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Abstract

The inverse nodal problem for the Sturm—Liouville operator is the problem of find-
ing the potential functiory and the boundary conditions using the nodal points.
The purpose of this paper is to present a method for solving the inverse nodal
problem for a singular differential operator on a finite interval. We find asymptotic
formulas for nodal points and the nodal lengths for differential operators having

I(1+1)

. . 2 . . .
singularity type——— + — at the poin). We also determine the potential func-
X x
tion from the position of nodes.
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1. Introduction

The inverse Sturm-Liouville problem is primarily a model problem. Typically, in an
inverse eigenvalue problem, one measures the frequencies of a vibration system and tries
to infer some physical properties of the system. There are several versions of the inverse
Sturm-—Liouville problem. An early important result in this direction, which gave vital
impetus for the further development of inverse problem theory, was obtained [1]. At
present, inverse problems are studied for certain special classes of ordinary differential
operators. An effective method of constructing a regular and singular Sturm—Liouville
operator from a spectral function or from two spectra are given [10,11,20]. We note that
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details of inverse problems for singular equations have been given in [6, 7, 15, 18, 23]
and the references therein.

In some recent interesting works [4, 12], Hald and McLaughlin, Browne and Slee-
man have taken a new approach to inverse spectral theory for the Sturm—Liouville
problem. The novelty of this works lies in the use of nodal points as the given spec-
tral data. In later years, inverse nodal problems have been studied by several au-
thors [4,5,14,17,22].

Before giving the main results of this paper, we mention some known results. We
will consider the equation

R”—i—le— l<l+1)

T 2

R+(E+§)R—O, (1.1)

wherel € Nj,.
In quantum mechanics, the study of the energy levels of the hydrogen atom leads to

this equation. The substitutiai = Y reduces this equation to the form
Xz

; 2 I(l+1
y+{E+__—< 3 )}y:O (12)
x iy

As known [3, 9, 16] the solution of (1.2) is bounded at zero.
We consider the singular Sturm—Liouville problems

—y"—l—[l(lx—tl)—g—kq(:v)]y:/\y O<z<7)), (1.3)
y(0) =0, y'(m)+ Hy(r) =0, (1.4)
and
—y"+[—Wt”—hqm}y:w (0<z<n), (15)
xXr X
y(0)=0, o (x)+ Hy(r)=0, (1.6)

in which the functiong(z) andg(z) are assumed to be real valued and square integrable.
H andH are finite real numbers. Next, we denotedbyzr, \) the solution of (1.3), and
we denote byp (z, A) the solution of (1.5) satisfying the initial conditions (1.4) and
(1.6), respectively.

It is well known that there exists a functidki(x, s) such that

o(x,\) =¢(x, )+ /K (x,8) ¢ (s,\)ds. (1.7)

The functionK (z, s) satisfies the equation

PK |2 l(l+1)+q~<x)1K_82K_{2 l(l+1)+

0x? T 72 T 982 s g2 q(s)| K (1.8)
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and the conditions

1
K(e,2) = 5 [ latt) = o)t (L.9)
0
K(z,0) = 0. (1.10)
After the transformations
1 1 1
z="(r+5)? w=-(r—25)? Kz, =(z—w)""2u(zw),

4 4

we obtain the following probleniy = —1):

0*u a Ou a Ju (§—q)u u

0z0w z—wa—i_z—w(?—w_ 4/zw + z(z—w)’

u(z,z —0) =0,
u « 1

= LA -0 (vE) (V) £

for a constant. This problem can be solved by using the Riemann method [21].

Let \o(¢q, H) < M(q,H) < --- — oo be the eigenvalues of the problem (1.3),
(1.4)and0 < 27 < --- < 2/ < 7w, j = 1,2,...,n — 1 be nodal points of theth
eigenfunction. It is shown that the set of all nodals pgin} } is dense in(0, 7); in fact,

a judicious choice of one nodal poinf for eachy,, n > 1 also forms a dense set in
(0, ).

2. Main Results

In this section, our purpose is to develop asymptotic expressions for the pggmmily
(j=1,2,...,n—1,n € N) aty, the eigenfunction corresponding to the eigenvaljie

Theorem 2.1. We consider the equation

CoT+1) 2
o MY 2|y = 1)

with the boundary conditions
y(0) =0, (2.2)
y'(m, )+ Hy(m,\) = 0. (2.3)
Then, the nodal points and nodal lengths of the problem (2.1)—(2.3) are

d= (25— ) mro(). 2.4)
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= g i) (i) . (2.5)

TL2
Proof. As known [2], the eigenvalues and eigenfunctions of the problem (2.1)—(2.3)
satisfy the asymptotics

1
\/A_nz(n+£)+lw+0(l), n — oo. (2.6)

The eigenfunctions of the problem (2.1)—(2.3) are in the asymptotic form given as

#n() = cos Kn+é) x—%r} +0 (%)

Hence, we use the classical estimate

¢n(T) — cos KnJré)x_%r]

where M is a constant. Thug, (z) will vanish in the intervals whose end points are

solutions to
N l I iM
COS n — |\ X — — | = —.
2 2 n

This equation can also be written as

(n+5) =5 e (+5)
n+—-|xr—— =arccos | +t— .
2 2 n

. . M
Using the Taylor expansion fairccos (—) , we get
n

PEAVRINE S AV 'SNS
LY C Y R n? )

. 2j+1-1 1
x! = (L)W+O<—),(j:1,2,...,n—1,nEN).

Y

M
n

2n n?

The nodal length is
e e :Ej’

g (2UFDFIN 2oy (1Y
" 2n 2n n?

This completes the proof. |
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Now, we will give a uniqueness theorem. It states that the potential fungtion
for a singular Sturm—Liouville problem is uniquely determined by a dense subset of the
nodes. We mention that this theorem was given for regular Sturm-Liouville problems
by McLaughlin [17], Hald and McLaughlin [12], Browne and Sleeman [4].

™

Theorem 2.2. Suppose thaj is integrable. ThenH andq — /q are uniquely deter-

0
mined by any dense set of nodal points.

Proof. Assume that we have two problems of the type (2.1)—(2.3) \iithH and g,
q. Let the nodal points?, 77, satisfyingz), = &/, form a dense set if0, 7). We take
solutions of (2.1)—(2.3y,, for (H, q) andw,, for (H, g). It follows from (2.1) that
/ 7 (+1 2 1(I+1 2 .
(i = (144 3y KD 2 HED)_2)

(2.7)

Recall thal(in — \,) are uniformly bounded in and thatv, w,, are uniformly bounded

inn andz € (0, 7). We select a subsequence of nodes from the dense set. To show that
H = H, we integrate both sides of (2.7) from to 7 and choose a subsequence that
tends tor to obtain

™

(H — H)wy (1), (7) = / (¢ — G+ Mo — M) wptbnde.

Th

From this results we can conclude= H. |
Letx) = 2/ and integrate both sides of (2.7) frdio «/, to obtain

xi, z,

~ / ~
/ (w;wn — w,m?%) dr = /(q — 4+ A — A\ wpiyde,
0 0

z,

[ a2) 0 () = (@2) @ (02)] = [ (0= T+ D = A

x,

0= /(q — G+ My — An ) WpWpd.
0

From the asymptotic forms of, and),,, we have

z]

0:/(q—q+d—a+H—fI)wn@Dndx,

0
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where

™

1 1
a = — —H+ln7r+2+—/q(t)dt :
U 2

1] - 1]
a = — —H+lnw+2+—/cj(t)dt
T 2

0

We take a sequene€ accumulating at an arbitrany € (0, 7). Hence,

0:/ q_qN_/((j_q)dS wnwndt7
0 0

™

and this holds for alk. We can therefore conclude that- /q(s)ds is uniquely deter-

0

mined by a dense set of nodes. |

Corollary 2.3. For the problem (2.1)—(2.3), the potentiak uniquely determined by a
dense set of nodes and the constant
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