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Abstract

We prove asymptotical stability and instability theorems for 2 x 2 system of first-
order linear dynamic equations on a time scale with complex-valued functions as
coefficients. To prove stability estimates and asymptotic stability for a 2 x 2 sys-
tem we use the integral representations of the fundamental matrix via asymptotic
solutions, the error estimates, and the time scales calculus.
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1. Main Result

In this paper we study asymptotic stability of a system of linear dynamic equations on a
time scale Too = T N (y, 00):

u¥ (1) = ADu@), (1.1)

where 1" is the nabla derivative (see [7]), u(t) is a 2-vector function, and

A() = (an(t) a12(t)> (1.2)

ax1(t) ax(t)

is a 2 x 2 matrix-function 1d-differentiable on To.
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Exponential decay and stability of solutions of dynamic equations on time scales
was investigated in the recent papers [1,8-11, 16, 17] by using Lyapunov’s method. We
use a different approach based on integral representations of solutions via asymptotic
solutions and error estimates developed in [3, 12,13, 15]. Denote

TrA(t) = an(®) +axn(), [A@)| = det(A@)). (1.3)

A time scale T is an arbitrary nonempty closed subset of the real numbers. We assume
sup T = oo. For t € T we define the backward jump operator p : T — T by

p(t)=sup{s € T:s <t} forall reT. (1.4)

The backward graininess function v : T — [0, oc] is defined by v(t) =t — p(¢). If
p(t) <t (orv(t) > 0) we say that 7 is left-scattered. If # > inf T and p(¢) = ¢, then
t is called left-dense. If T has a right-scattered minimum m, define Ty = T \ {m}.
For f : T — R and t € Ty define the nabla derivative of f at ¢ denoted f" () to
be the number (provided it exists) with the property that given any ¢ > 0, there is a
neighborhood U of ¢ such that

£ (p@) = f(s) = fY(O)(p —9)| < elp(t) — ] (1.5)

foralls € U.

The rest state u(¢) = 0 of the system (1.1) is called stable if for any ¢ > 0 there exists
8(T, &) > 0 such that if (u(T)| < 6(T, ¢), then |u(t)| < e forall t > T. The rest state
u(t) = 0 of the system (1.1) is called asymptotically stable if it is stable, and attractive:

tlgglo u(t) =0. (1.6)

To prove asymptotic stability we establish stability estimates for the dynamic system
(1.1) by using integral representations of the fundamental matrix of (1.1) via asymptotic
solutions, and calculus on time scales [6,7].

A function f : T — Riscalled Id-continuous ( f € Ciq(T)) provided it is continuous
at left-dense points in T and its right-sided limits exist (finite) at right-dense points in
T. Clkd(T) is the class of functions for which nabla derivatives of order k exist and
are ld-continuous on T. Denote by Lig(T) the class of functions f : T — R that are
1d-continuous on T and Lebesgue nabla integrable on T. Let

Rfi:={K:T—>R, K@) >0 1—vK@) >0, and K € Cq(T)}. (1.7)

We assume that A € C1q(T ) and ajp(¢) # O for all t € Twe.

The main idea of this paper is a special construction of the phase functions 6; » of
asymptotic solutions of the nonautonomous system (1.1).

From a given nontrivial function 6 € Clzd (Tw) we construct the function

ICONEIORY
0= 2020 (au(t)) | .
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Here and further in the text we often suppressed dependance on ¢ for simplicity.
Assuming 1 —2k(1)0(¢)v(t) # 0 for all + € T, we choose a phase function 6 (¢) as
a solution of the equation

Tr A — v|A| — 2k6
=0, 1.9
1 —2k6v (1.9)

VO — 201 (1 + v) + 20 +

which is the version of Liouville’s formula. If v > 0, then 6 is the solution of the
quadratic equation

1 —vTrA+v2A|

A 2k6vn? v > 0. (1.10)

1
0, =—-+60+~D, D=6+
v

If v = 0, then (1.9) reduces to the linear equation

9 /
291—TrA+29(1<—1)=91+92—TrA+‘%2(-) —0,
an

and in this case the function 61 (¢) is defined by the formula

ap@®) ((60@) \ | TrA@)
01(t) =0(t) — , t) =0. 1.11
1(1) = 0(1) 200) <a12(t)> t— v(t) (1.11)

Define auxiliary functions
e, (t, to) ey, (t, to)
Or(t) = 01(1) —20(r), W)= | (61 —an)ey (t,10) (62— ai)eg,(t,10) |,
ai (1) ai (1)
(1.12)
v
2 apy —0; .
Hov; = 6; —QjTr(A)+|A|—a12(1—v9j)< ) , j=12, (1.13)
a
Hov (1) — Hov;(¢)
t) = , 1.14
Qo(1) 2600) (1.14)
—1 g, Vy—1 ¢ Hov; .
Mj=(1-v¥ W) || >—, j=12, (1.15)
20 - €3—j

Hov a Hov
K(1) = c(‘ L o220 ) [1 +v (uAu + ‘ 1 +G|Qol)] ®. (1.16)

0 0 ais
where || - || is the Euclidean matrix norm ||A|| = Z A%j, and ey (¢, to) is the nabla

k,j=1
exponential function on a time scale (see [7, 10]).

Note that 6; and 6, can be used to form the approximate fundamental matrix W of
system (1.1) in form (1.12).
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Theorem 1.1. Assume aj,(t) # 0, and there exists a nontrivial function 6 € Clzd (Too)
such that M; € Rf;, 1—vTrA+ v2|A|(t) # 0,1 —2kvO(t) # 0 forall t € T, and

lim €y, (1, 10) < 00, j=1,2. (1.17)
=00 !

Then equation (1.1) is asymptotically stable if and only if the condition

9: —a k—1
. J 11 ~ _ -
lim ( ) e, (1,10) =0, k,j=172, (1.18)

1s satisfied.

Remark 1.2. If one can find two different phase functions 6;, j = 1, 2 such that the
generalized characteristic equations Hov () = 0 are satisfied, then from (1.15) we get
M = 0, condition (1.17) disappears, and formula (1.12) with the above phase functions
defines the exact fundamental solution of (1.1). Note also that for a constant matrix A,
equations Hov ;(#) = O turn to the usual characteristic equations of system (1.1).

Condition (1.17) of Theorem 1.1 is complicated and it is very restrictive when one

. ep; (t, 1) .
of the functions ,ﬁ has exponential growth as t — co. In Theorem 1.3 below
693_j » L0

we replace the condition (1.17) by the less restrictive and simple condition (1.19) under
some additional conditions.

Theorem 1.3. Assume aj(t) # 0, 1 —vTrA + v2|A|(t) # 0, and there exists a
nontrivial function 6 € Clzd('}I‘oo) such that K € ng, 1 —2kvO(t) # 0, forall t € Ty,
and there exist some constants 8 > 0 and o > 1 such that

lim e (¢, t)) < oo, (1.19)
=00
2Re[0;(1)] < v()IO; D% j=1,2, te T, (1.20)
[1— v (Tr A+ Qo) + v*(IA] + 61 Qo — Hovi)| = 8 > 0, (1.21)
0; — t
1+‘M <o, j=1,2, teTy, (1.22)
aln
lim [ey,(t, 1) =0, j=1,2. (1.23)
t— 00

Then equation (1.1) is asymptotically stable.

Note that if v = 0, then condition (1.20) becomes the classical stability condition
Re[6;(7)] < 0. Condition (1.19) means that the error of the chosen asymptotic solution is
small enough (compare with the well-known Levinson integrability condition from [15]).

The next three lemmas (see [1, 10, 17]) are useful tools for checking condition (1.23).
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Lemma 1.4. [1,10] Let 6 be a complex valued function from Ciq(T) such that 1 —
O(t)v(t) # 0 forall t € To. Then

lim ?9(,)0, t)) =0 (1.24)
r—>0o0
if and only if
T Log|l — p@
fim fim L= POOIG o (1.25)
T—oo Jy PNV(E) —p

The following lemma gives simpler sufficient conditions of decay of the nabla expo-
nential function.

Lemma 1.5. [1,10] Assume 6 € C4(T), and for some ¢ > 0

t
lim f Re[0(s)]Vs = —o0, if v =0, (1.26)
—00 10
© Vs )
1 —0v(t)| > e > 1, / — =o00, if v>0. (1.27)
o V(S)

Then (1.24) is satisfied.

Remark 1.6. [1] The first condition (1.27) for v > 0 means that values of 6(¢) are
&

located in the exterior of the ball with the center — and radius —:

V* v*
1 et )
Z:ilz——|>—1¢, ve=1nf[v(r)], (1.28)
and it may be written in the form
2Re[0(1)] < v(1)|6(1)>. (1.29)

Remark 1.7. In view of Lemma 1.5, conditions (1.20), (1.23) of Theorem 1.3 can be
replaced by

> ds
— =00, for v>0. (1.30)
to U(S)
2Re[0;(1)] < v(t)|9j(t)|2, telTs, j=1,2. (1.31)
The scalar equation
xV (1) = 0()x(1) (1.32)

is called exponentially stable if there exists a constant « > 0 such that for every tp € T
there exista N = N (ty) > 1 with

[ (t, to)ll < N(to)e *"~,  for > 1. (1.33)
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If the constant N (¢p) from (1.33) can be chosen independent of #(, then equation (1.32)
is called uniformly exponentially stable.

Lemma 1.8. [17] Equation (1.32) is exponentially stable if and only if one of following
conditions is satisfied for arbitrary #; € T:

y (@) := lim sup <0, (1.34)

T—o0 — N

r log |1 — pO
/ lim (log|l —p (S)l)VS
1 p\‘)(é) _p

forevery T € T : thereexistt € T witht > v suchthat 1 —v(#)0(¢z) =0, (1.35)

where we use the convention log0 = —oo in (1.34).

Remark 1.9. In order to apply Theorem 1.3 to the study of exponential stability of the
dynamic system (1.1), one can replace condition (1.23) by the necessary and sufficient
conditions of exponential stability of an exponential function on a time scale given in
Lemma 1.8.

2. Fundamental Matrix and Error Estimates

If we seek a solution of (1.1) in the form
u= Y, 2.1
then from (1.1) we get
UV + oY — VY = AW,

Wl — v V)Y = (AW — wV)y,

or
V() = H)v(@), (2.2)
where
H=0—-vv ' Tu-law — ¢V, (2.3)

Assume we can find an exact solution of an auxiliary system

vY(t) = AP (), te To, (2.4)

with a matrix-function A close to the matrix-function A, which means that condition
(2.6) below is satisfied. Note thatif A = Ay, then H = 0 and (2.6) is satisfied.

Let W(¢) be the fundamental matrix of the auxiliary system (2.4). If the matrix-
function A is regressive and ld-continuous, then W(¢) exists ([6]). The solutions of
(1.1) can be represented in the form

u(t) =W ()(C + (1)), (2.5)
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where u(t), e(t), C are the 2-vector columns: u(¢) = column(u(z), uz(t)), e(t) =
column(g(?), £2(¢)), C = column(Cy, C2), C; are arbitrary constants. We can consider
(2.5) as a definition of the error vector-function &(¢).

In [12, 14] the following theorem was proved.

Theorem 2.1. Assume there exists a matrix function ¥ € Clld (Tso) suchthat |H|| € ng,

the matrix function W — vW" is invertible, and the following exponential function is
bounded:

~ °©  Log(l —pllH$)IDV
e||H||(oo, 1) = exp/ lim Og( P” ©)DVs < 0. (2.6)
r PA\(s) —p

Then every solution of (1.1) can be represented in the form (2.5) and the error vector-
function £(¢) can be estimated by

le@ < ICIl (ejay (o0, 1) — 1), (2.7)
where || - || is the Euclidean vector (or matrix) norm.

To find the fundamental matrix function let us seek solutions of equation (1.1)

wy =anuy +anus, uy = axur + axnua, (2.8)
of the form
ui(t) = Creg, (1, 10) + Caep, (1, 10), (2.9)
where
R ! Log(l — pb;(t
G0, (t, 10) = exp (/ T ))V‘L'> =12 (2.10)
o p\l)(f) _p
By differentiation
uy = C101ep,(t, t0) + Cabhep, (1, to), (2.11)
and from (2.8) assuming aj» # 0 we get
v
Uy = T an C1Ujey, (1, 1) + C2Uzep, (1, 1), (2.12)
0 — 6, —
Uy = 1 a11, Uy = ) 6111’ (2.13)
an a
and
u(t) = W()C, (2.14)

where the fundamental matrix W(¢) of system (1.1) is defined by

ey, (t,10) ey, (t, 10) 1 1) (@t 10) 0 )
© (Ul/e\el (t,t0) Usep,(t, lo)) (Ul U2> ( 0 eq, (1, 1) 13
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Denote

Uy an—0;\" .
Bj = (a11 — 9j)(1 — 1)9]')— = a12(1 - V9j) s ] = 1, 2. (2.16)
Uj aln

Then from (1.13) we get
Hov; = E; — Bj, Ej:GJZ—GjTr(A)-i-lAL j=12, (2.17)
where E; is the usual characteristic polynomial of (1.1).

Lemma 2.2. Assume ajp #0,1 —vTrA + v2|A| #£0,1 —2kvo #0forallt € Ty,
W e Cq(T) is invertible and nabla differentiable. Then the following formulas are true:

20 -
W (1) = det[W(1)] = —a—]zeel (t, to)eg, (1, to), (2.18)
B, — B Hov; — Hov;

0 6, —TrA = , 2.19
1+6—TrA+ >0 % (2.19)
vWiw o) = a1 412 , 2.20
@) @) <Q1 +az Qo +axn (2.20)

where AUy — AU (A1 — A)ULU

2U, — AU, 1 — A2)U1Us
= , = — , 2.21
Qo U — U axn, Qi U — U ary (2.21)

or

i HOV1 — HOV2 Q i U1 HOV2 —Uz HOV1 HOV1

= , = - U , 2.22
0 %9 1 29 i 190 (2.22)
— Hov, —@ Hov,
1 AN eo
VT AY — ¥ )H()=— | =~ 1 , (2.23)
26 | €6
— Hov, Hov,
€p,
Tr A — v|A| =2k0 + (61 + 6 — v0162)(1 — 2k6Vv). (2.24)

Note that (2.24) is the version of Liouville’s formula.
Proof. From (2.13) we have

0 — 0 20
Uy—Uy =21 = (2.25)
a2 a2

and formula (2.18) follows from (2.15) and (2.25). From (2.15) we get the inverse matrix

1| 1/ep, (1, o) 0 U, -1
Y (t)_Uz—U1< 0 1@2(t,to)) (—U1 1)'
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Formula (2.19) follows from (2.17). From the time scales calculus we have
(@b)¥ =a"b+b"a—va'b", gt 10) = 0jes; (1, 19).

The nabla derivative of the ¥ matrix function is given by the formula

01 0> ep, (1, 1o) 0
wY(r) = 1 R , 2.26
() <A|U1 AzUz) ( 0 ep, (1, fO)) ( )
where
(Uje9)Y uy B,
Ai=— =0, +-LQ—-vh)=0,——— j=1,2. (2.27)
J Ujegj / Uj / / alej

Formulas (2.20), (2.21) are proved by direct calculations:

_ 1 61 6> Uu, -1
vwWow ') = ——
O¥ 0 U, — U, <A1U1 A2U2> (—Ul 1
1 ( 61U, — 6,U4 0 — 0, >
U, — Uy \(A1 — A)U Uy AUr — AU

_ ( a a )
Q1+axy Qo+axn)’
From (2.13), (2.17) we get
U,E) —UE; (62— a) O =01 Tr A+ |AD) — (61 —a1)(©3 — 62 Tr A + |A])

20 20ay,
_ a3 =6+ (61 —60)TrA) +6:16:(61 —62) + Al —6) P
N 20ai, N apn’
where
P =|A|+ai(61 + 6 —Tr A) — 616,. (2.28)

Further we prove formulas (2.22):

O\ +ay = (A — A2)UL U, _ (20 + B,Uy — B1Uy \ U1Usanz
U, — Ui appU Uy —20
B Uy — BiUy (a1 —01)(02 —ann) BUp — B1U;
= —-Uilar — = -
20 an 20
Al =616 +a11(0) + 0 —ai —axn)
an
U>(E{ — Hovy) — Ui(E> — Hov

tan 2(Ey 1)29 1(E> 2)

P U1 HOV2 —U2HOV1 U2E1 — U1E2
=ap et 20 + 26

i U1 HOV2 —U2 HOV1

0 + ary,
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and
AUy — MU ann— 6, B, ajl — 0 B
Qo +axn = = 0 — — 01 —
U, — U; 260 Usarr 260 Uiarn

_aibh — 922 — a6 +912 n By — By

o 20 20
B> — Bj

=ay + 0, +92—T1'A+T

Hov; — Hovp

= T + ax,

in view of (2.19). For j = 1, 2 we have

apn (U] Hov, —U; Hov 4 (Hov; —HOVz)Uj) . Hov

an
< U:) = —= ,
2 Q1+ QolUj) = o5 20 26 20

from which formula (2.23) is deduced:

Ul AW — w1 = 22

2
—01—- QU1 —(01 + QoUz)?%
L~ ]
e
20 1 (0, + QOUI)E% 01 + 0ol
2

-~

e,
1 —Hovy; ——Hovp
= — o~ eel
€p
26 L Hov, Hov,
€y,

Formula (2.24) is proved by using the well-known Liouville formula for (1.1) (see [7,
Theorem 3.9.4]):

KdOIN =TrA(t) — v|A(t)|, (2.29)
|W ()]
or in view of (2.18):
aiy (Berer’
( ) =TrA —v|A|.
Oejex \ an

From this formula using notation (1.8) we get formula (2.24):

0 )V a2 + (@9, ¢0,)" . ( 0 )V aﬁ(é@l’e‘@z)v

TrA—v|A|:(— =
an 0 ep eq,

0 €, €p, a2

o~ o~ v
— 2k + ) | ko) = 2k6 + (61 + 6 — v616)(1 — 2k,
691692

This completes the proof. |
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Proof of Theorem 1.1. First note that from the assumption M; € ]RI“CLl it follows that the
exponential functions ?Mj (t, tp) exist ([7]). From assumptions 1 —v Tr A+ 2 |A|(t) # O,
1 — 2kvO(r) # 0 it follows that 1 — v@; # 0 and the exponential functions ?gj (t, to)
exist. Consider the system (1.1) or the equivalent system (2.2). From (2.3), (1.15) and
(2.23) it follows that [|H|| < (1 — v& "WV~ 1AW — V)| < max | M, and
from condition (1.17) of Theorem 1.1 it follows that condition (2.6) of ZFheorem 2.11s
satisfied. Applying Theorem 2.1 we obtain representation (2.5) for the solutions of (1.1)
and the estimate (2.7) for the error function €. From (2.5), (2.7) we get the stability
inequality

lu(@)|| < const||W(@)]. (2.30)

From (1.18) it follows that || W (¢)|| — Oast — o0, and using (2.30) we obtain asymptotic
stability of (1.1). |

Lemma 2.3. If the conditions of Lemma 2.2 are satisfied and for some number o > 1

9._
T 6 j=1,2, 1€Ts, 2.31)

a2

|1—v9j|=\/(1—vRe[9j])2+(vrs[9j])231, j=1,2, teTw, (232

then
[W(s)|| < const, (2.33)
wOw @) < C “;z(fj';) Cos=<t, (2.34)
H
1A —wYu ) < Qo + 101 < ﬂ' +a|Qol. (2.35)

Proof. From (2.32) it follows that the functions [eg ;(t, 10)], j = 1, 2, are nonincreasing.
Indeed, if v > 0, then from (2.32) it follows that

Log|l — v(£)0; ()] -
—v(t) -

0, (2.36)

so the functions

, Log|l — po,;

20 (. 10)] = ex fim LT PO@IG N

’ P 0 PNV(TD) —p /
0

are nonincreasing. If v = 0, then the functions |?3\9j (t, tp)| are nonincreasing in view of

€6, (t, 10)|¥ [e0, (2, 10)
[ep, (2, 10)] lep; (t, 10)|

= Re[6;] < 0. (2.37)
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Because the functions [ep } (t,t9)], j = 1, 2, are nonincreasing we get

- ~ ep,(t, 1)
leg; (2, t0)| < [ep; (0, t0) =1, |=———| =<1, t>s52>1. (2.38)
ep; (s, 7o)

From condition (2.31) it follows that |U;| < C and inequality (2.33) is true. Inequality
(2.34) follows from the formula

1
YO () = ———
(Uz = Up)(s)
eg, (1, 1y) e, (1, to) ep, (1, 10)  ep (1, 10)
————LUs(s) — =—=———=U(s) = - =
ep, (s, 1o) ep, (s, 10) ep,(s,10)  ep, (s, o)
X
ep, (1, 10) ep, (1, 10) ep, (1, 10) ep, (1, 1)
U 0U(s) — ——U1(0)Ux(t) ——U(t) — ——U1(1)
ep, (s, 10) ep, (s, 1o) ep, (s, 10) ep, (s, 1o)
(2.39)
Further using (2.20), (2.22) we get estimate (2.35):
Vi —1 HOV] HOVI
A=W W < |01+ Q0| = p —U1Q0|+ Q0| < |——|+0]0Q0l. (2.40)
This completes the proof. |

Lemma 2.4. If the conditions of Lemma 2.3 and (1.21) are satisfied, then
W OHSOW ! (5)l < K(s), s € ToNlto, 1], (2.41)
where K (s) is defined in (1.16).

Proof. Denote

Q) =V —v UVl =1—veVel=1—-vA—v ( 0 0 ) . (242)
01 Qo
Then
12 < 1+ v(All +1Q1l +1QoD.
121 < T+ v(lAl + 1011 + 1Qol),
where Q° is the adjoint of the matrix 2. Using (2.22) we have
Hov;
ainQo —an@i =ainQo—an i U1Qo ) = 6100 — Hovy . (2.43)
1
From (2.20) we get
1 —va —va
det(Q2)| = |det[1 — vW VW] = |det 1 12
|det(@)] = [detl | [_V(Ql +a21) 1—v(Qo+ axn)

= |1 —v(Qo+ Tr A) + v2(|A| + a1 Qo — a2 Q1)|.



Asymptotic Stability for 2 x 2 Linear Dynamic Systems on Time Scales 117

In view of (2.43)
| det(R)] = |1 — v(Qo + Tr A) + v*(|A| + 6; Qo — Hovy)|,

and from assumption (1.21) we have

|det(2)] > B > 0. (2.44)
Further
12 = [ 2| _ LHvdlAlA 1911 +1Q0D) - 14+ v(JJA|l + 1Qol + 101D
det(Q)] ~ | det(€2)] B B

and using (2.34), (2.35) we get
W (t)H (s)¥ " (s) ]|
< WO - 1w —ve ey A — Ve h|s)

an(s)
0(s)

= €[22 111+ 10D + (1Al +1Q1] +1QoD)

<C

‘ 1271 A —wVwh|(s)

ain(s) | Hov | | Hov, |
<c o|Qol + L+v(lAl +olQol + = K(s).
0(s) laiz] laiz|
The proof is complete. u

Lemma 2.5. [6,12] Assume y, f € Ciq(T), f,y>0,K € ]R:F. Then

y(t) < f(1) +/ K(s)y(s)Vs forall te Ty (2.45)
implies
y(t) < f(1) +/ ex(t,p(sNK(s)f(s)Vs forall t e T. (2.46)

Proof of Theorem 1.3. Integrating both sides of (2.2) we get
t
v(t)=C —0—/ H(s)v(s)Vs. (2.47)
o

Multiplying by W (#) we have
V(tv() =W()C —l—/ W(t)H (s)v(s)Vs, (2.48)
1o
and using u(t) = W(¢)v(t) we get

t
u(t) = W()C +/ W(H)H ()Y (s)u(s)Vs. (2.49)

fo



118 Gro Hovhannisyan

In view of (2.41) we get

t

[u(®]l < W@ +f K (s)lu@)[[Vs.

1o

Applying Gronwall’s inequality (2.46) to (2.50) we get the stability estimate

t

[u(@)] < IW@OC| +/ ex(t, p(NKS[¥MDC|Vs, 1€ T

]

From (1.22), (1.23) it follows that
Aim (Ol =0,
so for any ¢ > 0 there exists #y such that for t € T, we have
[WOC| < e.

Hence it follows from (2.51) that

lu@)| =& (1 -I—/ ex(t, ,o(s))K(s)Vs) , t€Tw.

Further .
f Skt D) K (5)Vs = Bk (1, 1) — T (1, 1),
0]

and so
lu(@)| < eex(t,19) < Ce,

from which we get asymptotic stability of the dynamic system (1.1).

Example 2.6. Consider the system (1.1) with

0 1 _ b _
A= - = ) ) == t>09
A A N e
_ _ b
TrA=—-p=——, |Al=qg=—.
p to

(2.50)

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

From (1.15) it follows that if there exist two different phase functions such that the

generalized characteristic equation (see (1.13))

—0\V
Hov(t) = 6% — 0 Tr(A) + |A| — ajn(1 — v6) (““ )
arn

is satisfied, then M; = 0, j = 1, 2 and condition (1.17) of Theorem 1.1 disappears.
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For the Euler system (1.1) with the matrix A(#) given by (2.57) this equation
becomes

2 ad(t) L B Vo
Hov(r) =0°(t) + —,o(t) + () + A =v(@)0())0" () =0. (2.58)

We seek a solution of this nonlinear Riccati equation in the form

A
0(t) = .

In view of

ovV() 1 _ 2 Vg, _ IQJZ
o o (O TITPO Gt =

the characteristic equation (2.58) becomes

M—(l—ar+b

Hov () = ()

0

or
MV—(0—a)r+b=0,

which is the usual characteristic quadratic equation with solutions

- [ = a)
Mo = za:tk, = %—b. (2.59)

Choosing the phase functions

Aj .
0i(t) = - j=12, (2.60)
we have

HOV]'(Z) = Mj(t) = 0.
Well-known exact solutions of the Euler system can be constructed by using the phase
functions (2.60).
So condition (1.17) is satisfied and from Theorem 1.1 it follows that the system (1.1)
with matrix A(¢) defined by (2.57) is asymptotically stable if and only if the condition

lim 67712, (1.10) =0, k. j=1.2 2.61)

1s satisfied.
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Example 2.7. Consider system (1.1) with
0 1
A= th a |+ 10>0, (2.62)
p(M(2+1)  p()

th
A 412
For this system we cannot solve the generalized characteristic equation

a
TrA=——, |A|
0

ab(r) N th
p(t)  pmE*+1)

Choosing the phase functions by formula (2.60), the same way as in Example 2.6, from
(1.13) we get

Hov(r) = 6%(r) + + (1 —v(0)0())8Y (1) = 0. (2.63)

Hov (0 k§+(a—l))»,-+|A| b b b
OV = = — —_ — ,
! o) pWA+12) — tpt)(1+12)
Hov; — H CH C
o= T2 k< [V < . (2.64)
20 0 to(t)(1 + t2)
Condition (1.21) becomes the condition
tv(t) + bv2(t
4 GOFOVD] o forall reTy. (2.65)
tp(t)
Condition (1.22) is satisfied and conditions (1.30), (1.31) turn to
v(t) . o * Vs ,
2Re[A ] < —=|A |5, / — =00, j=1,2. (2.66)
oo n V()
Using the estimate (2.64) one can simplify condition (1.19):
lim ex, (¢, ty) K ¢ (2.67)
im e , 1) < 00, = —=—. .
t—00 Ko 0 0 t3p(t)

So from conditions (2.65), (2.66), (2.67) it follows from Theorem 1.3 that the system
(1.1) with matrix A(z) given by (2.62) is asymptotically stable. Note that if v(¢) = 0,
then conditions (2.65), (2.67) are satisfied and (2.66) becomes Re[A ;] < 0.
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