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Abstract

This paper deals with the oscillation behavior of linear Hamiltonian systems and
related eigenvalue problems with general, linearly independent self-adjoint bound-
ary conditions. The main new aspect of this paper is the fact that we do not require
controllability, strong observability or strong normality of the system. In view of
this generalization it is necessary to introduce a new notion of “proper” eigenval-
ues and their multiplicities of the related eigenvalue problem. We show that the
“proper” eigenvalues of the related eigenvalue problems are always isolated. Fur-
thermore, we introduce a new notion of the multiplicity of a “proper” focal point
of so-called conjoined bases of the differential system. We derive oscillation the-
orems which give a formula for the number of all “proper” eigenvalues (including
multiplicities) smaller or equal than a certain constant with respect to the number
of all “proper” focal points (including multiplicities) of a certain conjoined basis
of the Hamiltonian system. Due to this generalization we are able to treat more
general Sturm—Liouville eigenvalue problems as in the existing literature.
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1. Introduction and Main Results

Second order Sturm—Liouville eigenvalue problems became very famous after their birth
in 1836 by J.C.F. STURM and J. LIOUVILLE [9, 12] because of their importance in the field
of physics. Today many lecture books about ordinary differential equations dedicate a
short section to those eigenvalue problems, often in connection with Dirichlet boundary
conditions. A well-known theorem states that the principal solution of such an eigenvalue
problem

(py) = (@ —21y) =0, y(0) =y =0,

with continuous functions p, g, p(t) > Oforevery ¢ € [0, 1]and A € R, i.e., the solution
of the differential equation above with the initial conditions y(0) = 0, p(0)y’(0) = 1,
has exactly as many roots as the number of eigenvalues of the given problem smaller or
equal to L. Here we call A € R an eigenvalue if there is a nontrivial solution y which
satisfies the related Sturm-Liouville eigenvalue problem and the boundary conditions.
Many authors (cf., e.g., [1,4,7,8,10, 11]) generalized this problem and embedded it in
a linear Hamiltonian system

*=Ax+ Bu, i1 = (C —2Co)x — ATuonZ:=[a,bl,a <b. (H)

Recently the focus on the analysis of this kind of problems lies on discrete eigenvalue
problems [2,3,6]. The tricky part on these kind of problems is to define so-called “focal
points” of special solutions of the related difference equation.

In this paper we deal with self-adjoint eigenvalue problems consisting of such linear
Hamiltonian systems and certain separated boundary conditions, i.e.,

X=Ax+Bu, i=(C—2Co)x —A"u, teI B
RYx(a) + Réu(a) = RYx(b)Rou(b) = 0. E)
Problems of this kind cover a wide range of eigenvalue problems, among them the higher
order Sturm-Liouville eigenvalue problems. The main new aspect of this paper is the
fact that we do not require controllability, strong observability or strong normality of
the system, terms which we will define below. Due to this generalization we can treat
more general Sturm—Liouville eigenvalue problems as in existing literature and we can
reduce problems with general boundary conditions to the case of separated boundary
conditions. For applications of the theory presented in this paper we refer to [13].
Throughout this paper we use the following setting and assumptions. There are

given piecewise continuous matrix-valued functions A(t), B(t), C(t), Co(t) defined on
the interval Z := [a, b] which fulfill

A(t), B(t), C(t), Cy(t) are real n x n-matrices for all t € Z,
B(t), C(t), Co(t) are symmetric for all t € Z,

B(t), C(t) are nonnegative definite for all € Z.
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Furthermore, there are given real n x n-matrices R{, RY, Rb, Rlz’ with
T T
rank(R{, RY) = rank(R?, R}) =n, RIRST = RYRST, RPRE' = RLRY .

We will use the following terminology. For a (real) matrix M we denote by Im M, ker M,
rankM, def M, det M, MT, M~ and M" the image of M, the kernel of M, the rank of
M, the defect of M (i.e., the dimension of the kernel of M), the determinant of M, the
transpose of M, the inverse of M and the Moore—Penrose inverse of M, respectively.
We write M > 0, M > 0 if the (real and) symmetric matrix M is nonnegative definite,
positive definite, respectively. Moreover, I and O denote the identity matrix and the
zero matrix, respectively. If the context does not clarify their dimension we will add
the dimension in their index. For any linear subspace V of R" we denote by dim V
the dimension of V. Of course, limits, differentiation, and integration of matrix-valued
functions are always performed elementwise. Furthermore, given a function f we will
denote the usual left-hand limit of f at the point # by f(#—) and the right-hand limit by
f+).

For any two (matrix-valued) solutions (X1, Uy) and (X», U>) of (H) the Wronskian
XIT HUL(t) — UIT ()Xo (1) is a constant matrix on R (cf., [4, Prop. 1.1.1]). Of particular
importance are so-called conjoined bases of (H), i.e., matrix-valued solutions (X, U)
of (H) with rank(X” (1), UT (1)) = nand XT (1)U (t) = UT (1)X (r). Hence, conjoined
bases are special half fundamental systems of (H). From now on (X,, U,) will always
denote a special conjoined basis of (H) with the initial values X,(a) = X (a; A) =
—R4T, Uy(a) = Uy(a; 1) = RIT.

Definition 1.1. A point ty € (a, b] is called proper focal point of a conjoined basis
(X, U) of (H), if ker X (19) 2 ker X (fo—). The number defX (zy) — defX (¢9—) is called
multiplicity of the focal point ty of X.

Definition 1.2. We call A € C a proper eigenvalue of (E), if there exists a solution (x, u)
of (H) with Cox # 0 on Z which satisfies the separated boundary conditions. Such a
solution (x, u) is called eigenfunction to the proper eigenvalue A. The number

dim{Cy(t)x(t) | (x, u) is a solution of (E)}
is called the multiplicity of the proper eigenvalue M.
Remark 1.3.

(1) By [4, Definition 2.3.1] the Hamiltonian system (H) (or the pair (A, B)) is called
(completely) controllable or identically normal on Z, if b = —ATv, Bv = 0 on
some nondegenerate interval J C Z always implies that v = 0 on J. Note
that B(¢) is symmetric by our assumption. If (X, U) is a conjoined basis of (H),
then by [4, Definition 1.1.1(1)] 7o € Z is called a focal point of X if the matrix
X (tp) is invertible. [4, Theorem 4.1.3] states under our assumptions that (A, B)
is controllable on 7 if and only if the focal points of every conjoined basis of (H)
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are isolated in Z. Observe that every focal point of a conjoined basis of (H) is
also a proper focal point of that conjoined basis but not vice versa. [5, Theorem 3]
implies however that the proper focal points of every conjoined basis of (H) are
isolated as well. Note that the term “generalized focal point” is used in [5] instead
of “proper focal point”.

According to [4, Definition 4.1.2] a Hamiltonian system is called strictly normal
if it is controllable and if a pair (x, u) solves the Hamiltonian system for different
parameters A on some nondegenerate interval J C Z, then necessarily x = u = 0.
Note that we do not postulate strict normality in this paper.

The self-adjointness of the given eigenvalue problem (E) implies that every proper
eigenvalue of (E) is real. Furthermore, let (x, u) be an eigenfunction of a proper
eigenvalue of (E). Then the real parts of x and of # form an eigenfunction as well,
so that eigenfunctions of (E) can be assumed to be real. Therefore we will always
assume that every given eigenfunction is real in this paper.

Two eigenfunctions (xy, u1) and (x7, u2) to different proper eigenvalues A; and A,
of (E) are orthogonal, i.e.,

< X1, Xp >:= f {EITCOxz} (t)dt = 0.
T

This fact follows directly from [4, Proposition 2.2.2].

We will now formulate the oscillation theorems which give a formula that connects the
number of the proper focal points of the special conjoined basis (X,, U,) and the number
of proper eigenvalues of (E) < A except of a certain discrete set

M = {x € R|def X,(b; ) = def X,(b; A+)]}.

In Section 2 we will prove that def X, (b; A+) exists for every A € R and that the set
M is indeed discrete. The oscillation theorems below can be extended to hold also on
this set M as discussed in [13] but this is rather technical. Furthermore, we will use the
following notation.

V= (ker {X7 (t: M) Co(t) Xa(t: 1)} Nker X, (b; ), and

tel

Y € R"*? is amatrix with R” = V @ Im V, where ¢ :=n — dim V;

W = (\ker {X7 (t: W) Co(t) Xa(t: 1)} Nker {RY X4 (b 1) + R3U,(b: 1)} and

tel

W e R™™ is a matrix with R” = W @ Im W, wherer :=n — dim W.
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Theorem 1.4. (Local Oscillation Theorem) Let A(L) := Rf X.(b; \) + R’Z’ U,(b; L).
Furthermore, let

n1(A) denote the number of proper focal points of X,(¢; A) in (a, b]
(including multiplicities),

no(A) :=ind{RT (S| + (UaXZ)(b; A))R} + def{ A (L)W}, where
RY = RSS| + S, with a symmetric matrix S; and a matrix S, with

ker Rg =Im SZT, and R € R™" withIm R = Im RST NIm X, (b; A+),
n3(A) denote the number of proper focal points of (E) < A
(including multiplicities).

Then
ny:= lim ni(A), npy:= lim ny(A)
A——00 LA——00

exist and the equation
ni(x) +n2(d) = n3(Ad) +ny +ny
holds for all . € R\ M.

Theorem 1.5. (Global Oscillation Theorem) Assume the setting of Theorem 1.4 and
let S{, S5 € R™™" be such that S{ is symmetric and the equations R{ = R5S{ + S5,
ker R¢ = Im $$” hold. Furthermore, let the quadratic functional

b
F(x; ko) i= / (xT(C = 20Co)x + u” Bu}(t) dt + xT (b)Y x(b) — xT (a)S$x(a)

be positive definite for a A9 € R, i.e., F(x; Ag) > 0 for every x # 0 satisfying x =
Ax + Bu on [a, b] for some (“control”) u € Cs(Z) and x(a) € Im R, x(b) € Im Ré’.
Then

ni(A) + na(A) = n3(i)
holds for all A € R \ M.
Proof. According to [5, Theorem 1], the definiteness of the quadratic functional F im-

plies that there is no proper focal point of X,(#; A) for all A < A¢ and hence n; =
Alim n1(A) = 0. Furthermore, this theorem implies that no(X) = 0 for all A < Xg
——00

such that ny = N lim ny(A) = 0. Thus, the assertion of the global oscillation theorem
——00

follows directly from the local oscillation theorem, Theorem 1.4. |

Remark 1.6.

(i) [4, Corollary 3.1.3(i)] implies that there are always matrices S1, S, € R"*" which
satisfy the conditions stated in Theorem 1.5 above.
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(i1) Postulating the positive semi-definiteness of the quadratic functional F(x; Ag) is
not enough. If we consider e.g., the eigenvalue problem consisting of the linear
Hamiltonian system

u, tel0,rnr]
0, telm 2],

X =

I
=

with Dirichlet boundary conditions, then the solution x¢(z) = sint,t € [0, ],
xo(t) =0, t € [, 2], possesses a proper focal point in the open interval (a, b)
independent of A.

Corollary 1.7. (Dirichlet Boundary Conditions) Let (X, Uy) denote the principal

solution of (H) at a, i.e., a conjoined basis of (H) with X¢o(a) = 0, Up(a) = I. Asin

Theorem 1.4 letn (1) denote the number of proper focal points of X¢,n| := . lim n;(A)
——00

and n3()) denote the number of proper eigenvalues of (E) < A. Then
ni(d) =n3(d) +ny
holds for all » € R.

Proof. This is a direct consequence of Theorem 1.4 and Lemma 2.4 below as in this
case the matrix R vanishes using the notation of Theorem 1.4. Hence n, (1) reduces to
def { A (M)W}, which is in this special case equal to def {X((b; 1)V}. Now Lemma 2.4
finishes the proof. |

2. Proper Focal Points

In this section we will examine proper focal points of conjoined bases of (H). In particular,
we are interested in the local influence of the parameter A on the number of proper focal
points of a conjoined basis of (H) in Z. The matrices )V and WV are well defined as the
following proposition shows.

Proposition 2.1. The spaces V, W and ﬂ ker X, (¢; A) are independent of the parame-

tel
ter A.

Proof. Letc € V := () ker { X[ (1 20)Co(t) Xa(t: 20) } and (x, u) := (Xa, Ua)(: Ao)c

tel
for a fixed Ag € R. Then x(a) and u(a) are independent of A and Co(-)x(-; X9) = 0

holds on Z. Hence
f=Ax+Bu, 1=Cx—ATu,

i.e., (x, u) solves (H) independent of A. The uniqueness of solutions of (H) and the fact
that x(b) = X,(b)c and u(b) = U,(b)c are independent of A finish the proof. |
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Proposition 2.2. Let (X1, U;), (X2, Uz) be normalized conjoined bases of (H) with
constant initial conditions at the point a according to A, i.e., let (X1, U;) and (X7, U>) be
conjoined bases of (H) with X (1)U () — U] (t)X2(t) = I onT and X, (a; 1) = X, (a),
U,(a; A) = U,(a),v = 1, 2. Furthermore, letfg € Z, Ao € R and X (#p; 1) be invertible
on[Ag—6, Ag+8]forad > 0. Thenforallc € ker X, (fp; A) andforall A € [Ag—38, Lo+6]
the equation

5 f
- {Xl_le} (fo; Ve = cT/ XT (1, ))Co(0) Xa(1; M) di ¢

a

holds.

Proof. We refer to the results of [4, Lemma 4.1.4] and use the same notation. With

Yo - 0 1
A1) = X1(t:0) Xo(t; A)

X\t 0) = (—Xfl(t; MXa(t:2) X A)>
! 0

forall t € Z and A € R, for which X;(#; A) is invertible. Furthermore, let

X1 Xo
Ot )) = (U ; ) (t: 1)
%)

The lemma cited above implies the following equation for all # € Z and for all A €
[Ao — &, Ao + 81

O 7yt . <C>T o (—X7'X2 Xy ’ c
— X; X to; A)c = — — fo; A
3¢ { 1 2}(0 )e o) w\ ey xe! (f0; M)\
T
I —I\T,, . oo Co(t) O . 1. c
= (()) (X, ) (t0; A)/a ) (t,k)( 0 O) D(t; M)dt X, (to; A) (O)
T o
_ (O> / o7 (1; 1) (CO(I) 0) O (r; 1)dt (O>
c a 0 0 c

fo
= cT/ XX (#: 1) Co(t) Xa(2; M)dt c.
a

we have

This concludes the proof. |
Proposition 2.3. The equation

ker X,(b; A) = V holds forall A € R\ M,
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and the set M is discrete. Thus, for all A € R, ker X,(b; A+), ker X, (b; A—) exist and
the following equations hold:

def X,(b; A) — def X,(b; A+) = def X,(b; A) — def X, (b; A—) = def {X,(b; A)V}.

Proof. Using the fact that V C ker X,(b; 1) for all A € R, we derive (by definition of
the matrix V)

def X,(b; X) = dim V 4 def {X,(b; M)V}, L € R.

Now let 1o € R be fixed. To prove the assertion we show that there are §; > 0 and
82 > 0 such that def {X,(b; A)V} = 0 forall A € (Ag, Ag + 1] and for all [Lg — 82, Ao).

We first show that there is a §; > 0 such that def {X,(b; A)V} = 0 for all A €
(20, 20 + 81]._By [4, Proposition 4.1.1] there exists a conjoined basis (X, U) of (H)
such that (X, U) and (X,, U,) are normalized conjoined bases of (H). Then (X, Uy) :=
(X 4+ X4, U + cU,) and (X,, U,) are normalized conjoined bases for all ¢ € R as
well and by [4, Theorem 3.1.2] we may choose ¢ sufficiently large such that X (b; Ag)
is invertible and {X l_lXa}(b; Ag) > 0. The continuity of solutions of (H) implies that
there is a §; > O such that X (b; A) is invertible on [Ag, Ao+ &1]. Proposition 2.2 implies
cT{Xl_lXa}c > O forall c € Im V\ {0} and for all > € (Ag, Ao+ 31]. We especially have
Xa(b; A)e #Oforall c € Im V \ {0} and for all A € (Ag, Ag + §1]. Since ker V = {0}
due to the construction of the matrix ), we can follow X,(b; A)Vd # 0O for all d # 0O
and all A € (Ao, Ao + 81]. This implies the first assertion in this proof.

The second part of this proof follows analogously if we choose 6, > 0 and ¢ €
R sufficiently small such that for the conjoined basis (X, Up) = (X + ¢X,, U +
¢cU,) the matrix-valued function X,(b; A) is invertible on [Ag — 82, A¢) and we have
(X5 X,}(b; 1) < Oforall & € [Ao — 82, Ao). n

The forthcoming lemma gives a formula for the local change of the number of proper
focal points of X, regarding to A. Basically this lemma would lead to a local oscillation
theorem if we had to deal with Dirichlet boundary conditions, i.e., x(a) = x(b) = 0,
only. Hence it is the most important part of this paper.

Lemma 2.4. Let n;()) denote the number of proper focal points of X,(¢; 1) in (a, b]
(including multiplicities). Then n{(A+), n1(A—) exist and

ni(A+) =n1(d), ni(A—=) =ni(d) — def{X,(b; )V}
hold for all A € R.

Proof. First we show that, for any fixed Ao € R, n1(Ao+) exists and the equation
ni(Ao+) = ni(io) holds. As in the proof of Proposition 2.3 let (X, U) be a con-
joined basis of (H) such that (X, Uy,), (X4, U,) are normalized conjoined bases of (H),
(X419, Upy) 18 independegt of A in the left endpoint a, X, (t9, Ao) is invertible for a fixed
fo € 7 and such that {X, 'X Y (t0: 20) > 0. By [5, Theorem 3] and by the continuity of
conjoined bases of (H) there is an &;, > 0 such that
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(1) ker X,(t; Ao) = ker X, (t—; Ao) forall ¢ € [tg — &4, t0 + €41 \ {0},
ker X, (t; Ao) = ker X, (t+; Ao) forall 1 € [tg — &4, 0 + €41 \ {0}.

(i1) X 1 (t; Ao) 1s invertible on the interval [fo — &4, fo + €41

Since the point 7o € Z is arbitrary, the Heine—Borel theorem implies that there are

finitely pairwise different points 71, ...,y € Z and &, > 0 such that (i) and (ii) hold

with t,, &,, (X;,, U;,) instead of 1o, &4, (X4, Uy), but with analogous properties and
N

with 7 C U(tv — &, ty + &,). Because of (i) all proper focal points of X,(-; X¢) are

v=1
contained in {f{, ..., ty}. Let

Vg = m ker {XJCOXG} (ta )\') ﬂkerXa(Ea )")7 %- Sy
t€la,&]

Proposition 2.1 implies that the space Vg is independent of A for all § € Z. Furthermore,
let Vi € R™™ YV, € R, V3 € R withmy :=n —dimV;,_, , my :=n —
dimV,,m3 :=n —dimV, .., , such that

R" =Im V| ® Vi—g,, =Im V2@ Vi =Im V3 @ Vy 4, .

Because of the continuity of conjoined bases of (H), there exists a §;, > O for each
v=1,..., N, such that

(ii1) itv (t; A) is invertible on [t, — &;,, t, + &, ] X [Ao — &¢,, Ao + &;,] and

(v) VI X' X} (ty — e,,; MV is invertible for all & € [Ao — &, Ao + 8,1\ {Aol,
VI X, Xa} (ty; M)V, is invertible for all A € [Ao — &,, Ao + 8,1\ {Ao} and
V3T {X,:lXa} (ty + &:,; A)V3 is invertible for all A € [Ag — &;,, Ao + ;1\ {A0)-

Let § := r{linNétv > (. According to (ii1), the matrix-valued function H(¢; A) :=
v=l1,...,

{itz]Xa}(t; A) 1s well defined on [t, — &;,,t, + &,] X [Ao — §, A0 + 8] for all v =
I,....,N. Let ui(t; 1), ..., un(t; A) denote the eigenvalues of H(z; A). Since H is
symmetric, continuous in both variables and monotone increasing in ¢ as well as in A in
[ty — &1, ty+&1,]1 X [Ao — &, Ao+ 8] (compare [4, Proposition 4.1.2] and Proposition 2.2),
also the eigenvalues w(t; 1), ..., u,(¢; A) are continuous and monotone increasing in
t as well as in A if properly ordered by [4, Proposition 3.2.3].

Furthermore, (iv) implies: If u;(t, — &;,; A) = 0fora A € [Ag — 8, Ao + 6] \ {0},
then we have w;(t, — &,;A) = 0 on [Ag — 5, Ao + S]; if w;(t, + &;,5A) = O for a
A€ [Ao —38,A0 4+ 6]\ {Ao}, then we have w;(#, + &;,;A) = 0on [Ag — 8, Ag + 8]; if
wi(ty; A) =0fora i € [Ag — 8, Ao + 6] \ {Xo}, then u;(¢,; ) =0 on [Ag — 8, Ao + §].
We always impose proper notation.

Now let ¢, be a proper focal point of X, (-; o) with multiplicity k¥ > 0. We show
that for all A € [Ag, Ao + 8] there are exactly k proper focal points of X, (-; A) (including
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multiplicities) in (f, — &, t, + &;,). Since the union of these intervals overlaps Z, the
existence of n1(Ag+) and the equation n1(Ao+) = ni(Ao) follows.

Because of {X, "X ,}(ty; 10) > 0 and since k is the multiplicity of the proper focal
point t, of X,(-; o), thereisac € {0, ...,n — k} with

Ml(tv§ )“0) = ... = Mk(tv; )\O) = 07
Met1(ty; o) = ... = Mikye(ty;Ag) = 0,
Mitet1(tos Ao) ..., ma(ty;Ao) > 0.

Since ker X,(t; Ao) 1s constant on [#, — &, t,) and on (t,, t, + &, ], according to (i) and
because of the monotonicity of the eigenvalues p; in ¢, itholds thatforall ¢t € [t, —¢; , 1))

wi(t; o), .., wk(ts Ao) < 0,
i1t ko) = ... = ite(t; 20) = 0,
Mkte+1(E5A0) oo, ua(t; Xo) > 0,

and for all t € (¢,, 1, + &,]

wi(t; ho) ..., wk(t; Ao) > 0,
Mk+1(t; )\'O) ’ .. E) /JLk-f—C(t; )"O) Z 0’
Wkter1(@; 20) , - n(t; Ao) > 0.

Because of (iv) and the monotonicity of the eigenvalues w; in A, we have for all A €
[A0, Ao + 6]

w1ty — &3 A) oo wk(ty — &3 M) < 0,
i1ty — €05 A) oo, Mkge(ty —&15A) = 0,
Mkter1(ty — €15 A) oo Wty — &3 A) > 0.

Furthermore, (iv) and the monotonicity of the eigenvalues w; in A imply that for all
A € [Xo, Ao + 6]

Ml(tm)\') ’ LRI ) ,U«k(tv’)\') 2 05
M1 (B A) oo Mkge(BsA) > 0,
Mi+ct1(tvs A) ey (s A) > 0

holds. Finally, the monotonicity of the eigenvalues w;(-; 1) in ¢ for all A € [Ag, Ao + §]
implies

w1ty + &5 A) oo, k(& L) > 0,
I’Lk+1(tv+8tu;)") s eee /‘Lk+C(tU+8fu;)‘) = 0»
Miter1 (B + &5 A) oo pp(ty + €15 A) > 0.

Because of the continuity and the monotonicity of the eigenvalues p; in ¢, there are
uniquely determined t; , € (f, — &, t,] such that ;(7; »; A) = 0 and pu;(tr; A) < O for
allt e [ty —¢, 1), i =1,...,k,and all A € [Ag, Ao+ 5]. These points are exactly the
proper focal points of X,(-; ), A € [Xo, Ao + 8), since the defect of X,(¢; 1) equals to
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the number of those eigenvalues of H (¢; 1) that are equal to zero, and these are the only
points with this property in (t, —&;,, t, +¢&;,), v =1,..., N,ie,forall A € [Ag, Ao+ 6]
there are exactly k proper focal points of X, (-; A) in (¢, — &;,, t, + &;,). This implies the
existence of n1(Ag+) and proves the equation ny(Ao+) = ny(ro).

It remains to prove that n1(Ag—) exists and nj(rg) = n1(Ag) — def {X,(b; Ag)V}
holds. Only for this part, we introduce the term “right proper focal point” of a conjoined
basis of (H): for #g € (a, b) letr € {0, ..., n} be the number of the linearly independent
vectors di, ..., d, € R" with

d; € ker X (t0), di & ker Xq(to+), di ¢ () ker Xu(1).

tela,t]

Given this setup, we call 7 a right proper focal point of X, with multiplicity r if r > 1.
For clarity, we will give a short interpretation of right proper focal points of X, and point
out the connection to the (left) proper focal points of X,. The defect of X,(¢; 1) equals
to the number of eigenvalues of H (¢; A) which are zero. A proper focal point (¢; A) of
X, with multiplicity k is characterized as follows: There are exactly k eigenvalues u;
of H with w;(¢t; A) = 0, u;(t — &; 1) < 0 for every sufficiently small ¢ > 0 if properly
numbered. All of these eigenvalues of H are (if properly numbered) identically zero on
some compact (maybe degenerated) interval of Z. The right endpoint of such an interval
is just a right proper focal point of X, if this point is different from b. Furthermore, we
want to guarantee that this point is connected to a proper focal point of X, i.e., that the
eigenvalue of H is not identically zero on [a, #g].

Let 711()\) denote the number of the right proper focal points of X,(-; A) in (a, b)
(including multiplicities). Then the following relation holds between the number of the
proper focal points of X, and the number of right focal points of X,:

m) =nm ) — (def X,(b; A) — dim ﬂker Xq(t; k)) forall A € R.
tel

We now show that 717(A—) exists and n1(A—) = 7n1(1) holds for all . € R. Since
def X,(b; A—) exists due to Proposition 2.3 and since ﬂ ker X, (¢; ) is independent

tel
of A, according to Proposition 2.1, the existence of 7] (A—) for all A € R implies the

existence of n1(A—) for all A € R, and with Proposition 2.3 we can determine the
following identity for every A € R, if we show the identity above. We have

ni(A) —ni(A—=) = n1(d) +n1(A—) + def X, (b; ) — def X, (b; 1—)
= def X,(b; M) —def X,(b; A—) = def {X,(b; M)V},

i.e., it suffices to prove that 77 (A—) = 71 (A) holds for all A € R.

Analogously to the first part of this proof, we show that 7} (Ao—) exists for a fixed
*o € R and 111 (Ao—) = n1(Xo) holds. Therefore, letzy, ..., tn, &, ..., &, be defined
as above and let (i)—(iv) hold. Because of (i), every right focal point of X,(-; X¢) is
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included in the set {f1, ..., ty}. Lett, € (a, b) be a right focal point of X,(-; A9) with
multiplicity » > 0. We show that for every A € [Ag — 3, Ao] there are exactly r right focal
points of X, (-; A) (including multiplicities) in (¢, — &, t, + &;,). Since the union of
those intervals overlaps Z, the existence of 777 (Ag—) and the equation 77y (Ag—) = 7111(Ag)
follow. N

Because of {X ) 1Xa}(t,,; Ap) > 0 and since r is the multiplicity of the right focal
point of X,(-; Ao), thereisad € {0,...,n —r} with

mi(tv; 2o) = ... = (8 Ao) = 0,
Ur+1(tvs 2o) = ... = Urga(ty; Ao) = 0,
Mrtd+1(ti2o) oo o pa(tus Ao)(tv; 2o) > 0,

if the eigenvalues of H are properly numbered. Since ker X, (¢; Ap) is constant on
[t,—e&s,, 1) and (8, 1, +€;, ], respectively according to (1) and because of the monotonicity
of the eigenvalues p; in ¢, we have forall 7 € [¢, — ¢, 1))

MI(Z;)\O) El L] ’ Mr(t;)\()) S 09
et o) oo, Mrga(tsAo) <0,
Mrid+1(E20) 5 oo, Ma(t; Ao) > 0,
and forall t € (¢,, t, + &, ]
w1t o), .., wr(t Xo) > 0,
Mr+1(E520) = ... = Wrya(t; ko) = 0O,
Mrydr1(t; o), ..., ua(t;kg) > 0.

Furthermore, (iv) and the monotonicity of the eigenvalues u; in A forall A € [Ag— 3, Ag)
imply

w1t A) oo we(ts A) < 0,
Mr—l—l(tv» )\') ’ e ’ Mr—i—d(tl); )") S 0’
Mrtd+1 (s A) 5 oo a(fys A) > 0.

Finally, (iv) and the monotonicity of the eigenvalues px; in A imply for every A € [Ag —
S, Ap):

pi(ty —&nsd) o oo pety—en3d) = 0,
Mrs1(ty — €15 8) ooy Mrgd(ty — &3 A) =0,
Mrtd+1(ty = E0,50) ..o a(ty —€&,5A4) > 0
and
ity +&,5A) oo, Wty F g A) > 0,
Mr1(ty +€1,58) ooy Mrpd(y +6454) =0,
Mrvde1(ty + &0, A) oo, wa(ty +&,54) > 0.
The continuity and monotonicity of the eigenvalues w; in ¢ imply for all i € {0, ..., r}

and for all A € [Ag — §, Ao] that there are uniquely determined 7; ; € [t,, t, + &) with
wi(tin; A) =0; pi(r; &) > O0forall T € (1;,, t, + &,]. Consequently, for these points
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there is a ¢ € R" with ¢ € ker X, (i 5; 1), ¢ & ker X,(t;.p+; A) and ¢ & ﬂker X, ().
tel
If there was a ¢ € ﬂ ker X, (¢), the independence of ﬂ ker X,(¢) of A would
te€la, il t€la,tiz]
imply that ¢ € ker X,(7; ; Ao), ¢ & ker X,(7; »+; Ao), and this contradicts the fact that
the kernel of X, (-; Ag) is constant on (¢,, ¢, + &;,] according to (i). Hence these points
are the right focal points of X,(-; A) for A € [Ag — &, Ag]. These are the only points in
(t, — &1, ty + &;,) with this property, i.e., forall A € [Lg — 8, Lo] there are exactly r right
focal points of X,(-; A) in (t, — &, t, + &,). [ |

3. Proper Eigenvalues

Proposition 3.1. Let M € R™"*",m < n,and r € {0,...,m}. Then there exists an
invertible matrix Z € R™*" and a matrix C € R"*"~") such that

M CM
M7 — 1 2
0 My

with certain matrices M1; € R"™*" and My, € Rm=x(=7),

Proof. Let ki be the maximal number of linearly independent vectors ¢y, ..., ¢k, € R
for which there are z1, ..., zx, € R" with Mz, = (CVT, O)T, v =1,...,k;. Suppose
{Zky+1, - - ., 2k, } isabasisof ker M. Thenthe vectors zy, .. ., zx, are linearly independent.
Since

rankM < k; +m —r,

we have
r<m-n-+tk;+defM <ky+def M = k.

Now, let zx,+1, ..., 2, € R" be further vectors such that {zy, ..., z,} is a basis of R".
With Z := (z1, ..., z,) we have

MZ = (Mz Mz,) = My My
1y eeer Mzy 0 M

with certain matrices My, € R, My, € R™*") ppyy € ROPTIXA=T) - Because of
the relation
R"™" = ker M, @ Im MZTz = ker M1 @ Im MITZ,

it remains to prove that ker My C ker M ;. With d € ker M, we have

wf)-(5)



234 Markus Wahrheit

0
Now assume that d ¢ ker M1,. Then Z (d) would be linearly dependent of the vectors

21y v vy Thys ki <r,ie.,
0 k1 n
‘ (d) =D wn= )
v=1 v=r+1
withd = (d; 41, - . ., dn)T andcertainay, ..., ok, € R. Butsince the vectors zy, . .., Zx,,
Zr+1s - - - » Zn are linearly independent, we would have d = 0 in contradiction to d ¢
ker M12. |

Proposition 3.2. The proper eigenvalues of (E) are isolated.

Proof. Assume that the proper eigenvalues of (E) are not isolated. Then there is a
sequence of proper eigenvalues (Ax) of (E) with related eigenfunctions (xg, ux) which
converges to a proper eigenvalue A of (E). Let (X, U) be a conjoined basis of (H) such
that X (a) and U (a) are independent of A and such that (X, U), (X4, U,) are normalized
conjoined bases of (H), i.e., fulfill the equation XTUa — UTXa =J]onZ ForkeN
consider the fundamental matrix ®; with

o A B o o —o, . Y@ Xa@
“=\ecmcy —ar] P PO=P= G0 @)

Because of the continuity of solutions of (H) and by the compactness of the interval
T = [a, b] it follows that ®; converges uniformly on Z to & with

¢ 4 b O, )=
“\c-acy —ar) 5 T e

Xk Ck
(uk> (1) = Pr(2) (dk) :

rank (R{, RS) = n,

R{xy(a) + Réux(a) = (R¢X(a) + RSU () cx + (R Xa(a) + R4Uq(a)) dy = 0,

Let (ck), (dr) C R" with

Since ®(a) is invertible and

it follows that (c;) = 0. Hence

) o = o) [
" (1) = Pk (1) 4]
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Without loss of generality we may assume dy € Im W, ||dk|| = 1 for k € N. Hence (dy)
is bounded and there is a subsequence which we also want to denote by (dy) with

di > d(k—>o00), deImW, |d||=1.

It follows that

(t) — = d(r) (k — o0) uniformly on Z.
Uy u d

According to Remark 1.3(iv), eigenfunctions belonging to different proper eigenfunc-
tions are orthogonal to each other, i.e., < x;, x; >= 0 for all k¥ # [. Consequently,

< X,X >= klim < Xg, Xp+1 >= 0, i.e., Cox = 0 on Z and R{’x(b) + Ré’u(b) = 0.
—00

Hence d € W in contradiction to d € Im W \ {0}. [ |

Proposition 3.3. 1 € R is a proper eigenvalue of (E) if and only if def {A (X)W} > O,
and then this number equals to the multiplicity of the proper eigenvalue A of (E).

Proof._As in the proof of Proposition 2.3, there is a conjoined basis (f U ) of (H) such
that (X, U), (X4, U,) are normalized conjoined bases of (H). The vector-valued solution

(x, u) of (H) is of the form
X c1
( )(t)=<1>(t)( )
u c2

with constants ¢y, ¢; € R", where ®(¢) is defined as in the previous proof. Observe that
(x, u) fulfills the boundary conditions and Cox % 0 on Z if and only if

RPX(b; M) + REU(b; &)  RPX4(b; 1) + REUL(b; 1)

(R?iw; M)+ RSU(a; ) R{Xa(a; 1) + R§Uu(a; x>> (01) .,
(e ’

T
(Cl) f()? Xo)" @ 0Co) (X Xa) (61 ) dt (cl>>0.
T

c2 2

The initial values of the special conjoined basis (X, U,) of (H) imply R{X,(a) +
R5U,(a) = 0. Since rank(R{, R7) = n and since ®(a) is invertible, it follows that
c¢1 = 0. Therefore (x, u) is an eigenfunction of the proper eigenvalue A with multiplicity
k if and only if there are k linearly independent vectors ¢, with

A(X)c2 =0and Co(t) X, (t; A)ca #0on L.

Hence A € R is an eigenvalue of (E) if and only if def {A (A)WW} > 0, and this number
equals to the multiplicity of the proper eigenvalue A of (E). |
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Proposition 3.4. There are orthogonal matrices P, Q € R"*" such that

X1u(x) 0 Uipgx) 0
X,(b; 1) =07 PT, U,b;x) =0T pT
(b; 1) =0 ( 0 0) (b;2) =0 (Uzl(k) Uzz)

with a matrix-valued function X1 (A) € R™™", r := rankX,(b; A+), which is invertible
on the set R \ M, matrix-valued functions Uy (1) € R™", Uy (L) € R">" and a
constant matrix Uy € R"*=)x(=7)

Proof. According to Proposition 2.3, the set M is discrete such that there is a 1o € R
and an orthogonal matrix P € R"*" with ker X,(b; Ag) = ker X,(b; Ao+) and

Xab; M) P = ( % ,0) withr :=rankX,(b; Ag).

r
By the Gram—Schmidt theorem there exists an orthogonal matrix Q € R"*" such that

X, (b aoyp = (X0
Qa(v 0) - 0 0

with an invertible matrix X{; € R"*". Now, let

~ B X11(A) X2(h) L .
X0 = <X21()») Xzz()»)) = QXabiWP,

~ o fUn®) Up®) ,
ve = <U21<A) Uzzm) = QU )P

with certain matrices X11(A), U1 (M) € R™, X1o(h), Up(h) € R™>U= 0 x50 (0),
Usi(A) € R"DX7 X550 (A), Upa(h) € R#*=7) 53 e R. The identity
Xlz()\.) = Xzz()\,) =0forall A e R

follows directly from the definition of P and Proposition 2.3. Since X,(b; A)c = 0 on
R and hence ¢ € V according to Proposition 2.3, Co(-) X, (:; A)c = 0 holds on Z for all
A € Rand so Uj;(+) and Uy (+) are constant. We set Uy := Uja(rg), Uy := Uz (Xg).
Now

Sro XU + X3,00Un() X{[(WUi + X3,(0) U

X MUK =

0 0

= PH{XgUa}(b: 0P

is symmetric for all A € R according to the definition of a conjoined basis of (H).
Furthermore, the definition of Q implies that X»1(1o9) = 0 and hence U,; = 0 because
of the invertibility of X11(Xp). Next, Up; is invertible because of

X(v) UfiG0) U 0»0))

n = rank(X7 (o), UT () = rank
0 0 Ul
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We get
ST~ XL, )UHM) + X3, (MU (A) X3, ()U
XT(A)U(A): 1)U A) + X51(M) Uz (1) 21 (M) U2
0 0
for all A € R. The symmetry and the invertibility of U, imply X»1(-) = 0. This and
Proposition 2.3 finish the proof. |

Proposition 3.5. Let (X, U) be a conjoined basis of (H) with X (a; A) = X (a) and
U(a; L) = U(a). Furthermore, let

X11(x) O Un(x 0
X(b;x>=< lg() 0), U(”;“:<U;EA; Uzz),

with an » x r-matrix-valued function X, r := rankX (b; A+), which is invertible
up to isolated points, matrix-valued functions Uj () € R™", Uy (r) € R®=>r
and a constant invertible matrix Uy € R X"=") Then the matrix-valued function
{Un X fll}(k) i1s monotone decreasing on every interval on which X11(A) is invertible.

d
Proof. On every interval, on which X11(A) is regular, and with T =" and with sup-
pressing the argument A, the following equation holds:

onxY = xphTixtuy, - vl xixy!

T
— Xl_l1 XlTlU{I_UlTlX/ll 0 Xl_l1
0 0 0 0
N7 _
— Xll1 XlTl 0 Ulll 0 _ UlTl U2T1 /ll 0 XHI
0 0 0/)\Uj Uy 0o uLJ\0 0 0
x1\' X!
= < “) (XT(b; YU (b; ) — UT (b; ) X' (b; -)}( (1)1).
We now have

%{XT(I; W' (t;) = UL (t; )X (15 )} = (A X (13 ) + BOU ;- NTU' (5 )

+XT(t; )UC @) = ACo) X (t; ) — AT(OU'(t; ) — Co() X (£5 )
—((C(1) = ACo)X(t; ) — ATOU @ NTX' (85 )
—UT(t; YAOX (t; ) + BOU'(t; )

= —X"(t; )Co(HX(t; ),

such that
-1 -1

T
/ X X
Unxtt=—("1 X7 (z; )Co() X (r; )dr |~ ).
H o) Jz 0
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Since the matrix-valued function Cy is positive semi-definite on Z according to our
assumptions, the assertion follows. [

Proposition 3.6. Let r := rankX,(b; A+). There exist certain matrices Rﬂ), R](zl) €
R, R e RO=xr R RY € R ¢ €y € R such that with

(D (1) (2)
Rb.— ( Ry R12) Rl .— ( Ry 0 )
L= (2) (1) 2 (2) (2)
RyyCi1 Ry, Ryy’Cyr Ry,

the following statements hold:
(i) Im RY" = Im RYT
(i1) ker(EbXa(b; A) + ﬁgUu (b; 1) = ker(RbXa(b; A) + RZZ’UQ (b; 1)) forall L € R.

(iii) Let S1 be a real symmetric matrix and S be a real matrix with R? | = R2 S1 + Sz,
ker Rz Im SZT Then there is a real matrix Sz such that Rb R2 S1 + Sz,
ker Rz = Im 52 .

T
(iv) rank (Rgll), R](ZI)) =r and Rfll)Rﬁ) 1S symmetric.

Proof. According to [4, Corollary 3.1.3(1)] there is a symmetric real matrix S; and a real
matrix S such that R’l’ = RIZ’ S1 + S», ker R’z’ = Im SZT . Proposition 3.1 implies that
there is an invertible matrix Z € R"*" and a matrix C, € R®”™*" such that

T T
bT Rﬁ) G R(z)
with certain matrices Rj; € R, Ryy € R™)X=7) e get

@)
RC:=7Z"RV, Ry=z"Ry=( ! S =278,
: RZcC, RY
ThenIm R:' = Im R7, i.e., (i) holds, and
rank (ﬁb, ﬁg) = rank (ZT (Rb, Ré’)) = rank (Rb, RS) =
and o ~ o~
RORST = Z"RORY 7z = ZT RORY 7 = RERYT.

We apply [4, Corollary 3.1.3(ii)] with R, = Rﬁ), = R(z) and S1 = 0 in each of the two

cases and conclude the existence of the matrices Sl(1 R"*" and Sg) e RO—r)*x(=r)
for which

Im gﬁ)T = Kker Rﬁ), rank (SE%),R(2)> = 7,

Im 5(2)T = ker R;z), rank (Sg), R(z)) = n—r
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holds. With 52 := 52T we have
Rg)c S(2)T +R(2)S(2)T 0.

Together with
S(2) S(2)

S = ~r
0 59
we get the result

Q) T (2) T o7 2) (2)T
2= @) p2) =0
N T
0 Sy Ry,
and
(2) ) 2)
(5 5@ g® g
@) 2 2
\ 0 522 Ry, G Ry,
"’(2) <T@ 2
(5@ 52 g®

\ 0 55 0 RY

rank(gz, §l27) = rank

= rank

We especially retrieve the result
n— rankﬁé’ > rank§2 > rank(gz, ﬁé’) — rankl?’z’ =n— rankﬁé’ ,

1.e., ker §2 Im S2 We now set Rb = R2 ST+ Sz, i.e., (iii) holds. Now let S(l)
Rrxr S(l) = Rrx(n r)’ Sé;) c R(n r)X(n r) such that

(1 (1)
1 =
M7
Sz Sx
Then we have
N Rﬁ)S(D + S(2) R(Z)S(l) + S(Z) Rﬂ) Rg)
RV = _

with some matrices Ril) e R™*", R(l) e RV *n=r), Rélz) c R—xn=r) o, ¢ RIA=r)xr,
Furthermore, with this setting we have

rank (R](ll), Rﬁ)) = rank (Sl(z) R(z)) r



240 Markus Wahrheit

and
R(l)R(2)T _ Rﬁ)S(I)R(Z)T

is symmetrlc ie., (iv) holds Furthermore, by applying [4, Corollary 3.1.3(i)], we have
ker(R1 , Rz) = ker(Rb, Rz) so that for every A € R the equation

ker (R? X o(b; 1) + R5U4(b; 1)) = ker (R X4 (b; 1) + RSUL(b; 1))
=ker (Z7 (RVX,(b; 1) + R5U,(b; 1)) = ker (RYXo(b; 1) + REUL(b; 1))
and hence (iii) holds. [ |

PropOSItlon 3.7. Let Rb R2 S1 + 2 with a symmetric matrix S; and a matrix S> with
ker RY = Im ST . Furthermore, let R € R™*" be a matrix with

Im R =Im R" NIm X, (b; A+)

and let '
n2(A) :=ind {RT (S| + (UsX))(b; M)R} for & € R.

Then 7, (A+), 12 (A—) exist for all A € R and we have the following equations for
A eR\ M:

na(A+) = n(A) +def (AW}, na(h—) = n2(R).
Proof. Proposition 3.4 yields the existence of orthogonal matrices P, Q € R"*" with

Xu@x) 0 Ui 0
X,(b:2) = 07 P, U,b;2) =0T pT
i) Q( ) ) b= 0 (W )

with an r x r-matrix-valued function X, r := rankX,(b; A+), which is invertible on
R \ M, and the matrix-valued functions U;j (1) € R"™", Uy (1) € R"7X" } € R,
and an invertible matrix Uyy € R®™)*(=") [ et

R{ = P'R{Q", RS = P'R5Q",
R} = P'RIQ". RS = PTRQ",
Xa(t:2) == QX (t: DP,  Uat: 1) := QUy(t: M) P,
and
A@) == QAMQ", B1):=0BnQ", C(1):=0C1HQ", Cot) := QCo(1) Q"

fort € Z, A € R. Then (X,, U,) is a matrix-valued solution of the system of differential
equations

Xo=AXo+BUs, Us=(C—-2C0)Xa— AU,
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with X,(a; L)) = —EgT, Us(a; \) = B‘fT. We further define R := QR and §; =
(0N QT. Hence we have

Ir r
Im R =Im QRSY NIm QX,(b; A+) = Im R5T N1Im < oX >

and
RT(S1 + (U X)) (b; M)R = RT (S1 + (Ua X)) (b; 1)R.

Thus,
(0 = ind {RT (S1 + (Wa X)) (B; 1) R).

Moreover, with S» := PTSZ QT, we have
R} = R3S1 + Sy iff R} = R5S1 + $2

and ker RS = ker R;QT = Im QS = Im §7. According to Proposition 3.6, there

are matrices Rﬂ), Rﬁ) e R™", Rg) e R (=), R%), R% e R=xn=r) ¢, C, e
R"=)>" such that with

(1) (D

) Ry Ry, .
1= , 2=

) (1) (2) 2

Ry, C1 Ry, Ry Ca Ry,

2
Ry 0

the following holds:
(i) Im R5T =Im R,".

(i) ker(R1 Xq(b; 1) + Ralla(b; 1)) = ker(RE X (b; 1) + RS X a(b; 1)) = ker A(L),
where A(L) := RYX,(b; ) + RSU,(b; ).

(i11) There is a matrix §2 with

I?l = §2§1 + §2, ker ﬁz =1Im §2T

(iv) rank (Rﬂ), R§21)> =r and Rﬁ) Rﬁ)T 1S symmetric.

2)
e (I (BT 0
Im R=Im R, NIm = Im
0 0 O

and hence we can assume without loss of generality that

R = Rﬁ)T 0 .
0 0

Then
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Let S;; € R7™%", S € R7”X) g0 ¢ ROTIX(=7) e quch that
S St Si2
1= .
S, Sxn

NG 2 _ 2
(Rgl)Ril)T+R§1)U11(A)X111()‘)R§1)T 0)

Then we have for all L € R\ M
RT(S1 + (WaX])(b; MR =
0 0
i.e.,

~ . D 2 2 - 2
nz(A) = ind {Rgl)R&)T + Ri1)U11(A)X111()‘)R§1)T}

for all A € R\ M. We now may apply [4, Theorem 3.4.1] since rank <R§11), Rﬁ)) =

rank(X 1, U1))(A) = r,Rgll)Rﬁ)T is symmetric and {XlTl U11}(2) is also symmetric for
all A € R, X11(2) is invertible up to the discrete set M and because of Proposition 3.5.
According to this theorem 113(A+), n2(A—) and def A(A+) exist and

M(4) — a(A—) = def A(%) — def A(A+) — def X11(%),
where K(A) = Rgll)Xn(k) + Rﬁ)Un(k). Furthermore, let
M) == RYRDT + RPU L )X RPT = A X T (WRWP.
Since M (i) is symmetric for all A € R and
rank(A() X7 (0, RY) = rank(R{}, RY) = 1,
we may apply [4, Theorem 3.1.2(ii)] which yields
ker M (1) = ker AT (1) @ ker Rﬁ)T

for all A € R\ M. Finally, using the continuity and monotonicity of M(X) on every
interval where X (-) is invertible, we obtain

#(A+) — a(A) = ind M(A+) — ind M (1) = def M (L) — def M (A+)
= def A(L) — def A(A+)

AV 0
= def | @
Ry, (C1X11(A) + C2UN(A) + U1 (M) Ry, U

AGA+) 0
—def | ) 2
Ry, (C1X11(A+) + QU1 (A+) + U1 (A+)) Ry, U

= def (R Xa(b; 1) + Ralla(b; A)} — def {R1 Xa(b; A+) 4+ Ralla(b; A+))
def A(A) — def A(A+).
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Since ker A(A) = W up to a discrete set by Propositions 3.2 and 3.3, ker A (A+) exists
and def A(A+) = dim W holds for all A € R. By the definition of the matrix W, we
have R" = W & Im W and ker WW = {0}. Hence

def A(A) =dim W +def {A(L)W]} forall A € R,

ie.,
s (M) — o (L) = def A1) — def A(A+) = def {AG)W)
and
ny(A+) — na(A—) = def {A(M)W)}
forall L € R\ M. n

4. Proof of Theorem 1.4

In the previous two sections we have collected all the tools we require to easily retrieve
the proof of Theorem 1.4.

Proof of Theorem 1.4. The set M is discrete according to Proposition 2.3. [5, Theorem
3] implies that 71 (A) is finite for all A € R. Lemma 2.4 states that

ni(A+) —ni(A—) = def {X4(b; M)V}

forall A € R. In particular, n1(-) is nonnegative, integer-valued and monotone increasing
on R. Hence there is a | € R such that n(-) is constant on (—o0, A1), i.e.,

def {X,(b; L)V} =0 forall A < Aj.
Therefore n| = N lim n(}) is well defined. n,(-) is well defined according to Proposi-
——00

tions 3.2, 3.3 and 3.7. Furthermore, these propositions imply that ny(A+), na(A—) exist
and the relation

no(A+) —no(A—) = def A(L) — def A(A+) — def {X,(b; M)V}

holds for all A € R. Since 0 < n(X) < 2n by definition, n(A) is bounded for all A € R.
Moreover, ny(-) is integer-valued and monotone increasing on (—oo, A1). Hence there
is a Ap < Ap such that no(X) = n, for all A < A7, and so ny is well defined. According
to Propositions 3.2 and 3.3, n3(A+) and n3(A—) exist and the equation

n3(A+) — n3(A—) = def A(L) — def A(A+) holds for all A € R.

Since n3(-) is an integer-valued function by definition and monotone increasing on R,
we conclude that . lim n3()) exists. Moreover, the definition of n3(-) implies that this
——00

limit is zero. Hence we have proven the following equations for all A € R:
ni(A+) —ni(A—) = def {X,(b; MV},
ny(A+) —na(A—) = def A(A) —def A(A+) — def {X,(b; 1)V},
n3(A+) —n3(A—) = def A(X) —def A(A+).
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Furthermore, Lemma 2.4, Proposition 3.7 and the monotonicity of n3(-) imply
ny(A+) =n,(A) forallA e R\ Mandallv =1, 2, 3.

The fact that ny (A+) + ny(A+) — n3(A+) is well defined and constant on R finishes the
proof. |
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