7)

or
Xon4+1 < Xxov—1 and  xan40 < Xon. (1.8)

Assume that (1.7) holds. The case where (1.8) holds is similar and will be omitted. Then

Xon4+3 = f(xan42, Xan+1) = f(xon, Xan—1) = X2N+1

and
XoN+4 = f(xan+3, Xan+2) = f(X2N+1. X2N) = X2N+42

and the proof is complete. [

Theorem 1.7. Assume that the function f € C([a, oo)z, [a, o0)) increases in both
variables and that the difference equation

xn—H = f(xn,xn—l), n = 07 19 e (1'9)

has no equilibrium pointin (a, 0o). Let {x,},2 _; be asolution of Eq. (1.9) withx_1, xo €
(a, 00). Then

oo if f(x,x)>x, forall x > a.

lim x, =
el a if f(x,x)<x, foral x > a.

Proof.
Case 1:

f(x,x)>x, forall x > a.

Choose a number zg such that
a < zo < min{x_y, xo}
and let {z,},~ be the unique solution of the first-order difference equation

Zn—H = f(zl’ls Zn), n = O’ 19 e (1'10)
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with initial condition zg. The key idea behind the proof in this case is that every nontrivial
solution of Eq. (1.10) converges to infinity and that {x,};> _; is bounded from below by
{zn}. Indeed,

x1 = f(xo, x-1) = f(z0,20) =21 > 20

x2 = f(x1,x0) = f(z0,20) =21 > 20

x3 = f(x2,x1) > f(z1,21) =22 > 21 > 20,

from which the result follows because

lim z, = oo.
n—oo

Case 2:
fx,x) <x, forall x> a.

Choose a number zg such that
z0 > max{x_y, xo}

and define {z,}, as in Case 1. The key idea behind the proof now is that every
nontrivial solution of Eq. (1.10) converges to a and {x,}>c_; is bounded from above by
{z,}. Indeed,

x1 = f(xo,x-1) < f(20,20) =21 < 20
X2 = f(x1,x0) < f(20,20) =21 <20

x3 = f(x2,x1) < f(z1,21) =22 < 21 < 20s

from which it follows that
lim x, < lim z, = a.
n—oo n—oo

The proof is complete. u

Theorem 1.8. Assume that f € C([O, oo)z, [0, 0c0)) increases in both variables and that
the difference equation

xn—H :f(-xn9-xn—1)7 nzovla"' (111)
has two consecutive equilibrium points x; and x», with X; < x,. Also assume that either
fx,x)>x, for X1 <x<x; (1.12)

or
flx,x) <x, for Xx;<x<x;. (1.13)
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Then every solution {x,}o- _; of Eq. (1.11) with initial conditions
X—1, X0 € (X1, X2)
converges to one of the two equilibrium points, and more precisely the following is true:

x1, if (1.13) holds,

lim x, =
e %, if (1.12) holds.
Proof. The proof is similar to the proof of Theorem 1.7 and will be omitted. [

Remark 1.9. Some special cases of System (1.2) involve competitive systems in the
plane. For such systems there is a vast literature dealing with various features of the
solutions. See for example [7, 11, 15-19] and the references cited there in. In this
paper our methods and techniques are those that we have developed in our treatment
of rational difference equations to understand the global character of solutions. See
[1-6,8-10, 12—14], together with the global stability results that we presented in this
section to understand the dynamics of Eq. (1.1).

2. Equation #1:

o
1+ xpxp—1

For this equation we conjecture that every solution has a finite limit but we can only
confirm it when

Xntl = , n=0,1,.... 2.1

o < 2.

Eq. (2.1) has a unique equilibrium x, and x is the unique positive root of the cubic
equation:
P+i-a=0.

The characteristic equation of the linearized equation of Eq. (2.1) about x is
) A —X o —X
AT+ A+ = 0.
o o

From this it follows by Theorem 1.1 that x is locally asymptotically stable for all values
of the parameter «.
Clearly every solution of Eq. (2.1) is bounded and more precisely,
o o

<x =— — <q, forall n=>1.
1 +o2 - " L+ xpxp1 — B

The following result is now a consequence of Theorem 1.2 and the fact that if (m, M) is
a solution of system (1.3), namely,

o
and m =

M= —,
1 4+ m? 1+ M?
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then
m=M
when
a<?2
Theorem 2.1. Assume that
O<a<2.

Then the positive equilibrium of Eq. (2.1) is globally asymptotically stable.
Conjecture 2.2. Show that every positive solution of Eq. (2.1) has a finite limit.

See also Section 7 in Part 2.

3. Equation #2:

o
(I + xp)xn—1 ’
This equation has some similarities with Lyness’s Equation,

Xn+1 n=0,1,.... 3.1

T (3.2)

Xn—1

which is gifted with the invariant:

1 1
(¢ 4+ x,-1 + xn)<1 + )(1 + —) = constant, VYV n > 0.
Xn—1 Xn

See [12]. Indeed, as for Eq. (3.2), Eq. (3.1) possesses an invariant, namely,

1 1
+ —) = constant, V n > 0. (3.3)

Xn—1 Xn

Xn—1+ Xn + Xn—1Xn +C¥<

By using (3.3) it follows that every positive solution of Eq. (3.1) is bounded from above
and from below by positive constants.

Eq. (3.1) has a unique positive equilibrium x, and x is the unique positive root of the
cubic equation

P+it—a=0.

The characteristic equation of the linearized equation of Eq. (3.1) about the equilibrium
X is
X

A2+ A+1=0
1+x

which has two complex conjugate roots on |A| = 1.

Conjecture 3.1. The (unique) positive equilibrium of Eq. (3.1) is stable (but not asymp-
totically stable).
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Eq.(#2), alpha=1.4, n=2000

Conjecture 3.2. No positive, non-equilibrium solution of Eq. (3.1) has a limit.
Open Problem 3.3.
(a) Determine all periodic solutions of Eq. (3.1).

(b) Isthere a value of o for which every solution of Eq. (3.1) is periodic with the same
period?

Open Problem 3.4. Assume that « is a real number. Determine the set G of real initial
values x_1, xo for which the equation
o

Xpgl = ———
T+ )X

is well defined for all » > 0, and investigate the character of solutions of Eq. (3.1) with
X_1,X0 € G.

Open Problem 3.5.

(a) Assume that {«,,} is a periodic sequence of positive real numbers. Are the positive
solutions of the equation

(077)

=——— n=0,1,... 3.4)
(I +xp)xp—1

Xn+1

bounded?

(b) Determine the periods of all periodic sequences {«;,} of positive real numbers for
which Eq. (3.4) has an invariant.
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4. Equation #3:

BXxnXn—1
=, :0,1,.... 41
Tt I 4+ xpxn—1 " ( )

The main result for this equation is the following:
Theorem 4.1. Every solution of Eq. (4.1) has a finite limit.

A solution of Eq. (4.1) with
X_1x0=0

isidentically zero, forn > 0, and so in the sequel we will only consider positive solutions
of Eq. (4.1).
Clearly
Xpe1 < B, forall n >0,

and so every solution of Eq. (4.1) is bounded.

It will also be useful to note that Eq. (4.1) has no prime period-two solutions.

Here Bx

Y
S y) =1 g

is increasing in both variables and so by Theorem 1.6 the subsequences {x7, } and {x2;,+1}
of every solution of Eq. (4.1) should both converge to one and the same equilibrium point
of Eq. (4.1).

In the remaining part of this section, we provide some additional details about the
character of solutions of Eq. (4.1).

Zero is always an equilibrium point of Eq. (4.1) and it is locally asymptotically stable
for all values of the parameter j.

Note that when
B <2, 4.2)
x = 0 is the only equilibrium point of Eq. (4.1) and
2
flx,x) = 1Tx2 <x, forall x> 0.

Hence by Theorem 1.7, with a = 0,

lim x, = 0.

n—oo

Therefore, when (4.2) holds, the zero equilibrium of Eq. (4.1) is globally asymptotically
stable.
When

p=2,

Eq. (4.1), in addition to the zero equilibrium, has the unique positive equilibrium

x =1
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Eq.#3), beta=15

3
y=x
o5l ]
2,,
> 15
y=f(x,x)
1 ......................................................................
0 i
0 0.5 1 1.5 2 2.5 3

This is a non-hyperbolic equilibrium point with characteristic roots (for the associated
characteristic equation of the linearized equation about x):

1
M =1 d Xp=—-.
1 an 2 2

By Theorems 1.6-1.8, the following statements are true for every non-equilibrium solu-
tion {x,}o _, of Eq. (4.1):

(i) If forsome N > 0, xy_1, xy € [0, 1], then
x, €0,1], forall n > N,

and

lim x, = 0.
n—o0

(i1) If forsome N > 0, xy_1, xy € [1, 00), then
X, €[1,00), forall n> N,

and
lim x, = 1.
n— oo

(iii) If the subsequences {x2,} and {x2,+1} lie, one in the interval [0, 1] and the other
in [1, 00), then they must both converge monotonically to 1.

When
B> 2, 4.3)
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Eq(#3), beta=2 Eq.(#3), beta=235

! 2
y=x
1.6 181
14 1.6 =X
: 7y=f(x.x)
12 E 14
i 12
2y > 1
0.8
08t
0.6 -
06}
0.4F-
04
02 S
0.2 =
0 : ; ) ) i ) ) ; 0 ; ; i
0 02 04 06 08 1 12 14 16 18 0 05 1 15 2
X X

Eq. (4.1), in addition to the zero equilibrium, has the two positive equilibrium points:

— 2 _ 2 _

The characteristic equation of the linearized equation about a positive equilibrium {x; }; =1 2
of Eq. (4.1) is
1 1
——A——=0

Bxi Bxi
and so by Theorem 1.1, x; is unstable (saddle point) and x; is locally asymptotically
stable.

When (4.3) holds, the following is true for Eq. (4.1):

)\2

fx,x) <x, for x € (0,x)U (x2,00)
and
f(x,x) >x, for x € (x1,x2).

Therefore by Theorems 1.6—1.8, the following statements are true for every non-
equilibrium solution {x,};> _; of Eq. (4.1):

(i) If forsome N > 0, xy_1, xy € [0, x1], then
x, €10,x1], forall n=> N,
and
lim x, = 0.
n—oo
(i1) If forsome N > 0, xy_1, xy € [X1, x2], then
X, € [x1,x3], forall n> N,
and

lim x, = x.
n—o00
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(iii) If forsome N > 0, xy_1, xy € [X2, 00), then
X, € [X2,00), forall n >N,

and
lim x, = x».
n—oo
(iv) If the subsequences {x7,} and {x2,+1} lie eventually, one in [0, x] and the other in
[x1, x2], then they both converge monotonically to x1, and if they lie eventually, one
of themin [x1, x;] and the other in [x>, 00), then they both converge monotonically
to x».

It should be mentioned that Eq. (4.1) cannot have a solution with the property that the
subsequences of even {x7,} and odd {x7,1} terms lie eventually, one of them in [0, x]
and the other in [Xx7, 00). This is because, by Theorem 1.6 the two subsequences are
eventually monotonic and also because every solution of Eq. (4.1) is bounded and Eq.
(4.1) has no period-two solutions.

An interesting feature of Eq. (4.1), and also for Egs. (5.1) and (19.1) (see Part 2), is
that the local stability of the zero equilibrium does not imply its global stability.

S. Equation #4:

Pxnxn-1 0.1 (5.1)
Xpa] = ————, n=0,1,.... )
S e
Here P
Xy
X,y) =
fx,y) 5y

is increasing in both variables and we can employ Theorems 1.6—1.8 to investigate the
character of solutions of the equation.
Zero is always an equilibrium point of Eq. (5.1) and when

B>1, (5.2)

Eq. (5.1) also has the unique positive equilibrium
X=—-—"
B—1
The characteristic equation of the linearized equation of Eq. (5.1) about the zero equi-
librium is
A=0

and so x = 0 is locally asymptotically stable for all values of the parameter 8.
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Eq.(#4), beta=0.8

Eq.(#4), beta=3
0.8 : :
1.8+ y=f(x,x)
y=X 0.7 %
1.6 : d : u y=x
141 R . ; - . o6
12+ : : § 05
> 1 > 04}
081 1
y=f(x.x) 03
06f- -
0.2
04
02f 1 04 :
0 0 i
0 0.5 1 1.5 2 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X X

When (5.2) holds, the characteristic equation of the linearized equation of Eq. (5.1)
1

B—1

about the positive equilibrium x = is

2 1 1 —
Mo—hd g —1=0.

From this it follows by Theorem 1.1 that x is unstable (saddle point).
It is important to note that the following identities for a solution {x,};> _; of Eq. (5.1)

Xop41 = ﬂ(#;lJXZn, forall n >0,
n—

Xopy2 = 5(1 -T-Z’;Cz )x2n+1, forall n >0,
n

imply that if one of the subsequences {x7,} or {x2,11} has a finite limit, then so does the
other.
For the long-term behavior of solutions of Eq. (5.1) we have the following result:

Theorem 5.1.

(a) Assume that

g <1

Then every solution of Eq. (5.1) converges to zero.

(b) Assume that
B> 1.

Then the following statements are true for every non-equilibrium solution {x;, }
of Eq. (5.1):

()
n=—1
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(i) If forsome N >0, xy_1,xy € [ ] , then

1
0, ——
p—1

1
e|0,——|, forall n> N,
B—1

and
lim x, =0.
n—oo
.. 1
(i1) If forsome N >0, xy_i1,xy € [—1, oo) , then

1
X, €| ——,00), forall n>N,
B—1

and
lim x, = o0.
n— oo
(ii1) If either
1
X2, < ﬁ < Xop41, forall n >0,
or .
X2, > 71 > Xop+1, forall n >0,

then the solution is bounded and

) 1
A= g

Proof. The proof follows by the preceding discussion and by employing Theorems 1.6—
1.8. [ |

6. Equation #5:

Xp_

Xy = —2L 01, 6.1)

1+ XnXn—1
When one of the initial conditions of a solution of Eq. (6.1) is zero, Eq. (6.1) reduces to
the linear equation
Xn+1 = VYV Xn—-1

with one initial condition equal to zero. If the other initial condition of a solution is ¢,
then the solution of the equation is

..,0, 0,0, vp, 0, y20, ....
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Hence the solution converges to zero when

y < 1.
When
y =1,
the solution is the period-two sequence
ooy 0, 0,0, ¢, 0, @, ...

and when
y>1 and ¢ >0,

the solution is unbounded.
The key results for positive solutions of Eq. (6.1) are contained in the following
lemma:

Lemma 6.1.
(a) Every positive solution of Eq. (6.1) is bounded.

(b) Eq. (6.1) has positive prime period-two solutions if and only if

y > 1.
Proof. (a) When
y =<1,
we have )  yxe
n+1 1+xn-xn—1 > An—1

and so the solutions of Eq. (6.1) are bounded. Now assume that
y > 1

and let {x,}°2 | be a positive solution of Eq. (6.1). Choose a positive number m such

that .
X_1,X0 € (m, L)
m

Then by using the monotonic character of the function:

vy
I +xy

flx,y)=

we find that

ym YX—1 Y y—1
— <X = < - =
1+ 2Z2m I+xox—1  14+mi— m
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and so by induction

y —1
x, €| m,—— ), forall n>—1.
m

(b) The proof is straightforward and will be omitted. |

One can easily see that when
y > 1, (6.2)

all positive prime period-two solutions of Eq. (6.1) are given by

e O, Y, L
with
¢y =y —1 and ¢ # V.

Also note that when (6.2) holds, the characteristic roots of the linearized equation of
Eq. (6.1) about the positive equilibrium x = /y — 1 are

1
A=—1 and Ay =—¢€(0,1).
14

Finally note that when (6.2) holds, then for every positive solution {x,}52 _; of Eq. (6.1)

Y XnXn—1

—, n=>0,
L+ xpxp—1

Xn+1Xn =

which implies that
lim (x,x,—1) =y — 1> 0.
n—oo

The main results for Eq. (6.1) are summarized in the following theorem.
Theorem 6.2.

(a) Assume that
y < 1.

Then the zero equilibrium of Eq. (6.1) is globally asymptotically stable.

(b) Assume that
y = 1.
Then every solution of Eq. (6.1) converges to a (not necessarily prime) period-two
solution of the form

.., 0,0, ...
with
¢ >0.
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(c) Assume that
y > 1.

Then every positive solution of Eq. (6.1) converges to a (not necessarily prime)
period-two solution of the form

SRS

with
oy =y — 1.
On the other hand when

y>1 and x_jxo=0 with x_;+ x>0,

the solutions of Eq. (6.1) are unbounded.

Corollary 6.3. Eq. (6.1) has a period-two trichotomy which can be described as follows:

(1) Every solution of Eq. (6.1) converges to zero when

y < 1.

(i) Every solution of Eq. (6.1) converges to a (not necessarily prime) period-two
solution when

y =1.
(i11) Eq. (6.1) has unbounded solutions when

y > 1.

7. Equation #6:

Xpt1 = +Xpxp—1, n=0,1,.... (7.1)
Here
fx,y)=a+xy

is increasing in both variables and we can employ Theorems 1.6—1.8 to investigate the
character of solutions of the equation.
Eq. (7.1) has no equilibrium points when

When
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Eq.(#6), alpha=05 Eq.(#6), alpha=0.25
2 T T T T T T
s .
y=x
y=X
08}
> 06
04
y=f(x.x)
0.2
0.2}
0 0 i i
0 05 1 15 2 0 0.2 0.4 06 08 1 12
X X
Eq.(#6), alpha =0.1
1t =x
0] :] NN SIS A —— SO . Np——
L R R e e
04 e i e
; :y=f(x,x) : : :
0 Bijmere sum e S g S s cnlialotin sencrmnes: e armells e e i
0 i
0 0.2 04 0.6 0.8 1 1.2
X

1
Eq. (7.1) has the unique equilibrium point x = > which is unstable (saddle point).
Finally when

1
o< -,
4
Eq. (7.1) has the two positive equilibrium points:
_ 1 -1 -4« _ 14+ /1 -4«
=" and Xxp; = —

of which x; is locally asymptotically stable and x; is unstable (saddle point).
It is important to note that the following identities for a solution of Eq. (7.1)

X4+l = o + Xxopxou—1, forall n >0,

Xo42 = o + Xop41X2,, forall n >0,

19

imply that if one of the subsequences {x7,} or {x2,11} has a finite limit, then so does the

other. Please note that Eq. (7.1) has no prime period-two solutions.
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For the long-term behavior of solutions of Eq. (7.1) we have the following result:

Theorem 7.1.

(a) Assume that

1
o > —.
4

Then every solution of Eq. (7.1) converges to co.

(b) Assume that

1
o= —.
4
Then the following statements are true for every non-equilibrium solution {x, };> _,

of Eq. (7.1):

1
(i) If forsome N >0, xy_1,xy € |:0, 5] , then

1
X, € |:O, 5] forall n > N,

and

1
lim x, = —.
n— 00 2

1
(i) If forsome N > 0, xy_1,xn € |:§ oo) , then

1
X, € |:E,oo>, forall n > N,

and
lim x, = oo.
n—oo
(iii) If either
Xop < > < Xop+1, forall n >0,
or

X4l < > < Xp,, forall n >0,

then the solution is bounded and

1
lim x, = —
n—oo



On the Dynamics of a Rational Difference Equation, Part 1 21

(c) Assume that

1
o< -—.
4
Then the following statements are true for every non-equilibrium solution {x,};> _,

of Eq. (7.1):
(1) If forsome N > 0, xy_1,xy € [0, x2], then
x, €10,x], forall n > N,

and
lim Xp = )f].
n—>oo

(i) If forsome N > 0, xy_1, xny € [x, 00), then
X, > xp, forall n> N,

and

lim x, = oo.
n—oo

(iii) If either
X1 < X2p < X2 < Xou41, forall n >0,

or
X < Xop+1 < X2 < xp,, forall n >0,

then the solution is bounded and

lim x, = x».
n—00

Proof. The proof follows by the preceding discussion and by employing Theorems 1.6—
1.8. |

8. Equation #7:

Xny1 =B+ n=0,1,.... (8.1)

9
XnXn—1

The change of variables:
1

B }’n\/lg

transforms Eq. (8.1) to the difference equation (2.1). See Section 1.

Xn

Conjecture 8.1. Every positive solution of Eq. (8.1) has a finite limit.
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Open Problem 8.2. Assume that f is a real number. Determine the set G of real initial
values x_1, xo for which the equation

Xn+1 =B+
XnXn—1

is well defined for all » > 0, and investigate the character of solutions of Eq. (8.1) with
X_1,x0€G.

9. Equation #8:

1
Xn41 = Bxn + , n=0,1,.... 9.1)

Xn—1

The main result for this equation is the following:
Theorem 9.1.

(a) Eq. (9.1) has bounded solutions, if and only if

B <l 9.2)
(b) When (9.2) holds, the equilibrium of Eq. (9.1) is globally asymptotically stable.

Proof. (a) Note that
Xnt1 > Bxp

from which it follows that Eq. (9.1) has unbounded solutions for

g =1

On the other hand when (9.2) holds, we claim that every positive solution of Eq. (9.1) is

bounded. Indeed if {x,},2 _, is a positive solution of Eq. (9.1) and if we choose positive

numbers m and M such that

1
1—-8

X_1,x0 €[m,M] and mM =

then
1 1 1 1 1

m=m=ﬁm+ﬁim=I3xo+x—_1§ﬁM+n—1=m=M

and inductively,
X, € [m,M], forall n>—1

which establishes our claim.
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(b) When (9.2) holds, Eq. (9.1) has the unique equilibrium
1
I—8
The characteristic equation of the linearized equation of Eq. (9.1) about x is

22— Br+(1—pB)=0.

X =

From this it follows by Theorem 1.1 that x is locally asymptotically stable.

To complete the proof it remains to show that when (9.2) holds, every solution of
Eq. (9.1) converges to the equilibrium x. This follows now by applying Theorem 1.3.
Indeed for every m € (0, 00) and M > m,

1 1 ((B=DmM+1\[(B—DmM +1
(-t 5y ) (o g =) = (P20 ) ()

and the hypotheses of Theorem 1.3 are satisfied. The proof is complete. [

10. Equation #9:

gy = 2L oL (10.1)

XnXn—1
The main result for this equation is the following:
Theorem 10.1. The equilibrium of Eq. (10.1) is globally asymptotically stable.
Proof. Observe that

Xp—2(a + x,-1)

Xnt1 = , n=1,2,... (10.2)
o+ Xp—2
and that the function @+ %)
y(a + x
flx,y)=——
o +Yy

is strictly increasing in both arguments and every point x > 0 is an equilibrium point of
Eq. (10.2). By Theorem 1.4 it follows that every solution of Eq. (10.2) converges to a
finite limit.
Also note that Eq. (10.1) has a unique positive equilibrium X, and X is the unique

solution of the cubic equation

P -X-a=0.
The characteristic equation of the linearized equation of Eq. (10.1) about the equilibrium
X is

A2+ _% = 0.

X

Hence by Theorem 1.1 the equilibrium x is locally asymptotically stable for all values
of the parameter «. The proof is complete. [
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Eq.#10), gamma=1.4 Eq.(#10), gamma=0.1

o y=f(x,x) ;

i i i
0 0.2 0.4 0.6 0.8 1 1.2

11. Equation #10:

Xntl = VXp—1 + Xpxp—1, n=0,1,.... (11.1)

Here
fx,y)=yy+xy

is increasing in both variables and we can employ Theorems 1.6—1.8 to investigate the
character of solutions of Eq. (11.1).
Zero is always an equilibrium solution of Eq. (11.1) and when

y <1,

Eq. (11.1) also has the unique positive equilibrium x =1 — y.
The characteristic equation of the linearized equation of Eq. (11.1) about the zero
equilibrium is
22— y =0.
From this it follows by Theorem 1.1 that x = 0 is locally asymptotically stable when
y < 1.

The characteristic equation of the linearized equation of Eq. (11.1) about the positive
equilibrium when y < 11is

M+ —-Dr—1=0.

From this it follows by Theorem 1.1 that x is unstable (saddle point).
It is important to note that, when y < 1, the following identities for a solution
{x,1°2_, of Eq. (11.1)

n=-—1

Xopt1 = (¥ + x2)X2n—1, forall n >0,

Xon42 = (¥ + X2n41)X2,, forall n >0,
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imply that one of the subsequences {x3,} or {x2,+1} has a finite limit if and only if the
other has too. Indeed this is clear if the limit of one of the subsequences is positive. On
the other hand when one of the subsequences converges to zero, say

{x2n} - 0’
then eventually
Xon+1 = (Y + X2n)X2n—1 < X2n—1
and so {x2,+1} also converges to a finite limit.

For the long-term behavior of solutions of Eq. (11.1) we have the following result:

Theorem 11.1.
(a) Assume that
y > L

Then every solution of Eq. (11.1) converges to oc.

(b) Assume that
y < 1.

Then the following statements are true for every non-equilibrium solution {x,};2 _,

of Eq. (11.1):
(i) If for some N >0, xy—_1,xy € [0, 1 — y], then
xp €[0,1—y], forall n> N,

and

lim x, = 0.
n— oo

(ii) If forsome N > 0, xy_1, xy € [1 — y, 00), then
X, € [1 —y,00), forall n > N,

and
lim x, = oo.
n— oo
(iii) If either
X <1 —y < xpp41, forall n>0,
or
X4l < 1 —y < x2,, forall n>0,

then the solution is bounded and

lim x, =1—y.
n—o0

Proof. The proof follows by the preceding discussion and by employing Theorems 1.6—
1.8. [ |
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Eq.(#11), alpha=1, A=2

(17 B —— e : e
08 v QA ; BRI A
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12. Equation #11:

o+ XpXp—1
9
A+ XpXxp—1

For this equation we conjecture that every solution has a finite limit but we can only
confirm it when

Xpt1 = n=0,1,.... (12.1)

A > a. (12.2)
Note that the function
Flx.y) = o+ Xy
V= Ty

increases in both variables when (12.2) holds and decreases in both variables when
A <a. (12.3)

Also every solution of Eq. (12.1) is bounded from above and from below by positive
constants. Indeed for all n > 0,

min{a, 1} o+ XpXp_1 max{a, 1}
—— < Xpy| = . .
max{A, 1} A+ x,x,—1 min{A, 1}

(12.4)

When (12.2) holds, Eq. (12.1) has one, two, or three equilibrium points. In view of
Theorems 1.6—1.8 and the fact that Eq. (12.1) has no prime period-two solutions, we see
that every solution of Eq. (12.1) has a finite limit.

When (12.3) holds, Eq. (12.1) has a unique equilibrium point and we conjecture that
it is globally asymptotically stable.

Conjecture 12.1. Assume that (12.3) holds. Show that the equilibrium of Eq. (12.1) is
globally asymptotically stable.
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13. Equation #12:

nXn—1
_—aﬁx, —0,1,.... 13.1
Xn+1 1 P n ( )

The main result for this equation is the following:
Theorem 13.1.

(a) Assume that
B =<1

Then every solution of Eq. (13.1) has a finite limit.

(b) Assume that
B> 1. (13.2)

Then Eq. (13.1) has unbounded solutions.
The proof of this theorem will be a consequence of the following lemmas.

Lemma 13.2. Assume that
B <1.

Then every solution of Eq. (13.1) has a finite limit.
Proof. First we claim that every solution {x,};2 _; of Eq. (13.1) is bounded from above
by %.

Otherwise for some N > 0, which we can choose as large as we please,

- o
AN+1 = —-
B

Hence,
o+ Bxnxy—1 - o
I+xy1 — B

x>l<z)
NTe\B)

i > L(z)
N—1 /32 ,3

and eventually this process leads to a contradiction.
One can see that the function

which implies that

Similarly this implies that

fx,y) = m, for x <

o
1+y B
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increases in x and decreases in y.

The result follows by applying Theorem 1.2 in the interval |:O, %] |

Lemma 13.3. Assume that
B =1
Then every solution of Eq. (13.1) converges monotonically to the equilibrium x = «.

Proof. Note that the following two identities hold from which the result follows:

Xn—1

Xpt] — O = 1o . o l(xn — o) orall n
Xntl — Xp = o —x,), forall n .
This completes the proof. |

Lemma 13.4. Assume that

B> 1.

Then every positive solution of Eq. (13.1) is bounded from below by %.

Proof. Otherwise for some N > 0, which we can choose as large as we please,

o
XN+1 = —

—_— ﬂ .

Hence,
a+ Bxnxy—i _
I+xy1  — B

w365
N=g\B)

<33
AR EAN?

and eventually this process leads to a contradiction. |

which implies that

Similarly this implies that

In view of Lemma 13.4, the function

o+ Bxy
f(x’}’)—ﬁ

is increasing in both variables.
Part (b) of Theorem 13.1 is now a consequence of Theorems 1.6—1.8.
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; ‘Eq-(#12), ‘alpha=0-4yy beta= 2-6‘ Eq.(#12), alpha=0.2, beta=2.3
| ‘ o oy=Ef(xx)
7 12 b
y=x
i
0.8
03 e = o el = e e o e 3 . 04l
02h- :
ol 02
00 0.2 0.4 0‘.6 0.8 1 00 0‘.2 0.4 0.6 0.8 1 12 14
Note that Eq. (13.1) has no equilibrium points when
1
B>14+—, (13.3)
4o
exactly one equilibrium point, namely,
X =2«
when 1
B=1+—, (13.4)
4a
and exactly the two equilibrium points
_ 1 —V1—4a(B—-1) _ 14+ V1 —-4a(B—-1)
X1 = and x; =
286—-1 286—-1
when |
l<B<14+—. (13.5)
4o

The long-term behavior of solutions of Eq. (13.1) resembles that of Eq. (7.1) and further
details will be omitted.

Appendix A

Table of the Global Character of the 30 nontrivial special cases of

_a+ BXpXn—1+ YXn—1
A+ Bxpx,_1 +Cxp_1

Xn+1

In this table we use the following abbreviations:
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Eq.(#12), alpha=0.1, beta=2.2

09+

0.8

0.7

061

04r

0.3

0.2

0.1

y=fxx)

""" o “y=x |

0.4 0.6 0.8 1

ESC stands for “every solution has a finite limit”.
aUS stands for “there exist unbounded solutions”.
ESB stands for “every solution of the equation is bounded”.
ESC*  stands for “we conjecture that every solution has a finite limit”.
ESCP, stands for “every solution of the equation converges to a not
necessarily prime period-two solution”.
o ESB
#1: xpy1 = 1—; ESC*; This conjecture has been confirmed
T XnXn—1 for ¢ <2
This equation possesses the invariant:
1 1
#2 1 xpp = ;; Xpn—1+ Xy + Xp_1Xp + @ ( + —) = constant
(1 4+ xn)xn—1 Xn—1  Xn
ESB
,anxn—l ESC
#3: xpp1=—7"7; o .
1+ xpXn—1 Local Stability - Global Stability
B <1 = ESC
#4 - . ,anxn—l' g>1 = 3U0S
R + X1 See Theorem 5.1

Local Stability - Global Stability
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y <1 = ESC
45 - xn+1=1$; y>1 = 3US
+ XnXn—1 Has Period-Two Trichotomy
See Theorem 6.1
JUS
#0:  Xpgp1 =+ XpXp—1; See Theorem 7.1
| ESB
#7:  xpp1 =B+ ; ESC*; This equation can be transformed
AnXn—1 to Eq. # 1
1 ESB & g <1
#8 : xn+1=/8xn+ > p<1 = ESC
Xn—1 See Theorem 9.1
49 - o« + Xn—1 . ESC
© Xl = XXy 1 See Theorem 10.1
JUS

#10 1 xpp1 = (¥ + x0)Xn—1; See Theorem 11.1

ESB
ESC*; This conjecture has been
confirmed for ¢ < A

o+ XpXp—1 .

#11: x = —;
i A + XnXn—1
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B <1 = ESC
#12 x,,sz; g>1 = 3JUS
T Xn—1 See Theorem 13.1
ESB
o+ XpXn—1 ESC*; This conjecture has been
#13: xpp1 = ——m;
(A + x,)Xn—1 confirmed for « < A
See Theorem 2.1 in Part 2
ESB
414 - e ESC*; This conjecture has been
- Al = A+ xpxn_1 confirmed for « < A
See Theorem 3.1 in Part 2
ESB
o+ X1 ESC*; This conjecture has been
#15: xp41 = ;
(1 + Bxy)x,—1 confirmed for B < 1
See Theorem 4.1 in Part 2
A>1 = ESC
A=1 = ESCP,
1 _
#16: xpe =(A+ﬁ%- A<1 = 3JUS
T XnXn—1 Has Period-Two Trichotomy
See Theorem 5.1 in Part 2
1 = ESC
14 B P S
#17 x,lem- B>1and A#1 = 3JUS

A+ Xp— See Theorem 6.1 in Part 2
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o ESB
#18 1 xp41 7 C :  ESC*; This conjecture has been
T XnXn—1 + CXn—i confirmed for (¢ — C)?> < 4
Bt ESC
#19: x4 T3 - ; Local Stability # Global Stability
T BXnXn—1F Xn—1 Gee Theorem 8.1 in Part 2
o y <1 = ESC
#20 1 xp41 3 - . y>1 = ESCP,
T BXnXn—1+ Xn—1 See Theorem 9.1 in Part 2
#21: xpp1 =@+ xpx0-1 + yxp—1;  JUS
o+ Pxpxn—1+xn—1  ESB
#22 1 x, ;
Tl XnXn—1 ESC*
B <1 = ESC
o+ BxpXxp—1 + Xp—1 B > 1 = Every solution increases
#23 1 Xp41 ;
Xn—1 to oo
See Theorem 12.1 in Part 2
o + BxpXn—1 ESB
#24 : = ;
] I+ Bxpxp—1 + xp—1 ESC*
o+ YXxu—1 ESB
#25 : = ;
T+l 1 4+ BxpX,—1 + Xn—1 ESC*

33
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#26: x . BxnXp—1+ YXxn—1 ) ESB
o+ Bxpxn—1 + Xn—1 ESB
Tt A+ X Xp_1 ESC*
#8 - x o + BxpXp—1 + Xn—1 . JUS
Coom A+ x,_1 > See Theorem 13.1 in Part 2
o+ Bxpxn—1 + Xp—1 ESB
#29 : = ;
Tt Bxp,x,—1 + xp—1 ESC*
#30: x _«a + BxpXp—1 + Xp—1 . ESB
S T A Bxyx,g + . ESCY
References

[1] A.M. Amleh, E. Camouzis, and G. Ladas, On second-order rational difference
equations. I, J. Difference Equ. Appl., 13(11):969—-1004, 2007.

[2] A.M. Amleh, E. Camouzis, and G. Ladas, On second-order rational difference
equations. II, J. Difference Equ. Appl., 14:215-228, 2008.

[3] E. Camouzis, M.R.S. Kulenovi¢, G. Ladas, and O. Merino, Rational systems in the
plane, 2008. In preparation.

[4] E. Camouzis and G. Ladas, When does local asymptotic stability imply global
attractivity in rational equations? J. Difference Equ. Appl., 12(8):863—-885, 2006.

[5] E. Camouzis and G. Ladas, Global convergence in difference equations, Comm.
Appl. Nonlinear Anal., 14(4):1-16, 2007.

[6] Elias Camouzis and Gerasimos Ladas, Dynamics of third-order rational difference
equations with open problems and conjectures, volume 5 of Advances in Discrete
Mathematics and Applications, Chapman & Hall/CRC, Boca Raton, FL, 2008.

[7] J.M. Cushing, Sheree Levarge, Nakul Chitnis, and Shandelle M. Henson, Some
discrete competition models and the competitive exclusion principle, J. Difference
Equ. Appl., 10(13-15):1139-1151, 2004.



On the Dynamics of a Rational Difference Equation, Part 1 35

[8] H. El-Metwally, E.A. Grove, and G. Ladas, A global convergence result with ap-
plications to periodic solutions, J. Math. Anal. Appl., 245(1):161-170, 2000.

[9] H. El-Metwally, E.A. Grove, G. Ladas, and H.D. Voulov, On the global attractivity
and the periodic character of some difference equations, J. Differ. Equations Appl.,
7(6):837-850, 2001. On the occasion of the 60th birthday of Calvin Ahlbrandt.

[10] E.A. Grove and G. Ladas, Periodicities in nonlinear difference equations, volume 4
of Advances in Discrete Mathematics and Applications, Chapman & Hall/CRC,
Boca Raton, FL, 2005.

[11] M.W. Hirsch and Hal Smith, Monotone dynamical systems, In Handbook of differ-
ential equations: ordinary differential equations. Vol. I, pages 239-357. Elsevier
B. V., Amsterdam, 2005.

[12] V.L. Koci¢ and G. Ladas, Global behavior of nonlinear difference equations of

higher order with applications, volume 256 of Mathematics and its Applications,
Kluwer Academic Publishers Group, Dordrecht, 1993.

[13] M.R.S. Kulenovi¢ and G. Ladas, Dynamics of second order rational difference
equations, Chapman & Hall/CRC, Boca Raton, FL, 2002. With open problems and
conjectures.

[14] M.R.S. Kulenovi¢, G. Ladas, and W.S. Sizer, On the recursive sequence x,,+; =
(axy 4+ Bxp—1)/(yxn + 8x,—1), Math. Sci. Res. Hot-Line, 2(5):1-16, 1998.

[15] M.R.S. Kulenovi¢ and Orlando Merino, Competitive-exclusion versus competitive-
coexistence for systems in the plane, Discrete Contin. Dyn. Syst. Ser. B, 6(5):1141—
1156 (electronic), 2006.

[16] Pingzhou Liu and Saber N. Elaydi, Discrete competitive and cooperative models
of Lotka-Volterra type, J. Comput. Anal. Appl., 3(1):53-73, 2001.

[17] H.L. Smith, Planar competitive and cooperative difference equations, J. Differ.
Equations Appl., 3(5-6):335-357, 1998.

[18] Hal L. Smith, Periodic competitive differential equations and the discrete dynamics
of competitive maps, J. Differential Equations, 64(2):165-194, 1986.

[19] Hal L. Smith, Periodic solutions of periodic competitive and cooperative systems,
SIAM J. Math. Anal., 17(6):1289-1318, 1986.



