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Abstract

In this paper, first order impulsive difference equations with linear boundary condi-
tions are discussed. By using a new comparison theorem and the method of upper
and lower solutions coupled with the monotone iterative technique, criteria on the
existence of minimal and maximal solutions are obtained.
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1. Introduction

In this paper, a boundary value problem (BVP) for impulsive difference equations with
a family of linear two point boundary conditions is studied. The result is based on meth-
ods of upper and lower solutions and the monotone iterative technique. For constructing
monotone sequences of a corresponding linear equation, the extremal solutions of the
considered problem are given. The obtained result is an extension of the known one for
impulsive difference equations with periodic boundary conditions [1], and also general-
izes initial value problems as well as boundary value problems for ordinary difference
equations and impulsive difference equations.
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The method of upper and lower solutions coupled with the monotone iterative tech-
nique provides an effective mechanism to prove constructive existence results for initial
and boundary value problems for nonlinear differential equations and difference equa-
tions in recent years [2—-6]. The basic idea of this method is that using the upper and
lower solutions as an initial iteration, one can construct monotone sequences from corre-
sponding linear equations, and these sequences converge monotonically to the maximal
and minimal solutions of the nonlinear equations.

This paper is organized as follows. In Section 2, we establish a comparison princi-
ple. Then we discuss the existence and uniqueness of the solutions for linear BVP for
impulsive difference equations. In Section 3, by use of the monotone iterative technique
and the method of upper and lower solutions, we obtain existence theorems of extremal
solutions for impulsive difference equations with linear boundary value conditions.

2. Preliminaries and Comparison Result

Consider the BVP for impulsive difference equations
Ax(n) = f(n,x(n)), n # nk,n € J,
Ax(ng) = Ix(x(ng)), n = ny, (2.1)
Mx(©0) — Nx(T) =C, k=1,2,...,p,

where A denotes the forward difference operator, i.e., Ax(n) = x(n + 1) — x(n), f €
CUxRR),J=1[0,T]=1{0,1,...,T}, I e CR,R), (k =1,2,...,p), M > 0,
N > 0 and C are real constants, and {nk},’;:1 are fixed points, such that 0 < n| < ny <
.<n,<T, TeN
Let Q denote the set of real-valued functions defined on J, and let N denote the set
of all natural numbers. For all x € €2, put ||x|| = mEa;( |x(n)]|.
n

Definition 2.1. The functions « and B are called lower and upper solutions of (2.1),
respectively, if

Aa(n) < f(n,a(n)) —ry, n#ng,ne
Aa(ng) < I(a(ng)) — doy, n = ng, (2.2)
Ma(0) — Na(T) =C, k=1,2,...,p,

A

and
AB(n) > f(n, B(n)) +rg, n#ng,n€J,

1 AB(nk) = I(B(nk)) +dg,, n = ng, (2.3)
MBO) —NB(T)=C, k=1,2,...,p,
where forO < L < 1, Ly < 1,1y, 7g,dy, and dg, (k =1,2, ..., p) are given by
{ (M — N)(Ln+ 1)+ LNT
o =

T [Ma(0) — Na(T)] if Ma(0) > Na(T),
0 if Ma(0) < Na(T),
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T [MB(0) — NB(D)] if MB(0) < NB(T),
0 if MB(0) = NB(T),

{ (M — N)(Lgng + 1) + Ly NT
do, =

{ (M —-N)Y(Ln+1)+ LNT
rg =

T [Ma(0) — Na(T)] if Ma(0) > Na(1),
0 if Ma(0) < Na(T),

T [MB(0) — NB(T)] if MB(0) < NB(T),
0 if MB(0) > NB(T),

and o, B € Q, a(n) < Bn) (Yn € J).
To establish our main result, we also need the following lemmas.

(M — N)(Lgng + 1) + LgNT
d.Bk = {

Lemma 2.2. Assume that

(1) the sequence ny satisfies 0 < ng <n; < ... <ng <...with lim n; = oo;
k— 00

(ii) for k € N, n > ny,

Am(n) < l,m(n) + g, n # ng,
mny + 1) < bim(ni) + e,

where {/,,} and {g,} are two real-valued sequences and [/, > —1, by and ¢; are constants,
and b, > 0. Then

mm)y<mmno) [ &[] G+

no<ng<n  po<i<n,i#ng,keN

n—1
+ > I &« J] +ba

i=ng,i#n; i<ngp<n i<s<n,s#ny

+ > e [ &5 I a+iw.

no<ng<n  np<n;<n  p<i<n,i#nj, jeN
Remark 2.3. This lemma is a discrete version of [3, Theorem 1.4.1].

Lemma 2.4. Assume that m € Q2 satisfies

Am(n) < —Lm(n) — ry, n #ng, n € J,
Am(ng) < —Lim(ng) —dp,, k=1,2,...,p, 2.4)
Mm(0) — Nm(T) = C,

where0 < L < 1, Ly < 1fork=1,2,..., p, M > 0, N > 0 are constants such that

N p
=D [ Ja -y <1,
k=1
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T [Mm(0) — Nm(T)] if Mm(0) > Nm(T),

(M — N)Y(Ln+ 1) + LNT
I'm =
{0 it Mm(0) < Nm(T),

T [Mm(0) — Nm(T)] if Mm(0) > Nm(T),
0 if Mm(0) < Nm(T).

Then m(n) < 0forn € J.

{ (M — N)(Lgng + 1) + LgNT
dy =

Proof. CaseI: C <0, i.e., Mm(0) < Nm(T). Consider the following inequalities:

Am(n) < —Lm(n), n#ng, neJ
Am(ny) < —Lgm(ng), k=1,2,...,p.

By Lemma 2.2, we get
mm) <m© [] a-0 [ a-Lo. (2.5)
O<i<n,i#ng O<ni<n

Letn = T. Then we have

p
m(D) <m©O)(1 - L)V P [T - Lo.

k=1

N
For C < 0, we have m(0) < Mm(T) and

N p
m(0) [1 i LN Ta - Lk)i| <0.

k=1

Hence, m(0) < 0. From (2.5) we have m(n) < 0 forn € J.
CaselIl: C > 0. Let

m(n) =mn) + gn), né€J

where g(n) = 1+ ]\;(T =™ Mm(0) — Nm(T)]. n  J. Then

g(0) = N[Mm(0) — Nm(D], g(T) = M[Mm(0) — Nm(D)] and g(n) = 0.

Hence, we have

Mm(0) — Nm(T) = Mm(0) + Mg(0) — Nm(T) — Ng(T)
= Mm(0) — Nm(T) = C,
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and
Am((n) = Am(n) + Ag(n)
(M — N)(Ln+ 1)+ LNT

< —Lm(n) — T [Mm(0) — Nm(T)]
M — N
+ [Mm(0) — Nm(T)]
P Gl N;” N M (©) — Nm(D)]
= —Lm(n) — Lg(n) = —Lm(n), n#ng, ne€l,

Am(ng) = Am(ny) + Ag(ng)
(M — N)(Lgn + 1) + Ly NT

< —Lim(ny) — T [Mm(0) — Nm(T)]
M—N
+ [Mm(0) — Nm(T)]
M — NT
— Lim(no) — L ﬁ?*’ [Min(0) — Nm(T)]
= —Lim(ny) — Lrg(ny) = —Lim(ny), k=1,2,...,p.

In view of case I, we see that m(n) < O forn € J. Therefore m(n) < 0 forn € J. The
proof of Lemma 2.4 is complete. |

Let us consider the linear impulsive difference equations with linear boundary con-
ditions
Au(n) + Lu(n) =o(n), n #ng, n € J,
Au(ng) = —Liu(ng) + L(n(ni)) + Lin(ng), k=1,2,...,p, (2.6)
Mm(0) — Nm(1T) = C,

where L, Ly (k =1,2,..., p) are constants, I € C(J,R),n € Qand o € C(J, R).

Lemma 2.5. Let 0 < L < 1. Then u € Q is a solution of (2.6) if and only if u is a
solution of the following impulsive summation equation:

C T—1
u(n) = + Y. G, po())

M= N( = L) =0, j#ni (2.7)
+ Y G (L — Lyun) + L(n(m) + L)l

O<np<T-1

where
a-L

N a—ym 0=i=nol

CIOTMING-DT |a-pt

n<j<T-1.

(1 — L)j+!
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Proof. Set y(n) = Ubt_(—nL))n, n € J. From (2.6), we see that y(n) satisfies
o(n)
)’(”+1):)’(n)+m, n#ng, neJ,
) L— Ly I (n(ng)) + Lin(ng)
Ay(ng) = T T y(ng) + (1 — Lyn+ , k=1,2,...,p, (2.8)
My(0) — Ny(D(1 — L)' =C.

From (2.8), we have

n—1
Yy =y0) + >
J=0, j#nk

L — Ly Iy(n(ng)) + Li(n(ng))
+ > (I_LY(nk)‘l— AT )

o())
(1 — L)i+!

(2.9)

O<nig<n—1

Letn = T in (2.9). Then we get

T—1
WD =30+ >
J=0, jF#nk

L— L Iy(n(ng)) + Lx(n(ng))
+ > (1_Ly(l’lk)+ AT )

o())
(1 - L)j+1

(2.10)

O<np<T-1

My0) — C

W , WE obtain

From the boundary conditions y(7) =

C N1 — L)T !

a(j)
M-NI-L7  M-N1-D7 | Z (1— L)i+!
J=0, j#ny @2.11)
n Z (L — Li Ix(n(ng)) + Lk('?(nk)))

y(0) =

T Rt T T e

O<np<T-1

Substituting (2.11) into (2.9) and using y(n) = %, n € J, we see that u satisfies
(2.7). If u is a solution of (2.7), then u satisfies (2.6). |

Lemma 2.6. Assumethat) < L < 1,Ly < 1fork=1,2,...,p,Ix € C(J,R),n € €,
and )
N
L—-L 1.
M—N(l—L)T;| fl <
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Then the BVP (2.6) has a unique solution in 2.

Proof. For any u € €2, consider the operator F defined by

c T—1 o
Fu(n) = —— NiOT T Z G(n, j)o(j)
J=0, j#nk
+ Y G (L — Lyu(n) + L(n(m)) + L)l
O<np<T-—1
where
ﬂ O0<ij<n-—1
| N -y ==
G(n, j) = M—NI=L)7 | (1 — )T+ |

For every u and v, we have

| Fu(n) — Fu(n)| < Z |G (n, ni)[(L — L) (u(ng) — v(ng)]|

0<jr<T—1
N
<
= M- N1-L)T

p
D IL = Lillu(m) — v(mp)|

k=1

N p
< L—-L — .
< {M_N(l_L)T;' u}uu vl

Hence, || Fu — Fv|| = ma}( | Fu(n) — Fv(n)| = o|lu — v||, where
ne

N p
- L—1L <1
* M—N(I—L)Tkz_;| el <

Thus the operator F is a contraction on €2. That is, there is a unique element u € €2 such
that u = Fu. This u is the unique solution of (2.6). The proof of Lemma 2.6 is complete.
|

3. Main Result
Theorem 3.1. Assume that

(Ap): The function f € C(J x R, R) satisfies

f(n,X) - f(l’l, y) = _L(-x - y)a

whenever a(n) <y <x < f(n),n € J,where0 < L < 1.
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(A1): The functions I, € C(R, R) satisfy
Ik (x) — I (y) = —Lg(x — ),
whenever a(ny) <y <x < Bng), Ly < 1,k=1,2,..., p.
(A2):

N N—p—1 2
_ - —P— —
(1-1L) k| |1(1 Ly < 1.
(A3):

N p
M_N(I_L)TZ|L—Lk| < 1.
k=1

Then there exist monotone sequences {«(n)}, {B;(n)} with ag = a, By = B, such that
lim oj(n) = p(n), lim Bj(n) = r(n) uniformly on J, in which p(n) and r(n) are the
j—o00 j—o00

minimal and the maximal solutions of the BVP (2.1), respectively, such that
<o < =<..2qj<p=x=<r=<B;i<...<pr=<pB1=<pPo onl
where x is any solution of the BVP (2.1) such that «(n) < x < f(n) on J.

Proof. Let [a, B] = {x € Q: a(n) < x(n) < B(n), n € J}. Forany n € Cla, B], we
consider the linear impulsive difference equations (2.6), where

o(n) = f(n,n(n)) + Ln(n), nel

By Lemma 2.5, it clear that for every such ), there exists a unique solution u € €2 of (2.6).
Define a mapping A by An = u. This mapping will be used to define the sequences
{aj(n)}, {Bj(n)}. We prove that

(@) a = Aa, p = AB;

(b) A is a monotone nondecreasing operator on the segment [«, 8]. To prove (a), set
Aag = o, where o is the unique solution of (2.6) with n = «g. Setting m = «g — o7,
we have Mm(0) — Nm(T) = [Mao(0) — Nog(T)] — [Ma;(0) — Neey (T)]. We see that

Am(n) = Aag(n) — Aa1(n)
< fn, ao(n)) = ray — f(n, @1 () + 1y
< f(n, ao(n)) — rag — [—Lai () + fn, ao(n)) + Lag(0)] + re,
=—Lmn) —rqy + rq,
=—Lm(n)—ry,, n#*ng nel

Am(ng) = Aag(ng) — Aay(ng)
< I(ap(ng)) — doy, — Ix(a1(ng)) + dyy,
< Ir(ap(ng)) — doy, — [—Liai(ng) + I(ao(ng)) + Liao(ng)] + dg,,
= —Lim(ny) — dOlOk + ddlk
=—Limmn) —dy,, k=12,...,p,
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where ryy, dpy k= 1,2, ..., p are given by

Tay = FTay = Tm

{(M—N)(Ln-l— 1) + LNT

- [Mm(0) — Nm(T)] if Mm(0) > Nm(T),
0 it Mm(0) < Nm(D),

Aoy, — Aoy, = dmy
{ (M — N)(Lgng + 1) + LgNT

- [Mm(0) — Nm(D)] if Mm(0) > Nm(T),
0 if Mm(0) < Nm(T).

By Lemma 2.4, we get m(n) < O on J, i.e., « < Ac«. Similarly, we can prove that
B = AB.

To prove (b), let n1, n2 € [«, B] such that n; < 1. Suppose that u; = An; and
uy; = Anp. Setm = uy; — uy. Using (Agp), (A1) and (2.6), we get

Am(n)= Aui(n) — Aur(n)

[—Lui(n) + f(n, n1(n)) + Lni(n)] — [—Luz(n) + f(n, n2(n)) + Lnz(n)]
—L(u1(n) — uz(n))

—Lm(n), n#ng, néel,

IIIA I

Am(ng) = Aui(ng) — Aua(ng)
= [—Lrur(n) + L(ni(ni)) + Lini (nk)]
—[—Liuz(ni) + Ir(n2(ni)) + Linz(ng)]
< —Li(ui(ng) — uz(ni))
— —Lun(n), k=1,2,...,p,
Mm(0) — Nm(T) = Mu1(0) — Nui(T) — (Mu(0) — Nux(T)) =C — C =0.
In view of Lemma 2.4, we have m(n) < Oon J,i.e., u; < uj.
We can now define the sequences a; = A, B; = AB;_1 and conclude from the
previous arguments that

050§0l150425...<O('§...§,3'§...5,325,315,3() on J.
J J

It then follows employing standard arguments that lim «j(n) = p(n) and lim B;(n) =
j—00 j—o00

r(n) uniformly and monotonically on J. It is easy to show that p and r are solutions of
(2.1) in view of the fact aj(n), Bj(n) (j € N) satisfy

C = N
aj(n)= M- NO =L + iZOXi;:Enk G(n,i)oj_1(i)
+ Z G, np)[(L — Lpaj(ng) + Li(oj—1(ng)) + Li(oj—1(ng))],

O<np<T-1
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c T-1 o
:3](71) = M N = L)T + i:OXi;;nk G(n, l)O’j_l(l)
+ Z G(n,ni)[(L — Li)Bj(ng) + I (Bj—1(ng)) + Le(Bj—1(nx))],
O<np<T-1
where

oj-1(n) = fn,aj_1(n)) + Laj_1(n), neJ

0j-1(n) = f(n, Bj—1(n)) + LBj—1(n), neJ

To prove that p, r are minimal and maximal solutions of (2.1), we have to show that if
x(n) is any solution of (2.1) such that a(n) < x(n) < B(n) on J, then a(n) < p(n) <
x(n) < r(n) < B(n) on J. To do this, let j € N such that aj(n) < x(n) < B;(n) on J,
setm = a1 — x so that

Am(n) = Aaji1(n) — Ax(n)
= [—Laji1(n) + fln,a;j(n)) + Laj(n)] — fln, x(n))
=—Lm(n), n#*ng, nel,

Am(ng) = Aajy1(ng) — Ax(ng)

= [—Liajr1(ng) + (o j(ng)) + Lraj(ng)] — I (x(ng))
=—Limng), k=1,2,...,p,

Mm(0) — Nm(T) = Maj11(0) — Naj11(T) — (Mx(0) — Nx(T)) =C - C=0.

By Lemma 2.4, m(n) < 0, and hence o1 1(n) < x(n) on J. Similarly x(n) < Bj41(n)
on J, and hence o 1(n) < x(n) < Bj+1(n) on J. Since ap(n) < x(n) < Bo(n) on J,
this proves by induction that oj(n) < x(n) < Bj(n) on J for every j. Taking the limit
as j — 0o, we conclude p(n) < x(n) < r(n) on J and the proof is complete. [ |

Remark 3.2. When M = 1, N = 1, C = 0 the BVP (2.1) is reduced to a periodic
boundary value problem of impulsive difference equations in [1].

Remark 3.3. When M =1, N =1,C=0and I1(x) =0,k =1,2,..., p, the BVP
(2.1) without impulses is reduced to a periodic problem of ordinary difference equations.

Remark 3.4. When N = 0, the BVP (2.1) is reduced to an initial value problem of
impulsive difference equations.
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