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Abstract
We consider the existence of positive solutions for the quasilinear elliptic system

—Aup = ug', z €,
—Aug = Mug?, z€Q,

—Au, = A", z €,

u; =0, red,i=1,2...,n,
where ) is a positive parameter) is the Laplacian operatoty; > 0 for ¢ =
1,2,...,n, andQ is a bounded domain iiRN(N > 1) with smooth boundary

09). By using the method of sub-super solutions we prove the existence of positive
solutions for each > 0.
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1. Introduction

In this paper we consider the existence of positive solutions for the quasilinear elliptic
system of the form

—Auy = Auy*, x€Q,

—Aug = dug?, z € Q,
(1.1)

—Au, = \ui", x €,

u; =0, redi=1,2,....,n,
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where\ is a positive parameted is the Laplacian operatat,;, > 0fori =1,2,...,n,
and(? is a bounded domain iR" (N > 1) with smooth boundary<.

Systems of the form (1.1) arise in several contexts in biology and engineering (see
[8]). It provides a simple model to describe, for instance, the interactiondiffusing
biological speciesu; fori = 1,2, ..., n represent the densities ofspecies. See [9] for
details on the physical models involving more general elliptic system.

For the caser = 2, (1.1) has been studied by many authors. Especially, Dalmasso
[2] proved the uniqueness and existence of positive solutions to (1.1) for the.case
2,0 < aqap < 1. See also [5, 7], for related results. On the other hand, whet, > 1
with additional assumption on; andas, existence of a positive solution to (1.1) has
been studied by several authors (see e.g., [1,10] and the reference therein). In this paper,
we show the existence of positive solutions for (1.1) by using the method of sub- and
supersolutions, see [4]. We refer to [3, 6] for additional results on elliptic systems.

2. Existence Results

To prove our existence results we use the method of sub-super solutions. To do so, we
now define sub and super solutions of (1.1).

Definition 2.1. A pair of nonnegative function/;, v, ..., %), (21, 22, .. ., 2,) in the

space CZ(Q))" is called a subsolution and supersolution of (1.1) if they satisfy) <

zi(x)inQfori=1,2,...,n,and
—Awl§>\¢§qa—A¢2§>\¢§27---,—A¢n§)\¢?”a erv

and

—Azy > A2t —Azg > Azg? o = Az, > A2, 2 e Q.

We shall obtain the existence of a positive solution to system (1.1) by constructing a

positive subsolutiofiy)y, 1o, . . ., 1,,) and supersolutiofizy, zs, . . ., 2,,).
Theorem 2.2. Let oy, s, ..., ,, < 1. Then system (1.1) has a positive solution for
each\ > 0.

Proof. Let \; be the first eigenvalue 6f A with Dirichlet boundary conditions ang,

denote the corresponding eigenfunction, satisfybng:) > 0in €2, [V¢,| > 0 on 92

and||¢1||l = 1. We shall verify that(vy, 1o, ..., ¢,) = (¥,v,..., 1), wherey =
————

n times
—¢?, is a subsolution of (1.1), whede > 0 is small and specified later. A calculation
shows that

Ay = —gAQﬁ% = —k (Vo] + 01461) = k (Mg? — [Voul?) .
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Sinceg, = 0 and|V¢;| > 0 on 92, there is§ > 0 such that
Mot — |Voi? <0,  x€Qy,
with Qs = {z € Q | d(z,09) < §}. This implies that
k(Mo —|Voi]?) <0< ™, z€ Qs

Next, we note thai, () > n > 0in Q, = Q\Qs for somen > 0. Sincea; < 1, there
is ko > 0 such that ifk € (0, ko) we have

ETUN 6] < M1/2)M % < A(1/2) 61, @ € Qo

Hence
—AY =k (Mg; — [V |?) < ™,z € Qy.

Thus
=AY <\, x e

Similarly, we have

=AY < M2 =AY < P e Q)
ie., (V1,¢e,...,0,) = (V,1,..., 1), is a subsolution of (1.1).

ntimes
Next, let( be the positive solution of the problem

—AC=1, €,
(=0, x € 0f.

Let
(21,2’2, . 7Zn) = (CIC7CQ€a e ,CnC),

whereCy, Cs, ..., C, > 0 are large numbers to be chosen later. We shall verify that
(21, 22, ..., 2,) IS @ supersolution of (1.1). A calculation shows that

—Az1 = Cl-
Similarly we have
_AZQ = 027 ceey —AZn = Cn

Let! = ||(||- It iS €asy to prove that there exist positive large constantss, . .., C,
such that

Cl == )\(021)011 5
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Then we have
01 = )\(Cgl)al Z )\(CQC)QI = )\Zgl.

Similarly we have
Cy > A252,...,Cp > Az(™,

and therefore
—Azy > A2t =Dz > A2g? o = Az > A e

i.e., (z1,22,...,2,) IS @ supersolution of (1.1) with; > ¢; (0 = 1,2,...,n) in Q

for large C1,Cs, ..., C,. Thus, by the comparison principle, there exists a solution
(ug, ug, ..., u,) of (L.1) withe; < u; < 2 fori = 1,2,... n. This completes the
proof of Theorem 2.2. [ |
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