International Journal of Difference Equations
ISSN 0973-6069, Volume 14, Number 2, pp. 179-194 (2019)
http://campus.mst.edu/1ijde

Oscillation of Nabla Difference Equations
with Several Delay Arguments

Hongwu Wu
South China University of Technology
School of Mathematics
Guangzhou 510640, China

hwwu@scut .edu.cn

Julio G. Dix
Texas State University
Department of Mathematics
601 University Dr.
San Marcos, TX 78666, USA
jd0l@txstate.edu

Abstract

This article concerns the oscillation of solutions to first-order linear nabla dif-
ference (backwards difference) equations with several delay arguments and oscilla-
tory coefficients. We present oscillation criteria through iterated estimates involv-
ing all delay arguments. We give examples that illustrate the interaction among the
delay arguments, and present numerical examples using Matlab software. It should
be noted that these results parallel those obtained for differential equations by Wu
and Dix in [14].

AMS Subject Classifications: 39A10, 39A21, 34C10.
Keywords: Oscillation, nabla difference, backward difference, multiple delay argu-
ments.

1 Introduction

LetN, = {a,a+1,a+2,..}and N® = {a,a + 1,a +2,...,b}, where a,b € R and
b — a is a positive integer. For a function f : N, — R, we define the nabla operator by
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Vf(t) = f(t) — f(t = 1) for t € N,y1. In some publications this operator is called
the backward difference operator, while the forward difference operator is denoted by

Af(t) = f{t+1) = f(1).
In this article, we are concerned with the oscillation properties of solutions to the
first-order linear nabla difference equations with several delay arguments

V(t) + sz(t):c(n(t)) =0, teNg, (1.1)

where p; : Ng — R, 7; : Ny — Z are non-decreasing and satisfy 7;(¢) < ¢t — 1 and
tlim 7;(t) = oo fori € NY.
—00

The following notation will be used in this paper. The raising operator is defined as
tri=tt+1){t+2)---(t+r—1), reNy, teR.

From this definition and the nabla operator, we obtain the power rule

r+1

v%—]’u—dmyﬂza—w, (12)

where o(t) =t + 1. Assume f : N,;; — R and b € N,. Then the nabla integral of f
from a to b is defined by

b b
/ FOVE:= > f(t), teN,. (1.3)
a t=a+1

We now state the fundamental theorem for the nabla calculus. Assume f : N? g — R
and F' : N’ — R is any nabla antidifference of f on N?, that is VF(t) = f(t) for
teN? +1- Then

b
/f@W—F@ﬂFF@—F@. (1.4)
To define the nabla exponential function we consider the set of regressive functions
R = {p . Na+1 —R:1 —p(t) 7£ 0fort e Na+1}-

Then the nabla exponential function corresponding to p € R, based at s € N, is the
unique solution E,(t, s) of the initial value problem

V(t)

p(t)x(t),
z(s) = 1.

~—

For the nabla exponential function, we have the following theorem.
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Theorem 1.1 (See [7, Theorem 3.6]). Assume p € R and s € N,. Then
~, teN,

IT a=»G))
E,(t,s) = g=stl
I a=-pt). ten

For any function h, it is understood that H h(j) =1
j=t+1

For more background information on the nabla operator, we refer the reader to the

monograph [7] by Goodrich and Peterson. Let

T(t) = llggln{n(t)}, t € Np. (1.5)
By a solution of the nabla difference equation (1.1), we mean a sequence of real numbers
x(t) for t > 7(0) which satisfy (1.1) for all £ > 0. It is easy to see that (1.1) has a
unique solution for any initial value conditions z(t) = c(t), t € NT_&)). As is customary,
a nontrivial solution z(t) of (1.1) is called oscillatory if for every t, € Ny, there exists
t > to such that x(t) = 0 or z(t)z(t — 1) < 0. Otherwise, the solution is called
non-oscillatory. This equation is called oscillatory if all its nontrivial solutions are
oscillatory.

In the previous few decades, the oscillatory behavior of solutions to differential/delta
difference equations has been extensively studied. See, for example, [1-6,8—14] and the
references cited therein. However, none of these papers pays attention to the nabla dif-
ference equations. In the previous works about differential/delta difference equations,
the authors consider conditions only related to largest delay argument or the smallest
delay argument, as defined in (1.5); see, for example, [3-5]. However, existing research
results show that the oscillatory behavior of the solutions of differential equations is
related to all delay arguments, see [14]. Motivated by the above discussions, our ob-
jective is to establish oscillation criteria based on all the delay arguments of the nabla
difference equation (1.1), as we did for differential equations in [14]. In our opinion,
small changes in each delay will affect the oscillation of solutions to (1.1).

2 Main Results

Throughout this work, as usual, we assume that empty sums equal 0. In addition, we
use the conventions that [t, t5] = [t1, t2]gr N Ng and

P(t) = ipi(t), t € Np.
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From (1.3), we are free to use the integral and summation symbols. According to the
ideas in [13, 14], we define the discrete nabla multiple integral functions

t Tny (t)
TisPny sPngs--sPnm (t) L= / pnl(sl) / pn2(82) e
7 (¢) Tnq (51)

Tnmfl("'Tnl (t))
/ Py, (Sm) VS, -+ Vg Visy,

Mm—1 (Sm—l)

d
2.1)

and
qjﬂ' Py sPngs-sPrnm (t>

t Tnl(t) Tnmfl(""rnl(t))
- / P (51) / Pra(52) - / P (5) 2.2)

l(t) ny (51) nm,1(37n71)

X Ep (T, (- (Tny (1)), Ty (8m)) Vi - -+ Visa Vs,
where 7, n1,n9,...,n, € NY and m € N;. Using (2.1) and (2.2), we then define the
n X n matrix A;(t) with the entries

Q15ing (t) = \Ijn',pnl (t)’ i? n € N?v (2-3)

and the n dimensional vector ﬁl = (Fr1, Fla,. .., Fl;n)T as the solution of the system
of linear equations (I — A;)F, = 1 = (1,1,...,1)7, when it exists. Using (2.1) and
(2.2), we define the n x n matrix A,(t) with entries

A2;in, (t) = q)ﬁwpnl (t) + Z \Iquz,PnyPnQ (t)Fl;m (Tnl (t))v (2.4)
no=1
where i,n; € N7, and the n dimensional vector F, = (Foq, Foo, ...y FQ;n)T as the

solution of the system of linear equations (I — Ag)fg — 1, when it exists. Recursively
for m € N3, we define the n x n matrices A,,(t) with the entries

Amsing (t) :q)n,pnl (t) + Z Z Z - Z ®Tz‘7pn1 7777 P (1)
< T B o () + 2 D -+ 2.5)

where i, n; € NY. As before, we can define the vector

—

Fm:(Fm;17Fm;27-"7Fm;n)T
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as the solution to the system of linear equation
(I—A)E,=1T=(1,1,...,1)7, (2.6)

and it will be used for finding a lower bound of z(7;(t))/x(t) for positive solutions x(t).
To prove our main results, we present several lemmas. Lemma 2.1 can be found
in [14].

Lemma 2.1. Let B be an n x n matrix with b;; < 0 fori # j, ¢; > 1 for i € N{. If
y; > 0 and 1/ is a solution of By = ¢, then B is invertible, and y; > F; > 0 for 1 € N7,
where BF = (1,1,..., 1)

Lemma 2.2. Assume x(t) is a solution of equation (1.1). Further, assume that there exit
m > 1and t; > to > 0 such that 7"2(ty) > 0, and p;(t) > 0 fort € [7™ 1 (ty), 2]
and x(t) > 0 fort € [T"*2(ty), t}]. Then

2(7i(t))
x(t)

where ty, t; € Ny, i € NY, m € Ny, 7(t) and F,,;(t) are defined by (1.5) and (2.6)
respectively.

> Fa(t) Vitelt,ty)], (2.7)

Proof. Since p;(t) > 0 and 2(7;(t) > 0 fort € [T (t), 5], from (1.1), we have
Va(t) = =Y pi(t)a(r(t) <0, te [ (k) 15]. (2.8)
=1

Therefore x(t) is non-increasing. We have z(7;(t)) > z(t — 1), since 7;(t) < ¢t — 1.
From (2.8), we obtain

n

o{t) —(t —1) < = pi(t)a(t — 1)

i=1

which implies that

o(t) < (1 - Zpi(t)) z(t — 1).

Therefore, for s < ¢, we have

z(t) < H (1_Zpi(j)> (s);

Jj=s+1

that is,
t

z(s) > z(t) 'H (1 - Zpi(j)) — 2(t)Ep(L, ). (2.9)

Jj=s+1
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Integrating (1.1) from 7;(¢) to ¢, by (1.4), we obtain

2(7:(t)) = z(t +Z/ Py (51)2(70,(51))Vs1, i€ NP

ni=1

(2.10)

Since s; < t and 7,,, is non-decreasing, we estimate (7, (s)) by integrating (1.1) from

Ty (81) t0 7y, (t); so that by (1.4), we obtain
Tnq (t
2(Tny (81)) = x(70, (1)) + Z / Py (82)2(Tn,(52))Vsa, ny € NT.
no=1 T"l
From (2.10) and (2.11), it is easy to see that

x((t)) = =( —l—Z/ Pny (81)

ni=1

Tnq (t
X [ Tn1 + Z an 82 Tn2<82))V82 Vsl.

no=1 7'n1 51)
Integrating (1.1) from 7,,,(s2) to 7, (75, (t)), by (1.4), for ny, € N7, we have
n Tng (Tnl (t))
(T (52)) = 2 (Tg (T (£)) + D / P (83)(Ts (53)) Vss .

nz=1 Tng (82)

From (2.12) and (2.13), we immediately obtain

z(r(t)) = x(t +Z/ Dny (81) [ (7, (t +Z oy (¢ pm So)

n1=1 na=1 Tnl s1)
Tng (Tny (¢
(Tnz Tm + Z/ pTL3 53) (Tn3(83))VS3 VSQ VSI.
nz=1

Fort € [T (ty), t§], from (2.9), for s; as in (2.10), we have

Tnl(t) n -1
2t (1) > 2(r, (1) ]] (1 - Zm(ﬁ)
41 '

J=Tnq (51)+
= 2(7y (8)) Ep (T, (1), Ty (51)).

From (2.1), (2.10) and (2.15), it follows that

H(0) > 20+ 3 /ﬁ(t)pnxsl)Ep(rm(t),m(smwl.

ni=1

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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From (2.2), we immediately obtain

(mit) 2 () + ) w7, () Vrip,, (8),

ni=1

where i € N7. Dividing both sides of the above inequality by z(t), we have i > 1+ A7/
that is (I — A1)y > 1, where y; = x(7;(t))/x(t) and the matrix A, (t) with the entries
15in, (1) = Vs, p, (1), 4, n1 € NY. Using Lemma 2.1 with B = [ — A, we obtain that

z(7i(t))

=) > F(t) >0, te[r™ (), t], ieNy, (2.16)

where F satisfies (I — Al)ﬁl = 1. Fort € [7™2(to), ], from (2.9) and (2.16), we
have

CL’(TM (82)) > x(Tnz (Tnl (t)>>EP (Tm (Tm (ﬂ)? Tngy (52))
2 Fl;nz (Tm (t)):lj'(Tm (t) Ep (THQ (Tm (t»? Tngy (82)>'

From (2.1), (2.2) and(2.12), it follows that

t t

w(5(0) > a() + 3 2, (1)) / Pos(50)Vs1 + 3 27, (1)) / P (1)

n1=1 7i(t) ni=1 7i(t
n Tnq (t)
3 Fiy (o (1) / Pr(52) B (7y (7 (£)): Ty (52)) V52V st
no=1 Tny (51)

Y

=2(t) + ) w(m (1)) [‘Pn,pnl (8) + > Wriipny g (1) Fina (7 (8))

ni=1

no=1

From the above inequality, we define the matrix A, (¢) with entries

gin, (t) = (I)n,pnl (t) + Z \IITi,pn17pn2 (1) Friny (70 (1)),

no=1
where i, n; € N}, Let y; = x(7;(t))/x(t). Using Lemma 2.1 with B = [ — Ay, we
obtain
2(7i(t))
x(t
where (I — Ay)Fy = 1. Fort € [T 3(ty), %], from (2.9), (2.16) and (2.17), we have

> Fou(t) >0, te[r™ ?(t),ts], i € N}, (2.17)

(Tns (53))
2 (T Ty (T (8)))) B (Toa (T (T (1)), T (53))
2 By (T (T (£))) Finy (T () (T (8)) Ep (T (Tons (T (1)) T (53))-
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From (2.1), (2.2) and(2.14), it follows that

z(7i( +Z (T, (t / Dny(51) V1
i(t)

ni=1
Tnq ()

+ Z (7, (t Z / Py (51 / Pny (32)F2;n2 (70, (1)) V82 Vs

ni=1 no=1 n1 (51)

+ Z (T, (1)) Z Py (70 (£)) D Friny (T (7, (1))

ni=1 no=1 nz=1

t Tnq (t) Tng (Tnl (t))
<) [ o) [ s
7 (t) Tnq (81) Tng (52)

n1

X Ep(Tn3 (Tn2 (Tnl (t))), Tn3(83)) VSg VSQ VSl

=2(t) + ) w(m (1) [q)n,pnl (8) + Y Pripay oy () Frina (s (1))

ni=1 no=1

3D Vs (O Frins (o (7 () Py (7 (8)

no=1n3z=1
Let A3(t) be the matrix with entries

3;iny (t) = ®Ti7pn1 (t) + Z (I)n,pnl,an (t) Friiny (70, (1))

no=1

+ Z Z \I;Ti »PrqPrgsPrg (t>F1;n3 (Tm (Tm (t)))FQ;m (Tm (t))v

ne=1n3z=1

where 7, n; € NY. Using Lemma 2.1 with B = I — A3, we have

2(ri(t))

w(t)

> Fa(t) >0, [7"3(t),t5], i € N}. (2.18)

where (I — A3)Fy = 1.
Following the same procedure m times, it is easy to obtain the statement of Lemma
2.2. This completes the proof. 0

Theorem 2.3. Assume that there exists a positive integer m, such that 7™ "*(ty) > 0,
and pi(t) > 0 fort € [t™(ty),to]. If there exists i € N} such that Fy,;(ty) > 0,
Fyi(to) > 0,..., Fn_14(to) > 0, and F,,.;(ty) is not defined or is negative, where
F,.i(t) is defined by (2.6). Then for any t > t,, every solution of equation (1.1) has at
least one zero on [T™2(t), ty).
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Proof. Suppose that z(t) is a solution of equation (1.1). Without loss of generality, we
may assume that z(¢) > 0 for t € [772(t,), to]. We shall only consider this case, since

the substitution z(¢) = —z(t) transforms (1.1) into an equation of the same form. From
Lemma 2.2 with ¢, = t{, we obtain F},, ;(to) > 0 for ¢ € N}, which is a contradiction to
our hypothesis. This completes the proof of Theorem 2.3. [

By repeatedly Using Lemma 2.2 to some increasing sequences {t; } =, approaching
o0, one can prove that the following theorem in a manner similar to that of Theorem
2.3. The details of the proof are therefore are omitted.

Theorem 2.4. Suppose that there exist some increasing sequences {ty.} v, approaching
oo and some bounded sequences of positive integers {my, };>,, such that 7™ *2(t;) > 0
for each k, and p;(t) > 0 fort € [7™ (), ). If for each ty, there exists i € N such
that Fy;(ty) > 0, Fo,(tg) > 0,..., Fy,—1.i(tx) > 0, and F,,,, .i(t) is not defined or is
negative. Then equation (1.1) is oscillatory.

3 Examples

In this section, we present some numerical examples that illustrate the main results of
this paper. We first consider the first-order linear nabla difference equation with two
constant delays,

Vz(t) + prax(t — 1) + pex(t — 72) =0, € Ny, 3.1
where py, p2, T1, T2 are positive constants.

Lemma 3.1. Ifp;(t) = p; > 0and 7,(t) = t —7; satisfying 7, > 0, then fori,ny, ..., ny,
in N and m € Ny,

m

1 I i Ti
s ()= (5= = D) TL o, = () T
.

j=1

Proof. Since p;(t) = p; > 0 and 7;(t) = t — 7; satisfying 7; > 0, from the definition of
the nabla operator and the fundamental theorem for the nabla calculus, it is easy to see

that
Tnm—l(“~7'n1 (t)) t—Tnl_..._Tnm_l
/ Pnp, (Sm) vSm = / panSm

nmfl(smfl) m—1"Tn,, 1

TP T T T Ty,
_ 1
= Pnp |Sm
Sm—1"Tny, 1

= Pt = Ty = = Ty — Sm—1>1'



188 H. W. Wu, J. G. Dix

From (1.2) and (1.4), it follows that

o (- Tny (1) Trg—1 (+Tny (£))
/ Pryq (Smfl) / Pnpy, (Sm) V5 Vsm_1

nm_Q(Sm—Q) nm_l(sm—l)

t=Tny = =Tng, o -
T
= Pnpm—1Pnm, / (t —Tny = T Ty o — Smfl) Vsm-1
Sm—2"Tn,, o
t—Tpy——T,
1 5 ny Nm—2
= Pnpm_1Pno, {_5 (t —Tay = = Ty — (Smo1 1))
: Sm—2"Tn,,_ o
2
= pnm_1pnm5 (t —Tpny — "~ Tnpes — Sm—2 — 1) .
In a manner similar to the above process, for 7, ny,--- ,n,, € Ny and m € N; we obtain

O 1 ! m—1
s ® = [ gy [ (0= (m=2) =)™ 9
le ° t—’Tl‘

_ _ﬁpm% ((t=m—1)=s)7)

t

t—Ti

1 T
= — (i~ (m = D))" [T s,
j=1
Ti -
~ (7)o
j=1
which completes the proof. 0

Lemma 3.2. Ifp;(t) = p; > 0and 7,(t) = t —7; satisfying 7; > 0, then fori,ny, ..., ny,
in Ny and m € Ny
1-P

Ti,Pnq PrgsePam — Phm qJTi,pyman ,,,,, P, _(I)n,pnl,pnz ,,,,, Pr, o
P (m—1) (m—1)

v

where P = Zpk, Do Dy Dy 1S gEven by Lemma 3.1 and
k=1
(-0 -P))
T P(1-P)"!

Proof. Since p;(t) = p; > 0 and 7;(t) = t — 7; satisfying 7; > 0, from the definitions of
the nabla operator and the nabla exponential function, it is easy to see that

VSEP (t, S) = —

Ep(t,s).
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From the fundamental theorem for the nabla calculus, it follows that

t
\I]Ti,pnl = / pnl EP(t - Tﬂl? 51— Tn1) vsl
t—;

K3

Y

ﬂ ((1 —P) T — 1) _ D (1-(1-P)")

= Pm P P (1 o P)Ti—l

t if—‘rn1
\Iln,pnl,pn2 = / Pny pngEP (t — Tny — Tnyy S2 — Tng) Vs, Vs
t—T7; $1—Tny
1-P
= pn2 P (‘IjTi:pnl - ®Ti7pn1) .

In general, we obtain that

1-P

\IjTiypnlyanqunm = pnm P <\I[Tiypn1 7pn27-~7pn(m_1) - ®Ti,Pn1,Pn2:mvpn(m_l)> )
where i, ny, -+ ,n, € N7, m € Nj. The proof is complete. [

Using (2.1), (2.2), Lemmas 3.1 and 3.2, we have

T
p1kp2m_k( Z), 1<m<m,
= m

TiPnysPrngssPnm — (3.2)
0, m > T,
while for1 <m <7,
U N S ( o )
TisPnysPngs--sPnm Nm M +p2 Tivpnpn-ypn(m—l) T’L:pnlz--~7pn(m—1)
and
TiyPnqgsPngs--sPnm = 0’ m > Tiy (3.3)
where i, ny, -+ ,n, € N2, m € Ny, k is the number of occurrences of p;, and

T

Pny (1_ (1—]91 —p2) )
(pr+p2) (L —p1—p2)" "

TisPny

From (3.2) and (3.3), we define the matrix A; with entries

Pn, (1 - (1 — DN —pz)n)
(p1+p2) (1 —p1 — Pz)n_l’

Alsing = Fripn, =

where i, n; = 1, 2. Then by Lemma 2.2 with B = I — A4, the lower bounds are

1 — a0 + a2
(1 —ap11)(1 —aro) — a1.12a1.91

Fiq =

)
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I —ayn +ai

(1 - a1;11)(1 - CL1;22) — a1;12G1;21 .

F1;2:

The matrix A, has entries

n
a2§in1 = ®Tiapn1 + E : \IjTiapnlvan F1§n2

no=1
- L —p1—po
= (I)Ti,Pnl + ;pnzFl;nzm ( TisPny (I)Ti,Pnl) )

where i, ny, no = 1,2. From (2.5), for m > 3, the matrix A,, has entries

m—1
(ming = Py 21 (7;) H(plFm k1 + Do F_k2) + Zl Zl
j= ng=1n3
ﬁpn( (1—=(1=p1—p2)” )

nm=1j=1 "Npr+p2)" (1 =p1—p2)" ™

m m—j m—1
(7 1—p1—po ﬁl)H

- Fm— n )
, (j - 1) < p1+ P2 > e

where i, ny,ng, ..., N, = 1,2, By Lemma 2.2, it follows that
1 — Wm; m;
Fop = Omi22 + Gm12 , (3.4)
(]- - am;ll)(]- - am;22) - am;12am;21
1— ay, .
Foa = Omslt ¥ Q21 3.5)

)

(1 - am;n)(l - am;22> - am;12am;21'

Taking 71 = 2 and 7, = 3, from (3.2), (3.3) and (3.4), we obtain

a Pl(l— l—p1— 2) a _p2(1—(1—p1—p2)2)
e (pr+p2) (1 —p1—p2)’ S (p1+p2) (L =p1 —p2)’
om0 p=p)) (= 0-p—p))
P i) (L — p2)2 e (p1 +p2) (1 —p1 —p2)”

asa1 = 2p1 +p1 (P1Fia +paFie),  asae = 2ps + po (p1Fia + peFie),
p1(3 —2(p1 + p2)) (p1F11 + p2Fi)

ago1 = 3p1 + ,
L —=p1—p2
(90 = 3p2 + p2(3 — 2(p1 :—pz)) (p1Fha +p2F1;2);
—DP1— D2
az11 = 2p1 + p1 (p1Foa + paFos),  asia = 2ps + po (P1Faa + paFan),

2

as1 = 3p1 + 3p1 (P1Foa + paFog) + 01 H<p1F3fk;1 + paFs_k0),
k=1
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2

as,00 = 3p2 + 3p2 (P1Foq + paFas) + Do H(plF:ka;l + paFs_k0).
k=1

In general, for m > 4, we have

Am;11 = 2p1 +p1 (plFm—l;l + pQFm—1;2> 5

Ama2 = 2p2 + p2 (P1F -1 + p2Fm-12) .
2
Ami21 = 3p1 + 3p1 (P1Fm—11 + p2F_12) + 01 H(p1F3—k;1 + paFis_k2),
k=1
2
Ami22 = 3p2 + 3p2 (D1 F—1.1 + p2F_12) + D2 H(p1F3—k;1 + paFis_k2),
k=1

1 — @m0 + am:12 1 — ama1 + am21

Fm:l = )
1— am;ll - am;22

Foo= .
21— A1 — Am;22

We note that F,,,,; and F},., may not be defined or be negative. Some detailed data
can be found in Table 3.1 in the Appendix. From Theorem 2.4, one can obtain the
following corollary.

Corollary 3.3. If there exists an integer m™ > 1 such that Fy; > 0, Fy; > 0, ...,
Fox_1; > 0, and F,,+; not defined or negative for some i € {1,2}, where F,,+.; is given
by (3.4), then equation (3.1) is oscillatory.

Here, we give some data results for some simple cases. we only consider equation
(3.1) withy =2 and 7o = 3.

Table 3.1: Numerical results for different value of p; and p,

n pr Fiu>0 ... Fn_1.>0 Frpi <0
025001 0 24001 ... Fugy~8.607 Fhyry ~ —26.30
0  0.14816 21109 ... Fyo~25.93 Fypo ~ —0.593
0.09018 0.09018 24373 ... Figo 2276 Figon ~ —2.340
009  0.09047 24407 ... Fip~15.01 Fiso~ —4.5453
0.09047  0.09 24385 ... Finy~12.96 Figo~ —6.733

For completeness, we give the algorithm on Matlab software used for making Table
3.1. It is available at https://octave-online.net. For three or more delay arguments, the
running algorithm is is more complicated.

n = 200; pl = 0.09047; p2 = 0.09; f1 = zeros(1,n); f2 = zeros(1,n);
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all = zeros(1,n);al2 = zeros(1,n); a2l = zeros(1,n);a22 = zeros(1,n);
all(1) = plx (1 — (1 pl —p2)*)/((p1 + p2) * (1 — pl — p2));
al2(1) = p2 (1 — (1= pl = p2)*)/((p1 + p2) * (1 — pl — p2));
a21(1) = pl* (1~ (1= pl = p2)°)/((p1 + p2) * (1 — pl — p2)*);
a22(1) = p2 (1 — (1 = p1 = p2)*)/((p1 + p2) * (1 — pl — p2)?);
f1(1) = (1 —a22(1) + al2(1)) /(1 — all(1) — a22(1));
f2(1) = (1 —all(1) +a21(1))/(1 — all(1) — a22(1));
all(2) =2xpl 4+ plx(plx f1(1) 4+ p2 x f2(1));
al2(2) =2xp2 4+ p2 x (pl x f1(1) + p2 x f2(1));
a21(2) = 3% pl 4 pl* (3 —2x (pl + p2)) = (pl* f1(1) +p2 x f2(1))/(1 — pl — p2);
a22(2) = 3% p2 4 p2* (3 — 2 (pl + p2)) = (pl * f1(1) +p2 x f2(1))/(1 — pl — p2);
f1(2) = (1 — a22(2) + al2(2)) /(1 — all(2) — a22(2));
£2(2) = (1 — all(2) + a21(2))/(1 — all(2) — a22(2));
1(3

all(3) = 2% pl + pl = (pl * f1(2) + p2 = f2(2));
al2(3) =2 xp2+ p2 % (pl * f1(2) 4+ p2 * £2(2));
a21(3) =3 xpl + 3% pl * (pl = f1(2) + p2 % £2(2))
+plx (pl* f1(2) +p2 x f2(2)) * (p1 = f1(1) + p2 * f2(1));
a22(3) =3 xp2 + 3 x p2 *x (pl = f1(2) + p2 * f2(2))
p2 o (pLx FL(2) + p2 % £2(2)) 5 (pL % F1(1) + p2 5 f2(1));
f1(3) = (1 —a22(3) + a12(3))/(1 — all(3) — a22(3));
f2(3) = (1 —all(3) +a21(3))/(1 — all(3) — a22(3));
for m=4:1:n
all(m) =2 pl +plx(pl* f1(m —1) 4 p2* f2(m — 1));
al2(m) =2xp2+p2x (pl * f1(m — 1) 4+ p2 x f2(m — 1));
a2l(m) =3xpl +3xpl* (pl* f1(m — 1)+ p2* f2(m — 1)) + plx

(plx f1(m — 1) +p2* f2(m — 1)) x (pl * f1(m —2) + p2 % f2(m —

a22(m) =3xp2+3xp2x* (pl* f1(m — 1)+ p2* f2(m — 1)) + p2x

(pl* f1(m —1) +p2* f2(m — 1)) * (pl x f1(m —2) + p2 * f2(m —

f1(m) = (1 —a22(m)+ al2(m))/(1 —all(m) — a22(m));
f2(m) = (1 —all(m)+a21(m))/(1 — all(m) — a22(m));
end

1

2

2));

2));
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