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Abstract

This paper is concerned with the characterization of the linear higher-order
neutral difference equations of the form

(Ev) AF(y(n) —py(n—s)+ (=1)" D _qiy(n—0i) =0, r=10r2
=1

for [p| < oo. Using the linearized oscillation method we have studied the oscilla-
tion of a class of nonlinear neutral difference equations of the form

AF(y(n) = p(n)g(y(n — 5))) + Y ai(n)hi(y(n — 0:)) =0
=1

with respect to its associated linear difference equations (F, ).
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1 Introduction

Consider the higher-order neutral difference with several delays of the form
(B)  AFy(n) —py(n =)+ (=1)" Y ay(n —0;) =0,
i=1
where A is the forward difference operator defined by Ay(n) = y(n+1)—y(n),q >0

m

such that Z‘Ji > 0,0; > 0,s > 0are integers, k > 1,r = lor2and p € R. Its
i=1

characteristic equation is given by

(C) =PI A= o+ (=1)7 D gA ™ =0,

(E,) may be treated as the discrete analogueiof

(y(t) — py(t — )W + (1) Z%‘y(t —0;) =0

whose characteristic equation is given by
N(L=pe™) + (1)) gie 7 = 0. (1.1)
i=1

Very often the study of difference equations can similarly be dealt with the differ-
ential equations. However, the study of characteristic equations of type (C,.) and (1.1)
are altogether a different approach. Because (C,) is an algebraic equation of degree
(k + s+ o), where 0 = max{o; : 1 < i < m}, given an equation which depends
on several parameters, it is desirable to find the exact dependence of the qualitative be-
haviour of the set of solutions of this equation on these parameters (see, e.g., [3,9]). In
this paper, we will be concerned with (E,.) which depends on (2m + 3) parameters.

The primary objective of this work is to study (C,) and investigate the oscillatory
behaviour of solutions of (F,) which is set out with (2m + 3) parameters. We keep
our base on the underlined proposition whose proof is very much similar to the proof
of [4, Theorem 7.1.1].

Proposition A. Every solution of (E,) is oscillatory if and
only if (C,) has no positive real roots.

In order to meet our secondary goal, an attempt is made here to study the nonlinear
difference equations of the form

AF(y(n) = pn)g(y(n — ) + Y a(n)hi(y(n — 0;)) = 0, (1.2)
=1
where g, h; € C(R,R), 1 < < m such that
lim sup p(n) = po € [1,00), (1.3)

n—oo
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li_>rn ¢i(n) = ¢ € (0,00), (1.4)
le, u#0 and lim le, (1.5)
uhi(u) >0, w#0; |hi(w)| > h), for |ul >N >0 (1.6)
and
i 1 1 <i<m
lul—»o00 U

We may note that (1.2) is highly nonlinear and hence it is very difficult to predict the
behaviour of its solutions. In this work, we study the oscillatory behaviour of solutions
of (1.2) with the help of the oscillatory behaviour of solutions of its limiting equation

AF(x(n) — pox(n — s)) + Z @x(n—0;) =0 (1.7)

i=1

by using the linearization technique. In this direction, we refer the reader to some of the
works [4,7,8,10].

There are several results (see, e.g., [1,2,11]) concerning the sufficient conditions for
oscillation of all solutions of the higher-order nonlinear neutral delay differential/difference
equations. However, the study of such equations via its limiting equation has received
less attention. There exist some examples (see, e.g., [6]), where the study of appropriate
linear equations predicts the dynamics of nonlinear ones. In stability theory of differ-
ential and difference equations, the linearization technique plays an important role. By
linearized oscillation we mean that the certain nonlinear differential/difference equa-
tions under appropriate hypotheses have the same oscillatory behaviour as associated
linear equations [7, 8, 10]. By a solution of (£,)/(1.2) we understand a real valued
function y(n) defined on N(—p) = {—p, —p + 1, ...} which satisfies (F,)/(1.2), where
p=max{s,0;: 1 <i<m}. If

y(”) :¢n7 n=—p, _p+17"'7071727“' (18)

are given, then (F,)/(1.2) admits a unique solution satisfying the initial conditions (1.8).
As is customary, a solution y(n) of (E,)/(1.1) is said to be oscillatory, if it is neither
eventually positive nor eventually negative. Otherwise, it is called nonoscillatory.

2 Oscillation Results for (F»)

To facilitate the discussion, we shall begin with Proposition A. We may note that

A¥(y(n) — py(n— 5)) = S (~1Plyln +k — §) — pyln + k—j — 5)] (’“)

§=0 J
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(see, e.g., [5, p.16]). Hence, (E,) can be put in the form [4, (7.1.1)] with matrices as
the real numbers. Since we are concerned with positive roots of (C..), our attention is
restricted to the case when A > 0.

Theorem 2.1. Assume that 0 < s < o1 <0, < ... <o0pand 0 <p < 1. If
i) Z% > (1 —p)(1 —p"*)k, when kis odd
i=1
i7) Z q; > p, when kiseven
i=1
hold, then (E») is oscillatory.

Proof. Tt is enough to show that (C5) has no positive real roots. If possible, let Ay > 0
be a root of (Cs). The contradiction is obvious if A\g = 1. Hence, Ay > 1 or < 1. Since
we can write (C5) as

A8 =)o = DF 25D a7 =0, (2.1)

=1

then Ao > 1 implies that
0< XD aA™ =~ =)o — 1) <0, (22)
i=1

a contradiction. Thus 0 < Ay < 1. If \g = pl/ ®, then (2.1) leads to a contradiction.
Consequently, it follows that \g > pl/ for0) < Ag < pl/ 5. Let kbe odd. If \y < pl/ 5,
then there is a contradiction with (2.2). Thus 1 > g > p'/*. From (2.1), it follows that

D @A = AT = p) (1= ) (2.3)

=1

due to odd k. Using the fact that (1 — \o)* < (1 — p'/*)*, we obtain from (2.3) that

S a <> @ T = AT = p) (L= )
=1 i=1
< (N —p)(1—X)F < (1—p)(1 —p)F,

a contradiction.
Next, we suppose that £ is even. Since (2.1) can be written as

D @A =TT = A (he — D, (2.4)
=1
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then p — A\j < 0 gives a contradiction to (2.4). Hence, 0 < )y < p/* < 1and (2.4)
yields

D@ <D g = AT = M) (o — 1)
=1 =1

<(p—20) (Ao —1)* <p(ho — 1" < p,

a contradiction. Consequently, (Es) is oscillatory by Proposition A. [
Remark 2.2. It seems that we can drop the condition 0 < 09 < ... < 0. If not, let
o; = max{o; : 1 <i < m}. Then (E,) is of degree 0; + k — s. If oy = min{o; : 1 <
i < m}, then we may use oy in the place of o;. In fact, since 01, 05, . . . , 0, are finite in

numbers, we can always put these in increasing order. Hence without loss of generality,
we cantake o1 < o0y < ... < 0.

Theorem 2.3. Let p = 1. Then (E,) is oscillatory, if k is odd and k is even when
0<3§01and2qi21.

i=1
Proof. For p = 1, Eq.(C) takes the form
(1=2)N0 =D+ A" =0 (2.5)
i=1

when we assume that )\ is a root of (C3). We need to show that (C5) doesn’t admit a
positive root. Assume that Ay > 0 is a root of (Cy) such that A\g # 1. Then 0 < Ay < 1
and hence (2.5) becomes

0<> g% =—(1=X") (- 1)
i=1
= (A= 11— X)) <0,

when £ is odd, a contradiction. Let k£ be even. For \y < 1, we obtain from (2.5) that

S <D aAT T = AT (L= A1 - M)t
i=1 i=1
< (1T=2)(1 =) <1,
a contradiction. Hence ) is not a positive root of (C5). This completes the proof. [

Theorem 2.4. Letp > 1. If

(i)Zqizp(p—l)kandal <09 <... <0, <swhenkisodd,
i=1
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(ii) qu- > max{p(p — 1)’“,]9} ando, < o9 < ...<0,, <s<kwhenk is even,
i=1
then (Es) is oscillatory.

Proof. Tt is sufficient to show that (C5) has no positive roots. If ), is a positive root of
(C3), then either A\g > 1 or A\g < 1. For Ay > 1, we raise two cases viz., (i)1 < \g < p
and (7)1 < p < Xg. Let the latter case hold. Then A\ > p implies that (2.2) yield a
contradiction. Also, we have same contradiction when A\j > p. Consequently, \; < p.
Since

AT =)o = DF A5 Y kg =0,

=1

then
DS YN = =X = ) — 1)
=1 =1

< (p=2)No—1)F <plp—17F,

a contradiction due to odd k. Let A\ < 1. Then 0 < Ay < 1 < pimpliesthat \j <1 < p
and hence

0 <A aX" == —p)(ho —1)F <0,
=1

due to odd £, a contradiction. Assume that & is even. Using the fact that A\ 7™ < 1,
we obtain

D g <D @A =20 — M) (o — D
=1 i=1

—s s 1 .
=\ (p—Ao)(l—)\—O)k<P, if k>s,

a contradiction. Hence, (C5) has no positive roots. The proof of the theorem is complete.
O]

Theorem 2.5. Let p < 0. Assume that

m
Z%’El—p>—p7 §<01 <0< ... <0y

=1

holds, when k is odd. Then (Es) is oscillatory.
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Proof. If possible, let A\g > 0 be a root of (C5). From (2.1), it follows that

S = (4 - p)(1 - Ao,
=1

Then for odd £ and 0 < Ay < 1, we obtain that

DTG <D aN T =01 -X) <1-p,
=1

i=1

a contradiction. Suppose that Ay > 1. Then
0< i giNy T = (A —p)(1— )" <0,
i=1
which is absurd. Let £ be even. Therefore, \; > 0 implies that
0< iwg—m = -\ —p)(Ao — 1)F <0,
i=1

a contradiction. Thus by Proposition A, (F) is oscillatory. This completes the proof.
0

Theorem 2.6. If k is even, p > 0 and 01 < 03 < ... < 0y, < 8, then (E) admits a
positive solution which tends to zero as n — oo.

Proof. We consider
FO)=1=pA) A=D1+ g7 =0. (2.6)
i=1

Clearly, F'(1) > 0. Further,

1 “ _
F(\) = om [A""‘(l —pAT ) (A= 1)k + Z qM""“‘”]
=1

= o [—w-@—w A=Y qA]
i=1
— —00 as A — 0+

implies that there exists 1 > Ao > 0 such that F'(\g) = 0. Consequently, {\(} is a
positive solution of (E5) which tends to zero as n — 0. O

Theorem 2.7. If k is odd, p < 0 and 01 < 09 < ... < 0, < s, then (Es) admits a
positive solution which tends to zero as n — oc.
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Proof. The proof of the theorem follows from the proof of Theorem 2.6. Hence the

details are omitted. 0
Theorem 2.8. Let 0 < p < 1 and k be odd. If
> (0) 7 (k + 0:)F70g; > (1 — p)KF, 2.7)
i=1

then (Es) is oscillatory.

Proof. Suppose on the contrary that A > 0 is a root of (C5). With F'(\) as in (2.6),
we have F'(1) > 0 and F'(co) = oo. In what follows, F'(\) has positive roots in
(0,1) U (1,00). Assume that 0 < A < 1. Then F'(\) becomes

m

FO) > (1= 0 | =0 =) + a7 | -

—0;

where A < 1implies (1 —pA™%) < 1—p. Set f(\) =

Then f'(\) = 0 implies

(1=1F
that A = —2* Tt follows from
k + 0
O-i)\_(2+0'i) )\~ (1+00)
') = e (1 =M1 +05) — kN + T Ak +1) —0y(1 = N)]
that f”(\) > 0, for A = #. Hence, min f(\) exists at A = %. Conse-
0 0
quently,
) (kj + O.i)k+0'7;
min f(A) = W
implies that
m k + U.)k+0i
FA) > Q=N |—(1- (— 0
0> (=N |1+ e ] >
if and only if (2.7) holds.
Next, we suppose that A > 1. Therefore, 1 — A™°p > 1 — p and
m >\_Ji
FOA) >\ —1)F [(1 —p)+ qu'—()\ — 1>k] . (2.8)
i=1

—0;

A
If we set f;(\) = noF then it follows that f/(\) < 0 and f/(\) > 0 for A > 1.

Hence liin inf f;()\) exists. Let f) = liin inf f;(\), f € [0, 00). Then (2.8) reduces to
—00 —00

F(A) > (A—1)F [(1 —p)+ Zqif?] > 0.
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In what follows, f(A) has no positive roots in (0, 1) U (1, 00). By Proposition A, (E»)
is oscillatory. Hence the theorem is proved. 0

3 Oscillation Results for (£))

In this section, the oscillatory behaviour of solutions of (£}) is studied with its charac-
teristic equation (C).

Theorem 3.1. Let 0 < p<land( < s <oy <09 < ... < 0p. Assume that any one
of the following conditions

i)Y g zp(1—p)(1—p),
=1

it) ﬁé%Zp
=1

ii) §3%3<1—pmﬂ

iv) Zqz > [(1+p) - plp"

holds. Then (E\) is oscillatory.

Proof. Tt is sufficient to show that (C}) has no positive roots. If possible, let Ay > 0 be
a root of (C'). We can write (C) as follows.

> gATT = AN = p) (A — D 3.1)
i=1

Indeed, \y = 1 is not possible. Hence, either 0 < Ay < 1 or Ay > 1 holds. Suppose
that 0 < A\g < 1 and k is even. If \y = pl/ %, then we have a contradiction from (3.1).
Consequently, we raise two cases Viz., Ay < pl/ and Ny > pl/ 5. If the former holds,
then it happens that

0< Zqu 7= A (A = )Xo — 1P <0
which is absurd. With the latter case, it follows from (3.1) that

Z% < Z%)‘ 7= )‘8 )(AO - 1)k
1 -p) (1 —=p,

a contradiction.
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Let kbeodd. If 1 > A\ > pl/ ®, then it is easy to obtain a contradiction from (3.1).
Consider that \g < pl/ *. Hence, 01 < 09 < ... < 0,,, implies that

<D AT ==X = Ao — D < p,
=1 =1

a contradiction.
Next, we assume that \y > 1. We restrict our attention for the cases A\g > 1+ p and
A < 1+p. If \yg > 1+ p, then (3.1) yields

ZQ1>ZQZ 1—]9)\ )(Aﬂ_l)k

which is a contradiction. Thus, Ay < 1 4 p. Consequently, (3.1) becomes

D al+p)™7 <) adT = A (A = p)(ho — DF
=1 =1

<[(1+p)® —plp",

which is a contradiction. From Proposition A, it concludes that (£} ) is oscillatory. This
completes the proof. O

Theorem 3.2. Let p = 1 and s < 01 < 09 < ... < 0y, Assume that any one of the
following conditions
m

i) qu<25—1
i) Zq1225—1

holds. Then every solution of (E) oscillates.

Proof. Proceeding as in the proof of Theorem 3.1, we consider the cases of A\g < 1 and
Ao > 1. Let Ay < 1 and the contradiction is obvious from (3.1) when & is even. If & is
odd, then (3.1) yields

Z% < Z%)\S 7= ASS)(l - )\O)k

which is a contradiction. Let Ay > 1. We restrict our attention for the cases \g > 2 and
1< XA <2IfA>2,thens <0y <09 <...<a, implies that

) ITED DYETRCET Y
=1 =1
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a contradiction. Hence, 1 < Ay < 2. From (3.1), we obtain that

Z%Q—m < Z Gix T =X (N = DX — 1)
1=1 =1
<2°—1,

a contradiction. The conclusion of the theorem follows from Proposition A. Hence, the
theorem is proved. 0

Theorem 3.3. Letp > 1l and s < 01 < 03 < ... < 0y, Suppose that any one of the
Jfollowing conditions

P) Z ¢ = D;
i) Zq < (" =p)p—1F,
i) Y ap = (p"—p)(p—1)F

i=1
holds. Then (E\) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.2, we consider the case \y < 1 when k
1s odd. Therefore,

DG <D g = -1 =) <p
=1 =1

gives a contradiction. Let \y > 1. Then, we suppose two cases viz., 1 < A\g < p and
Ao > p. If the latter holds, then s < 01 < 05 < ... < 0, implies that

m m
dDa=d e =0 -1k,
=1 =1
a contradiction to our assumption. Assume that the former holds. Then

D a7 <Y ain T = AN = p)(ho — 1)
i=1 i=1
<A =P =D < —p)p -1,
gives a contradiction to our assumption. This completes the proof of the theorem. [

Theorem 3.4. Letp < O and s < 01 < 09 < ... < op. If any one of the following
conditiorr)zls

i=1
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i) qu —p),
i) Zqzl— )*77 > (=p)*[(1 = p)° = p]

holds, then (E\) is oscillatory.

Proof. For our assertion, it is enough to show that there is no positive root of the type
Ao < 1or A\g > 1 for (3.1). The contradiction is obvious when Ay < 1 and k is odd. Let
k be even. Using the fact that s < 0y < 05 < ... < 7,,, we obtain from (3.1) that

D<) g = —pe -1 <1-p
=1

=1

which is a contradiction. Suppose that A\, > 1. Here, we predict two cases viz., \g >
1—pand1 < \g <1 — p. Let the former hold. Then s < 0y < 09 < ... < 7, implies
that

Zqz'(l —p)7 > Zqz‘/\g_ai = (A —p) (Ao — 1)
> [(1—p)* —pl(=p)F > (1 — p)(—p)*

which is a contradiction to our assumption. Hence the latter holds. Consequently,

Y a(l=p) 7 <D g = (- p)(o — 1F
i=1 i=1

<\ —p)(=p)"
<[ =p) = pl(-p)"*
gives a contradiction. By Proposition A, the proof is complete. [

Theorem 3.5. (E,) admits a positive solution which tends to +00 as n — oo.

Proof. Setting
G(A) = (1—pr~* Z GA"" (3.2)
we may note that G(1) < 0. Further,

G\ = X(1 —pr—* ZqZA v (3.3)

implies that G(\) — oo as A — oo. Hence, there exists Ao > 1 such that G(\y) = 0 and
hence (F1) has a solution of the type y(n) = {Aj} which tends to +oo asn — co. [
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Remark 3.6. If we restrict our attention to p < 0, s < 01 < 09 < ... < 0, and
Z ¢; > 1 — p, then (E}) doesn’t admit a positive solution of type {a"},0 < a < 1.
i=1
Indeed, if 0 < A < 1, then (3.2) takes the form
GA)=A"° [(AS —p)A-1F=> inS‘”"]
i=1
<0, if kis odd.
On the other hand, when £ is even
G(A) <A™ [(1 —p)— Z%‘] <0,
i=1

where we have used the fact that \* —p < 1 — p and (A\* — p)(A — 1)* < 1 — p. Hence
G(A) # 0, for 0 < A < 1. Thus our assertion follows.

Theorem 3.7. Let p < —1. Then (E1) admits an oscillatory solution in the following

cases:
(1) sando;,i=1,2,...,m are odd integers when k is odd
(17) sisodd and 0;,0 =1,2,...,m are even integers when k is even.

Proof. Indeed, for Case(i)

= —(-1-p)(-2)* +i%’ =(p+ 1)2k+i% >0

and from (3.3), it follows that G(\) — —oo as A — —oo. Hence, there exists \g < —1
such that G(\g) = 0 and y(n) = {A\y} is an oscillatory solution of (E).

For Case(ii), it is easy to verify that G(—1) < 0. From (3.3), it follows that G(\) —
oo as A — —oo. Consequently, there exists Ay < —1 such that G()\g) = 0 and y(n) =
{A\¢} is an oscillatory solution of (£} ). This completes the proof. O

Theorem 3.8. Let p > 0 and k be even. If

m

> (o) (k + 00) g < B, (3.4)

=1

then (E,) is oscillatory.
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Proof. Suppose on the contrary that A\ > 0, A\ # 1 is a root of (C}). In what follows,
G(A) has a positive root in (0, 1) U (1, 00), so (3.2) can be written as

G(A):(A—l)kll—p)\ Z ‘-’A ]
i=1
Setting f(\) = AT we may note that min f(\) attains at A = % Hence
g o ()\—l)k’ y — (k‘}‘o'i).
min f(A\) < f(A) implies that
G\ <(A=1DF|1- Zqimmf()\)
i=1
= ()\ — 1)k 1-— Z(O’i)ioi(k’ + O'i)kJrUiqikk]
L =1

<0

due to (3.4). Because k is odd, (C}) has no positive roots in (0, 1) U (1, 00). By Propo-
sition A, (E1) is oscillatory. O

Theorem 3.9. Let p < 0 and k be odd. If

m

> (o) (k + 00) g < (1 - p)KF, (3.5)

i=1
then (E,) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.8, we have a positive root in (0,1) U
(1,00). Assume that 0 < A < 1. From (3.2), it follows that

G = —(1 — ) ll—p)\ zmj 4 " ]

Using the same type of reasoning as in Theorem 2.8, the above relation becomes

G(\) < —(1—)\)F

1+ Z(O’i)igi (k’ + O'i)kJrUiqikk]
i=1

< 0.
Hence, 0 < A < 1is not a root of (C).

Next, we suppose that A > 1. Then 1 — pA\™° < 1 — p implies that 0 < A < 1. From
(3.2), it follows that

m qz)\o—l
G(\) < (A —1)F [1_ > s ]

i=1
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and hence proceeding as in the proof of Theorem 3.8, we obtain

G <A=1F|1=p=> (o) (k + o) gk
=1
<0
if and only if (3.5) holds. Hence by Proposition A, (F) is oscillatory. This completes
the proof. [
4 Application (Linearized Oscillation)

We need the following lemma to prove our main result.

Lemma 4.1. Assume that (1.7) is oscillatory. Then there exists an €y > 0 such that for
each € € [0, o), every solution of

AF[u(n) — (po + 2€)u(n — s)] + Z(q? —€u(n—0;) =0 4.1)
i=1
oscillates, if k is odd or even and o; > s,i =1,2,...,m.

Proof. Since (1.7) is oscillatory, then its characteristic equation
FO) = (1=pod )=+ 3 gA ™ =0
i=1

has no positive real roots.
0

Let A > 0, but # 1 be aroot of F/(\). Let 0 < €* < %i,forz' =1,2,...,m. Set
G*(N) =227 (A= DF e ) A
i=1
Thus m
F) =G (\) =[1—(po+ 2N JA =1+ (¢! —e)A™
i=1

and hence F'(A\) —G*(\) — oo as A — oo. Itis possible to find Ay > 0 such that A > A
implies that F'(\) — G*(\) > % where m = ing F(X) > 0. Suppose that
>

mA§ m
2m 4+ 4N — 1)F 25" A

}.

€0 = min{e",
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Let 0 < € < ¢y. The characteristic equation of (4.1) is given by
GeN) =[1— (po+ 20N A= D+ () —e)A™ =0. (4.2)
i=1

In view of Proposition A and to complete the proof of the lemma, it is sufficient to show
that (4.2) doesn’t admit a positive root. Let k£ be even. Then for A > )\

Ge(A) = F(A) —e [2)\_5(/\ — 1)+ i )\_0'11]

> F(\) — € [2)\‘30\ — 1)k i xw]

> F(\) — G*(\) > %

On the other hand, if A € (0, \o), then o; > s implies
G(N) > F(\) —e[2A° (A = P + mA ]
> F(A) —e[2A7° (Ao — D)F +mA°] >

m
5 .

Hence, 0 < A\g # 1 is not a root of (4.2).
Next, we assume that £ is odd. For A > )y > 1,

G > FO) — ¢ |27 (- 1) 4 3 A

=1

> F(\) - G*(\) > %
If A e (0, )\0) and Ao < 1, then

G.(\) > F()\) — 62m: A

- o m m
:F()\)—GOZZI)\O >m—5:5
Thus, G.(\) > 0 for all A > 0. This completes the proof of the lemma. O

Theorem 4.2. Suppose that (1.7) is oscillatory. Then every unbounded solution of (1.2)
oscillates, if k is odd or even and o; > s, fori =1,2,... , m.

Proof. Let y(n) be an unbounded nonoscillatory solution of (1.2) on [n, 00), for ny >
ng + p such that y(n) > 0, for n > n;y. The case y(n) < 0, for n > n; may similarly be
dealt with. For n > ny > n; + p, set
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Then we obtain

AFz(n) = — Z%(n)hz(y(” —03)) <O0. (4.3)
=1
Therefore, /A7 z(n) is monotonic on [n3, 00), for j = n—1,n—2,...,1,0. f A" 12(n) >

0, for n > ns, then it follows from (4.3) that

n—1 m

D> aha(y(t — 0:)) = =AF2(n) + AF z(ny)

t=ng3 i=1

< A2 (ng).

Since Ay(n) > 0, then the above inequality yields that

n—1 m

D hlgit) < A 2(ng)

t=n3 1=1

due to (1.6). Hence
> hat) < oo,
t=n3 i=1

a contradiction to the fact that

Z Z hYq;(t) = oo

t=n3 1=1

due to (1.4), because ¢) > 0. Ultimately, A*~'2(n) < 0, for n > ns. Thus A?z(n) < 0,

forj =0,1,2,...,(k—2),k > 2. If k = 1, then Az(n) < 0, forn > ny > n3 and

proceeding as above we may show that z(n) < 0, for n > n4. Let lim z(n) = pu,
n—oo

p € (—00,0). Then summing (4.3) for £ = 1, we arrive at a contradiction. Thus
lim z(n) = —oo, for k > 1. For n > ny, Eq.(1.2) may be written as

n—o0

Af(y(n) = P(n)y(n — s)) + Z Qi(n)y(n —oi) =0,

that is,
A*Z(n)+ ) Qi(n)y(n — ;) =0, (4.4)
=1

where Z(n) = y(n) — P(n)y(n — s), P(n) = p(n)M and

y(n —s)
Qi(n) = ql(n)M Using (1.3) and (1.5), we may note that lim sup P(n) <

y(n —oy) oo
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limsup p(n). lim M = po and limsup P(n) > limsupp(n) = po. Hence
n—00 n—oo  Yyin — S n—o00 n—00

limsup P(n) = po. Summing (4.4) k-times from ny to n — 1(n > ny + 1), we obtain
n—oo

Z(n) + ﬁ z_:(n —j—1*Y [; Qi(7)y(J — Uz‘)] <0,

Jj=na
where 5) = 0if v > 3, and = 1 if v = 0; otherwise (see, e.g., [5]),
BY) = B(B—1)...(8 —v+1).

From the last inequality, it follows that

y(n)
> P(n1+ 8) y(n“’ 3) + (k _1 1)! Z (n +s—7— 1)(k—1) ZQz(])y(] . Ui)

4.5)

From Lemma 4.1, it follows that there exists an ¢, > 0 such that for each ¢ with 0 <
€ < €g, every solution of (4.1) oscillates if £ is odd or even and o; > 5,2 =1,2,...,m.
In what follows, we show that 4.1 admits a positive solution leading to a contradiction
which completes the proof of the theorem. Let N1, No > 0 be such that P(n) < py + e,

forn > Ny and Q;(n) > (¢ — ¢), for n > N,. Let Ny = max{ny, N1, No}. Choose
€

l1<pB<1+ s Thus for n > Ny, P(n) < (po + 2¢)// and hence (4.5) yields
Do T €
y(n)
b y(n+s)+;n§fl(n+s—j— 1)('“_1)§:Qi(j)y(j—ai)
Po + 2€ (k—1)! i=No i=1
(4.6)

Let X = (3, be the Banach space of all real valued functions defined on [Ng—0,,,—5, R)
with the usual sup norm. Let us define

B={zeX:0<z(n)<1l,n>Ny— o, —s}

Clearly, B is a closed, bounded and convex subset of X. Forz € B, we define T : B —
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X as follows:

((T‘/L‘)(NOL NO_O-m_SénSNO

(Tz)(n) = (p();(—s)e)l {y(n +s)x(n+s) + ﬁ 2 (n+s—j—1)FD

m

S — 2 — o)l a»], 0> N

\ =1

Thus for n > Ny — 0y, — s, Tx(n) > 0 and

(Tz)(n)

(po + 2¢)~" 1 el . F1) N 0 :
: y(n) {ym to)t (k=11 J;O (nts—j -1 ZZI(% —e)y(j — O-z'>:|
< 1 <1

5 <L

Thus T' : B — B. Further, for 1,2, € B,
i

(T.I‘l)(No) — (T$2>(N0)|, NO —O0Om — S S n S N()

% y(n+s){zi(n+s) — za(n + s)}+
|Tl‘1(n)—T:L‘2(n)| — s
(k—l 1)! Z (n+s—j—1)*bDx

S — G — o) (G — 00) — ol — a»}‘, s N

L i=1
Thus, forn > Ny — o0, — §
n+s—1

21 — 2] 1 . .
|Tx1(n) — Txo(n)] < (oo + 260(n) {y(n +5)+ *-1) J;O (n+s—j—1FEDx
- 0 . 1
;(Qi —e)y(j — O'i):| < BHml — 9.

Hence

|Ta1(n) — Taa(n)]| < %Hxl —
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implies that 7" is a contraction mapping. Therefore, 7" has a unique fixed point in B,

that is, there exists zo € B such that T'zo(n) = xo(n), that is,

(20(Ny), No—o0m—5<n<N

M[y(n+s)xo<n—}—s nil n+8—] 1)(k—1)
xo(n) = y(n) (k—1) =

m

3 (e — ol — ol — a»] S nE N

\ =1

Set w(n) = y(n)zo(n), forn > Ny — 0, — s. We note that w(n) > 0, where

w(n)
n+s—1 m
= (po +2¢)7! |w(n +s) + _1‘ Z (n+s—j5—1) klz j—UZ)],
J=No i=1
for n > Ny. Thus
w(n —s) = (po + 2€) "' x
n—1 m
1 .
3=No =1

and hence

AMw(n) — (po + 200w0(n — $)] + 3 (¢f — (i — ;) = 0.

=1

Therefore, w(n) is a positive solution of (4.1), a contradiction. This completes the

proof.

S Example and Discussion

Example 5.1. Consider

n

82yt = (14 5 ) ototn = )] + (1= 2 ) ulotn = 2+

]
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where k = 2, g(u) = hy(u) = ho(u) = u(l + e "), foru e R, s = 1,01 = 1, 05 = 3.
Clearly, g, h; and hy satisfy the conditions (1.5) and (1.6). Further, lim p(n) = 1,
n—oo

lim ¢;(n) = ¢ = 1 and lim ¢2(n) = ¢5 = 2 imply that the limiting equation (1.7)
n—oo n—oo
takes the form

N*lx(n) —x(n—1)]+x(n—2)+22(n—-3)=0 (5.2)
and the characteristic equation associated with it is given by
FO=0-2HO =12+ 212420 =0, (5.3)

Since ¢ + qg > 1, then (5.3) has no positive roots by Theorem 2.3. Hence (5.2) is
oscillatory. Consequently, every solution of (5.1) oscillates by Theorem 4.2.

Explicitly, we connect (2m + 3) parameters in our discussion except Theorems 2.7,
3.7 and 3.8, where the delay terms are free from any restrictions. It is left to the inter-
ested readers to formulate more general results in other ranges of p for any k.
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