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Abstract

By means of Guo—Krasnoselskii’s fixed point theorem, we prove an existence
result for positive solutions to a certain second-order boundary value problem.
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1 Introduction

Existence theory for boundary value problems (bvp for short) associated with nonlinear
ordinary differential equations play an important role in both theory and application
and still attract a great deal of interest. For recent developments in the theory, we refer
the reader to the monographs [1-3, 11, 12]. Singular bvps arise in the study of many
real world problems such as radial solution of nonlinear elliptic equations and in the
modelling of many physical phenomena where only positive solutions are meaningful.
A nice bibliography on the subject is found in each of the monographs [2, 3, 11], one
can see also the papers [4,5, 10, 13].

This article deals with existence of positive solutions to the second-order boundary
value problem (bvp in short)

—u"(t) + q(t)u(t) = ¢ (t) f(t,u(t) t € (0,1),
limu(t) = limu(t) = 0, (1.1)

t—0 t—1
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where ¢, ¢ : (0,1) — R and f : (0,1) x (0, +00) — R are continuous functions.
In all this work, we assume that the function ¢ satisfies the following hypothesis:

( lim inf ¢(s) > 0, lim inf q(s) > 0,
S—r

s—0

1/2 1
/ q(s)ds = / q(s)ds = 400 and (1.2)
0 1/2

\ /01 s(1 — 8)g(s)ds < oo,

Our approach in this work is based on a fixed point formulation and since the non-
linearity in (1.1) is supposed to be nonnegative, we will use the Guo—Krasnoselskii’s
version of expansion and compression of a cone principal to prove our main existence
result. In the reminder of this section, we recall this powerful theorem and the necessary
theoretical background to its statement.

Let (E,||.||) be a real Banach space. A nonempty closed convex subset C' of F is
said tobe a cone in F if C' N (—C) = {0g} and tC C C forall t > 0.

Let €2 be a nonempty subset in £. A mapping A : {2 — FE is said to be compact if it
is continuous and A (2) is relatively compact in E.

The Guo—Krasnoselskii’s version of expansion and compression of a cone principal
in a Banach space consists in the following theorem.

Theorem 1.1. Let P be a cone in_ E and let )1, Q) be bounded open subsets of E with
0€Qand )y C Qo IfT : PN () — P is a compact mapping such that either:

1. ||[Tu|| < ||ul| forw € PN OQy and | Tu|| > ||ul| for uw € P N0y, or
2. ||Tu|| > ||u|| foru e PN OQy and | Tu| < ||ul| for u € PN Oy,
Then T has at least one fixed point in P N (Qy . Q).

This work is motivated by those in [6, 7], where authors studied existence of nodal
solutions for the case where the ordinary differential equation (ode for short) in bvp
(1.1) is posed respectively on the half-line and on the real line and subject to Dirichlet
boundary conditions. The main hypothesis therein is glr;fT q(t) > 0 for some T large and

notice that satisfying such a condition, the weight ¢ is unintegrable. This situation makes
the arguments evoked in [8] for the construction of the Green’s function unusable. The
second difficulty encountered in this work consists in the fact that the realization of the
inequality ||7'u|| > ||u|| requires to Green’s function to have the property of rising above
its maximum (see Assertion 2 in Lemma 2.4). We will see in the following section how
the condition of integrability imposed on ¢ in (1.2) works to provide nice framework in
which all the difficulties mentioned above are overcome. In the last section is devoted
to the main result of this paper and its proof and it is ended by a corollary, deduced
from the main theorem, for the particular case of the bvp (1.1) where f(t,u) = u" with

p# 1.
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2 Fixed Point Formulation
We begin this section by a characterization of the solution to the ode
v’ = qu, (2.1)

which will be helpful for the construction of the Green’s function associated with the
bvp (1.1).

Lemma 2.1. Assume that Hypothesis (1.2) holds and let v be a nontrivial solution to
the ode (2.1). Then v has at most one zeros and the limits yr% v(t), ,lgm% v(t) exist and are
— —

finite.

Proof. To the contrary, suppose that v(z1) = v(xe) = 0 with 0 < 1 < 25 < 1 and
v > 01in (z1,25). In one hand, there exist y;,ys in (x1,22) such that y; < y, and
v'(y1) > 0 > v'(y2) and in the other hand, we have v = quv > 0 in (21, z2) leading to
v’ is nondecreasing in (1, x5),then to the contradiction v'(y;) < v'(y2).

Now, let us prove that 1111% v(t) exist and is finite (}in& v(t) is checked similarly).

— —
Since v admits at most one zero in (0, 1) one can suppose that v > 0 in (a, 1) for some
a € (0,1) and in such a situation v’ is increasing in (a, 1) and does not vanish in (b, 1)
with b > a. Therefore, 11rr% v(t) exist and we distinguish the following two cases:
%
i) v’ < 0in (b, 1), in this case we have 11rr11 v(t) < v(b).
—

ii) o' > 0'in (b, 1), in this case for all 5 € (a, 1) we have
(U’(a) + / () dT> _ (U'(a) + / () (7) d7>
(U’(a) +o(s) / T () dT)

V'(s)

IN

leading to
V'(s) < v'(a

N—
+
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Integrating on (a, t), we obtain
oW\ V) [ V@)
n (i) <5 + [ [ <SG [a-ntia

u(t) < v(a) exp (Z((;L)) + /:(1 — 8)q(s) ds) .

This ends the proof. [
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Hereafter, for any solution ¢ to the ode (2.1) we set ¢(0) = Pn(l) ©(t) and ¢(1) =
—
lim ().
t—1
Let 1 and - be the solutions to the ode (2.1) satisfying

1 e 1 e
pi{5)=Lealg)=0 95| =Tlandyy {7 )=-1

It is easy to see that ¢; > 1 and the Wronksian W (1, ¢2) = —1. Thus, any solution
to the ode (2.1) takes the form u = ap; + by with a, b € R.

Since )
/ /
— 1
(ﬂ> =P S 0in (0,1)
#1 (1) (1)
0 1
we have #2 (0) < ez (1) and the system

p1(0) @1 (1)

{ 21 (0) +yp2 (0) =1
21 (1) +yp2 (1) =0

has a unique solution (¢q, ¢3).
In all what follows, we let ®, = c1¢1 + ca02 which has the following properties.

Lemma 2.2. Assume that Hypothesis (1.2) holds. Then the function ®, has the follow-
ing properties:

i) O,(t) >0, ®,(t) < 0and Dy(t) > 0forallt € (0,1).

)
ii) The function Cﬁ is bounded near 1.
q

Proof. Since ®, is a solution to the ode (2.1) and ®,(1) = 0, we have from Lemma 2.1

that &, > 0 in (0, 1). Consequently, ; < 0 and ®, > 0 in (0,1). From Hypohesis

(1.2), we conclude that there is a € (0, 1) such that o = %nf q(t) > 0.Forall t > a we
>a

have
(—@g(t))z = Q/t @g(s) (—CD;(S)) ds:/t q(s)Py(s) (—q);(s)) ds
> a(P(1)°

This leads to

B (20 < Lra

The proof of Lemma 2.2 is complete. ]
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Let ¥, be the function defined by

U, (1) = <I>q(t)/0 qj(ss) fort € [0,1).

Since ¥,(0) = 0, ¥, = q¥, and &, > 0in (0, 1), we conclude from Lemma 2.1 that
U,(1) < coand ¥, > 0in (0, 1].

Lemma 2.3. Assume that Hypothesis (1.2) holds, then the function ¥V, has the following
properties:

a) W, (t) >0, W (t) <0and V(t) > 0 forallt € (0,1),

b) Forallt € (0,1), ®q(t)V,(t) — Ty ()P (t) = 1,

v
¢) The function \11_7 is bounded near (.
q

Proof. Assertions a) and b) are easy to check, so let us prove c). The proof of c) is
similar to that of Assertion ii) in Lemma 2.2. [

Let G, : [0,1] x [0,1] — R* be the function defined by

Gt s) = D, ()P, (s) if0<t<s<1
BT @, (s) W, (1) if0< s <t <1

Lemma 2.4. Assume that Hypothesis (1.2) holds, then

1. G,(t,s) < Gy(s,s) < sup @, (t) Y, (t) < coforallt,s e (0,1),

0<t<1

2. Gy(t,s) > v, (t) Gy(s, s) forallt,s € (0,1) where
Yq (1) = min (1, (¥, (1)) min (P, (£) , ¥, (1)) -

Proof. Assertion 1 is obtained from the monotonicity of the functions ¢, and ¥,. Let
us prove Assertion 2. For all ¢, s € (0, 1), we have

W) W)
ey = i DU
(5,5 Bl B0 i<

This ends the proof. [
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In all of this paper, we let F be the linear space defined by

t—0 t—1

E = {u € C((0,1),R) : limu(t) = limu(t) = O} .

Equipped with the sup-norm denoted by ||-||, £ becomes a Banach space. By P we
denote the cone of £ defined by

P={ueE:u(t) > ()| ul forallt € (0,1)}.
The following lemma provide a fixed point formulation to the bvp (1.1).
Lemma 2.5. Assume that Hypothesis (1.2) holds and

( for all p > 0 there exists a nonincreasing function

A, : (0,400) = (0, +00) such that

f(t,w) <A, (w) forallt € (0,1) and all w € (0, p|,

lim G (1, )6 (1) Ay (m79(0)) = B G (1,0 (1) Ay (r3(1) = 0and - 2

\ /0 G (s,5) ¢ (s) A, (ryq(s)) ds < oo forallr € (0, p].

Then there exists a continuous operator T' : P~ {0} — P such that for all r, R with
0<r<R,T(PN(B(0,R)~ B(0,r))) is relatively compact in E and fixed points of
T are positive solutions to the bvp (1.1).

Proof. The is divided into two steps.

Step 1. In this step we prove the existence of the operator 7". To this aim let u €
P~ {0}. By means of Hypothesis (2.2) with R = |jul|, for all ¢t € (0, 1) we have from
Assertion 1 in Lemma 2.4 and Hypothesis (2.2),

/0 Gy(t,s)0 () f(s,uls))ds S/O Gy(s,8)¢ () Ar (Ry(s)) ds < oo.

Thus, let v be the function defined by

o) = [ Gult:5)0 () Flsu(s))as.

Clearly, v is continuous on (0,1) and v(t) > 0 for all ¢ € (0,1). Moreover, taking in
account the limit in Hypothesis (2.2), Assertion ii) in Lemma 2.2 and Assertion c) in
Lemma 2.3, we obtain by means of L’Hopital’s rule

ingo(8) < i 0, (1) | @,()0 (5) A (Rs) d

iy (GG 0,00 0) An (R0 ) = 0

/
q

"




Positive Solutions for Singular BVPs 315

and
t

ingo(8) < i@, () | 0,500 5) A (Ro(s) ds

~ tiny (G600 (A (2, 0) ) =0

t—0

Assertion 2 in Lemma 2.4 leads to

o(t) = / Golt, )6 (5) f (s, u(s))ds
> 5, () / Go(5,9)0 (5) (5, u(s))ds >, (1) |Jul],

proving that v € P and the operator 7' : P ~. {0} — P where foru € P ~ {0}

Tu(t) :/o Gy(t,s)o (s) f(s,u(s))ds,

is well defined.
Step 2. Let R > r > 0 and ¢ be defined by

O(s) = ¢ (s) Ar (174(s))

where A is the function given by Hypothesis (2.2). Let us prove that the restriction of
TtoQ= PN (B(0,R)~ B(0,r)) is compact. First, we prove that 7" is continuous on
(2. Let (u,) be a sequence in €2 such that lim w, = u. For all n > 1 we have

n—oo

[Ty — Tull = sup (|Tup (t) — Tu(t)])
te(0,1)

< [ Guls19) 9515, a(5)) = £ (G5, (5D .

Because of
|f(s,un(s)) — f(s,u(s))] = 0, asn — +oo,
[F(s,un(s)) = F((s,u(s))] < 20(s) for all 5 > 0.
)

and/0 Gy (s,5) P (s)ds <

Lebesgue’s dominated convergence theorem guarantees lim ||7'w,, — T'u|| = 0. Hence,
n—oo

we have proved that 7" is continuous.
For all v € €2, we have

1
1Tl g/ G, (5, 5) B(s)ds,
0

proving that 7€) is bounded in F.
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LetO <n <t <ty <(<1 Forallu € (2, we have

+0,(n) / T, (5) (s)ds

The above estimate proves that 7€ is equicontinuous on compact intervals of (0, 1).
For allw € Q and ¢t > 0, we have

1
H < / Gt $)D(s)ds = H(?)
0
Arguing as in Step 1, we obtain from Hypothesis (2.2) that

lim H(t) =lim H(t) = 0,

t—0 t—1

proving the equiconvergence of 7).

In view of Corduneanu’s compactness criterion [9, p. 62], T2 is relatively compact
in E.

By simple computations, we see that fixed points of 7" are positive solutions to the
bvp (1.1), ending the proof of the lemma. [

3 Main Result

The statement of the main result needs to introduce the following notations. Let

fO = lim sup (supM> ’ £°° = lim sup (Supf(t’u)> ’

u—0 >0 U w—+oo \ t>0 U
R _f(tu) T _f(t u)
poto) =it (3 ) )= it (5

where for o € (0,1/2), I, = [0,1 — o]. Let also,

I' = sup (/Gts ),
t€(0,1)

o) = s ( / G (t.)0(5)(s)ds ).

te(0,1
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Notice that if Hypothesis (2.2) is fulfilled, then [' < oo. Indeed, since for p = 1 the
function A; is nonincreasing, we have

/0 G,(t, s)p(s)ds < /O Goyls, s)é(s)ds = (K) /0 G (s,5) 6 (s) Ads

< @7 G906 M Gl ds < o

here A = A
where 1 (m(%}f)'yq( ))

The main result of this work consists in the following theorem.

Theorem 3.1. Assume that Hypotheses (1.2) and (2.2) hold and there exists o € (0,1/2)
such that one of the following situations (3.1) and (3.2) holds.

f'T <1< [ (0)O(0), 3.1
[l <1< fo(o)O(o). (3.2)
Then the bvp (1.1) admits at least one positive solution.

Proof. Step 1. Existence in the case where (3.1) holds

Let € > 0 be such that (f° + ¢)[" < 1. For such an ¢, there exists 2, > 0 such that
ft,w) < (f°+ ewforallw € (0, Ry),and let Q; = {u € E, ||ul]| < R;}.

Therefore, for all u € PN 0§ and all ¢ € (0, 1), we have

/G (t,s)o(s)f(s,u(s) ds</ Gylt, s)o(s) (f+€) u(s)ds
< lull (#°+ 9 / Gylt.5)6(s)ds T (4°+ ) ] < Jul

leading to ||Tu|| < ||ul|
Now, suppose that f, (0) > O(c) for some o € (0,1/2) and let ¢ > 0 be such that

(foo (0) —€)O(0) > 1.

There exists Ry > Ry such that f(t,w) > (fx (0) —€)w forall ¢t € I, and all w > Rs.
Let v, = min{v,(s) : s € I}, Ry = Ry/v, and Q2 = {u € E : ||u|| < Ry}. For all
u € PNy, and all t € (0,1), we have

il > s ( 7 Gu)006) 05

te(0,1

zsup)(/l Gt $)6(5) oo (0) ><s>ds)

te(0,1

> (o) =)l su (/G )w(s)ds)
> Jul (£ (0) - )6(0) >

]
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We deduce from Assertion 1 of Theorem 1.1, that 7" admits a fixed point v € P with
Ry < ||ul| < Ry

which is, by Lemma 2.5, a positive solution to the bvp (1.1).
Step 2. Existence in the case where (3.2) holds
Let € > 0 be such that (fy (0) — €)O(o) > 1, there exists R; such that

ft,w) > (fo(0) —e)w

forallt € I, and all w € (0, Ry). Let Qy = {u € E: |Ju|| < Ry}, forall u € PN O
and all ¢ € (0,1), we have

il > s (/ G )65 5 ut))s

te(0,1
%2}%}3)( G 1.5)0(5) o (0) = 2Ju(s)ds
> (fo (o) —¢) |u||t2%;; ( e (sm(s)ds)
> lull (fo (o) — £)0(0) > [l

Let € > 0 be such that (f* 4 ¢)I" < 1, there exists R, > 0 such that
ft,w) < (f*+ew+ Ag, (w), forallt € (0,1) and w > 0,
where Ap_ is the functions given by Hypothesis 2.2 for R = R.. Let

D (t) = ¢(s)Ar. (Revq(s))

~ oI
Ry = -
Col-(f*+9T
with &, = sup (/ G(t, s)P. (s) ds)
te(0,1) 0

and notice that I "' (f* + ¢)R + ®. < R forall R > ég.
Let Ry > max(Ry, Ry, R) and Q5 = {u € E, ||u|| < Ry}. Forall u € P N 0Qy
and all t € (0,1), we have

Tu(t) :/0 Gq(t,s)qﬁ(s)f(s,u(s))ds
< / Go(t, 5)6(5) ((F + ) u(s) + U, (u(s))) ds

1
< (5 + o) lul / G, (t. 5)b(s)ds + B,
< (f*+¢) T ul +6e < ||ul| -
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leading to
[ Tul| < [full-

We deduce from Assertion 2 of Theorem 1.1, that 7" admits a fixed point © € P with
Ry < lull < Ry

which is, by Lemma 2.5, a positive solution to the bvp (1.1).
The proof of Theorem 3.1 is complete. [

We obtain from Theorem 3.1 the following existence result for positive solutions to
the typical case of the bvp (1.1) where f(t,u) = m (t) u" with p # 1.

Corollary 3.2. Assume that

( f(t,u) = u" with u # 1,

lim Gy (t, 1) () max (1, (74 (£))")
lim G (t, 1) () max (1, (74 (£))")

and /0 G,(s,8)p(s) max (1, (7, (s))") ds < .

Then the bvp (1.1) admits a positive solution.

0

\

Proof. Forall p > 0 and w € (0, p], we have
ptif p >0,
e H < =
f(t,@U) w —Ap(w) { w“if,u<0
and
_Jptifp >0,
Ap(ryy (1)) = { ™ (7 M if <0
Thus, we obtain from the above calculation that for » = 0, 1 we have
lim G, (¢, £)(t) max (1, A, (17, (1))
= max (", ) lim Gy (£, 1) (t) max (1, (74 (£))") = 0.
—v

= max (p*, ) max (1, (7 ())") -

Moreover, we have

f =0 and f(0)=+ooforallo € (0,1/2), ifu >0,
f*=0 and fy(o)=+ocforallo e (0,1/2), ifu<O0.

Therefore, Theorem 3.1 guarantees existence of a positive solution to such a case of the
bvp (1.1). ]

Remark 3.3. Theorem 3.1 holds true if we replace Hypothesis (1.2) by one of the fol-
lowing assumptions

1/2 1
lim in%q(s) > 0, / q(s)ds = 400 and / sq(s)ds < oo,
S— 0 0

1

1
lim inflq(s) > O,/ q(s)ds = 400 and / (1 —s)q(s)ds < 0.
S— 0

1/2
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