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Abstract

This paper is concerned with the characterization of the linear higher-order
neutral difference equations of the form

(Er) ∆k(y(n)− py(n− s)) + (−1)r
m∑
i=1

qiy(n− σi) = 0, r = 1 or 2

for |p| < ∞. Using the linearized oscillation method we have studied the oscilla-
tion of a class of nonlinear neutral difference equations of the form

∆k(y(n)− p(n)g(y(n− s))) +
m∑
i=1

qi(n)hi(y(n− σi)) = 0

with respect to its associated linear difference equations (Er).
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1 Introduction
Consider the higher-order neutral difference with several delays of the form

(Er) 4k(y(n)− py(n− s)) + (−1)r
m∑
i=1

qiy(n− σi) = 0,

where4 is the forward difference operator defined by4y(n) = y(n+1)−y(n), qi ≥ 0

such that
m∑
i=1

qi > 0, σi > 0, s > 0 are integers, k ≥ 1, r = 1 or 2 and p ∈ R. Its

characteristic equation is given by

(Cr) (1− pλ−s)(λ− 1)k + (−1)r
m∑
i=1

qiλ
−σi = 0.

(Er) may be treated as the discrete analogue of

(y(t)− py(t− τ))(k) + (−1)r
m∑
i=1

qiy(t− σi) = 0

whose characteristic equation is given by

λk(1− pe−λr) + (−1)r
m∑
i=1

qie
−λσi = 0. (1.1)

Very often the study of difference equations can similarly be dealt with the differ-
ential equations. However, the study of characteristic equations of type (Cr) and (1.1)
are altogether a different approach. Because (Cr) is an algebraic equation of degree
(k + s + σ), where σ = max{σi : 1 ≤ i ≤ m}, given an equation which depends
on several parameters, it is desirable to find the exact dependence of the qualitative be-
haviour of the set of solutions of this equation on these parameters (see, e.g., [3, 9]). In
this paper, we will be concerned with (Er) which depends on (2m+ 3) parameters.

The primary objective of this work is to study (Cr) and investigate the oscillatory
behaviour of solutions of (Er) which is set out with (2m + 3) parameters. We keep
our base on the underlined proposition whose proof is very much similar to the proof
of [4, Theorem 7.1.1].

Proposition A. Every solution of (Er) is oscillatory if and
only if (Cr) has no positive real roots.

In order to meet our secondary goal, an attempt is made here to study the nonlinear
difference equations of the form

4k(y(n)− p(n)g(y(n− s))) +
m∑
i=1

qi(n)hi(y(n− σi)) = 0, (1.2)

where g, hi ∈ C(R,R), 1 ≤ i ≤ m such that

lim sup
n→∞

p(n) = p0 ∈ [1,∞), (1.3)
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lim
n→∞

qi(n) = q0i ∈ (0,∞), (1.4)

q(u)

u
≥ 1, u 6= 0 and lim

|u|→∞

q(u)

u
= 1, (1.5)

uhi(u) > 0, u 6= 0; |hi(u)| ≥ h0i , for |u| ≥ λ0 > 0 (1.6)

and

lim
|u|→∞

hi(u)

u
= 1, 1 ≤ i ≤ m.

We may note that (1.2) is highly nonlinear and hence it is very difficult to predict the
behaviour of its solutions. In this work, we study the oscillatory behaviour of solutions
of (1.2) with the help of the oscillatory behaviour of solutions of its limiting equation

4k(x(n)− p0x(n− s)) +
m∑
i=1

q0i x(n− σi) = 0 (1.7)

by using the linearization technique. In this direction, we refer the reader to some of the
works [4, 7, 8, 10].

There are several results (see, e.g., [1,2,11]) concerning the sufficient conditions for
oscillation of all solutions of the higher-order nonlinear neutral delay differential/difference
equations. However, the study of such equations via its limiting equation has received
less attention. There exist some examples (see, e.g., [6]), where the study of appropriate
linear equations predicts the dynamics of nonlinear ones. In stability theory of differ-
ential and difference equations, the linearization technique plays an important role. By
linearized oscillation we mean that the certain nonlinear differential/difference equa-
tions under appropriate hypotheses have the same oscillatory behaviour as associated
linear equations [7, 8, 10]. By a solution of (Er)/(1.2) we understand a real valued
function y(n) defined on N(−ρ) = {−ρ,−ρ + 1, ...} which satisfies (Er)/(1.2), where
ρ = max{s, σi : 1 ≤ i ≤ m}. If

y(n) = φn, n = −ρ,−ρ+ 1, ..., 0, 1, 2, ... (1.8)

are given, then (Er)/(1.2) admits a unique solution satisfying the initial conditions (1.8).
As is customary, a solution y(n) of (Er)/(1.1) is said to be oscillatory, if it is neither
eventually positive nor eventually negative. Otherwise, it is called nonoscillatory.

2 Oscillation Results for (E2)

To facilitate the discussion, we shall begin with Proposition A. We may note that

4k(y(n)− py(n− s)) =
k∑
j=0

(−1)j[y(n+ k − j)− py(n+ k − j − s)]
(
k
j

)
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(see, e.g., [5, p.16]). Hence, (Er) can be put in the form [4, (7.1.1)] with matrices as
the real numbers. Since we are concerned with positive roots of (Cr), our attention is
restricted to the case when λ > 0.

Theorem 2.1. Assume that 0 < s ≤ σ1 ≤ σ2 ≤ . . . ≤ σm and 0 ≤ p ≤ 1. If

i)
m∑
i=1

qi ≥ (1− p)(1− p1/s)k, when k is odd

ii)
m∑
i=1

qi ≥ p, when k is even

hold, then (E2) is oscillatory.

Proof. It is enough to show that (C2) has no positive real roots. If possible, let λ0 > 0
be a root of (C2). The contradiction is obvious if λ0 = 1. Hence, λ0 > 1 or < 1. Since
we can write (C2) as

λσ10 (λs0 − p)(λ0 − 1)k + λs0

m∑
i=1

qiλ
σ1−σi
0 = 0, (2.1)

then λ0 > 1 implies that

0 < λs0

m∑
i=1

qiλ
−σi
0 = −(λs0 − p)(λ0 − 1)k < 0, (2.2)

a contradiction. Thus 0 < λ0 < 1. If λ0 = p1/s, then (2.1) leads to a contradiction.
Consequently, it follows that λ0 > p1/s or 0 < λ0 < p1/s. Let k be odd. If λ0 < p1/s,
then there is a contradiction with (2.2). Thus 1 > λ0 > p1/s. From (2.1), it follows that

m∑
i=1

qiλ
σ1−σi
0 = λσ1−s0 (λs0 − p)(1− λ0)k (2.3)

due to odd k. Using the fact that (1− λ0)k < (1− p1/s)k, we obtain from (2.3) that

m∑
i=1

qi ≤
m∑
i=1

qiλ
σ1−σi
0 = λσ1−s0 (λs0 − p)(1− λ0)k

< (λs0 − p)(1− λ0)k < (1− p)(1− p1/s)k,

a contradiction.
Next, we suppose that k is even. Since (2.1) can be written as

m∑
i=1

qiλ
σ1−σi
0 = λσ1−s0 (p− λs0)(λ0 − 1)k, (2.4)
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then p − λs0 < 0 gives a contradiction to (2.4). Hence, 0 < λ0 < p1/s < 1 and (2.4)
yields

m∑
i=1

qi ≤
m∑
i=1

qiλ
σ1−σi
0 = λσ1−s0 (p− λs0)(λ0 − 1)k

< (p− λ0)(λ0 − 1)k < p(λ0 − 1)k < p,

a contradiction. Consequently, (E2) is oscillatory by Proposition A.

Remark 2.2. It seems that we can drop the condition σ1 < σ2 < . . . < σm. If not, let
σj = max{σi : 1 ≤ i ≤ m}. Then (E2) is of degree σj + k − s. If σl = min{σi : 1 ≤
i ≤ m}, then we may use σl in the place of σ1. In fact, since σ1, σ2, . . . , σm are finite in
numbers, we can always put these in increasing order. Hence without loss of generality,
we can take σ1 ≤ σ2 ≤ . . . ≤ σm.

Theorem 2.3. Let p = 1. Then (E2) is oscillatory, if k is odd and k is even when

0 < s ≤ σ1 and
m∑
i=1

qi ≥ 1.

Proof. For p = 1, Eq.(C2) takes the form

(1− λ−s0 )(λ0 − 1)k +
m∑
i=1

qiλ
−σi
0 = 0 (2.5)

when we assume that λ0 is a root of (C2). We need to show that (C2) doesn’t admit a
positive root. Assume that λ0 > 0 is a root of (C2) such that λ0 6= 1. Then 0 < λ0 < 1
and hence (2.5) becomes

0 <
m∑
i=1

qiλ
−σi
0 = −(1− λ−s0 )(λ0 − 1)k

= −(λ−s0 − 1)(1− λ0)k < 0,

when k is odd, a contradiction. Let k be even. For λ0 < 1, we obtain from (2.5) that

m∑
i=1

qi <

m∑
i=1

qiλ
σ1−σi
0 = λσ1−s0 (1− λs0)(1− λ0)k

≤ (1− λs0)(1− λ0)k < 1,

a contradiction. Hence λ0 is not a positive root of (C2). This completes the proof.

Theorem 2.4. Let p > 1. If

(i)
m∑
i=1

qi ≥ p(p− 1)k and σ1 ≤ σ2 ≤ . . . ≤ σm ≤ s when k is odd,
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(ii)
m∑
i=1

qi ≥ max{p(p− 1)k, p} and σ1 ≤ σ2 ≤ . . . ≤ σm ≤ s ≤ k when k is even,

then (E2) is oscillatory.

Proof. It is sufficient to show that (C2) has no positive roots. If λ0 is a positive root of
(C2), then either λ0 > 1 or λ0 < 1. For λ0 > 1, we raise two cases viz., (i)1 < λ0 < p
and (ii)1 < p ≤ λ0. Let the latter case hold. Then λs0 > p implies that (2.2) yield a
contradiction. Also, we have same contradiction when λs0 ≥ p. Consequently, λs0 < p.
Since

λσm0 (λs0 − p)(λ0 − 1)k + λs0

m∑
i=1

qiλ
σm−σi
0 = 0,

then

m∑
i=1

qi ≤
m∑
i=1

qiλ
σm−σi
0 = −λσm−s0 (λs0 − p)(λ0 − 1)k

≤ (p− λs0)(λ0 − 1)k < p(p− 1)k,

a contradiction due to odd k. Let λ0 < 1. Then 0 < λ0 < 1 < p implies that λs0 < 1 < p
and hence

0 < λs
m∑
i=1

qiλ
−σi
0 = −(λs0 − p)(λ0 − 1)k < 0,

due to odd k, a contradiction. Assume that k is even. Using the fact that λσi−σm0 < 1,
we obtain

m∑
i=1

qi <
m∑
i=1

qiλ
−σi
0 = λ−s0 (p− λs0)(λ0 − 1)k

= λk−s0 (p− λs0)(1−
1

λ0
)k < p, if k > s,

a contradiction. Hence, (C2) has no positive roots. The proof of the theorem is complete.

Theorem 2.5. Let p ≤ 0. Assume that

m∑
i=1

qi ≥ 1− p > −p, s ≤ σ1 ≤ σ2 ≤ . . . ≤ σm

holds, when k is odd. Then (E2) is oscillatory.
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Proof. If possible, let λ0 > 0 be a root of (C2). From (2.1), it follows that

m∑
i=1

qiλ
s−σi
0 = (λs0 − p)(1− λ0)k.

Then for odd k and 0 < λ0 < 1, we obtain that
m∑
i=1

qi ≤
m∑
i=1

qiλ
s−σi
0 = (λs0 − p)(1− λ0)k < 1− p,

a contradiction. Suppose that λ0 > 1. Then

0 <
m∑
i=1

qiλ
s−σi
0 = (λs0 − p)(1− λ0)k < 0,

which is absurd. Let k be even. Therefore, λ0 > 0 implies that

0 <
m∑
i=1

qiλ
s−σi
0 = −(λs0 − p)(λ0 − 1)k < 0,

a contradiction. Thus by Proposition A, (E2) is oscillatory. This completes the proof.

Theorem 2.6. If k is even, p > 0 and σ1 < σ2 < . . . < σm < s, then (E2) admits a
positive solution which tends to zero as n→∞.

Proof. We consider

F (λ) = (1− pλ−s)(λ− 1)k +
m∑
i=1

qiλ
−σi = 0. (2.6)

Clearly, F (1) > 0. Further,

F (λ) =
1

λσm

[
λσm(1− pλ−s)(λ− 1)k +

m∑
i=1

qiλ
σm−σi

]

= λ−σm

[
−(pλ−(s−σm) − λσm)(λ− 1)k +

m∑
i=1

qiλ
σm−σi

]
→ −∞ as λ→ 0+

implies that there exists 1 > λ0 > 0 such that F (λ0) = 0. Consequently, {λn0} is a
positive solution of (E2) which tends to zero as n→∞.

Theorem 2.7. If k is odd, p < 0 and σ1 < σ2 < . . . < σm < s, then (E2) admits a
positive solution which tends to zero as n→∞.
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Proof. The proof of the theorem follows from the proof of Theorem 2.6. Hence the
details are omitted.

Theorem 2.8. Let 0 ≤ p < 1 and k be odd. If
m∑
i=1

(σi)
−σi(k + σi)

(k+σi)qi > (1− p)kk, (2.7)

then (E2) is oscillatory.

Proof. Suppose on the contrary that λ > 0 is a root of (C2). With F (λ) as in (2.6),
we have F (1) > 0 and F (∞) = ∞. In what follows, F (λ) has positive roots in
(0, 1) ∪ (1,∞). Assume that 0 < λ < 1. Then F (λ) becomes

F (λ) > (1− λ)k

[
−(1− p) +

m∑
i=1

qi
λ−σi

(1− λ)k

]
,

where λ < 1 implies (1−pλ−s) < 1−p. Set f(λ) =
λ−σi

(1− λ)k
. Then f ′(λ) = 0 implies

that λ =
σi

k + σi
. It follows from

f ′′(λ) =
σiλ
−(2+σi)

(1− λ)k+1
[(1− λ)(1 + σi)− kλ] +

kλ−(1+σi)

(1− λ)k+2
[λ(k + 1)− σi(1− λ)]

that f ′′(λ) > 0, for λ =
σi

(k + σi)
. Hence, min f(λ) exists at λ =

σi
(k + σi)

. Conse-

quently,

min f(λ) =
(k + σi)

k+σi

(σi)σikk

implies that

F (λ) > (1− λ)k

[
−(1− p) +

m∑
i=1

qi
(k + σi)

k+σi

(σi)σikk

]
> 0

if and only if (2.7) holds.
Next, we suppose that λ > 1. Therefore, 1− λ−sp > 1− p and

F (λ) > (λ− 1)k

[
(1− p) +

m∑
i=1

qi
λ−σi

(λ− 1)k

]
. (2.8)

If we set fi(λ) =
λ−σi

(λ− 1)k
, then it follows that f ′i(λ) < 0 and f ′′i (λ) > 0 for λ > 1.

Hence lim inf
λ→∞

fi(λ) exists. Let f 0
i = lim inf

λ→∞
fi(λ), f 0

i ∈ [0,∞). Then (2.8) reduces to

F (λ) > (λ− 1)k

[
(1− p) +

m∑
i=1

qif
0
i

]
> 0.
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In what follows, f(λ) has no positive roots in (0, 1) ∪ (1,∞). By Proposition A, (E2)
is oscillatory. Hence the theorem is proved.

3 Oscillation Results for (E1)

In this section, the oscillatory behaviour of solutions of (E1) is studied with its charac-
teristic equation (C1).

Theorem 3.1. Let 0 ≤ p < 1 and 0 < s < σ1 < σ2 < . . . < σm. Assume that any one
of the following conditions

i)
m∑
i=1

qi ≥ p−1(1− p)(1− p1/s)k,

ii)
m∑
i=1

qi ≥ p,

iii)
m∑
i=1

qi ≤ (1− p)pk,

iv)
m∑
i=1

qi ≥ [(1 + p)s − p]pk

holds. Then (E1) is oscillatory.

Proof. It is sufficient to show that (C1) has no positive roots. If possible, let λ0 > 0 be
a root of (C1). We can write (C1) as follows.

m∑
i=1

qiλ
−σi = λ−s(λs − p)(λ− 1)k (3.1)

Indeed, λ0 = 1 is not possible. Hence, either 0 < λ0 < 1 or λ0 > 1 holds. Suppose
that 0 < λ0 < 1 and k is even. If λ0 = p1/s, then we have a contradiction from (3.1).
Consequently, we raise two cases viz., λ0 < p1/s and λ0 > p1/s. If the former holds,
then it happens that

0 <
m∑
i=1

qiλ
−σi
0 = λ−s0 (λs0 − p)(λ0 − 1)k < 0

which is absurd. With the latter case, it follows from (3.1) that

m∑
i=1

qi <
m∑
i=1

qiλ
−σi
0 = λ−s0 (λs0 − p)(λ0 − 1)k

< p−1(1− p)(1− p1/s)k,

a contradiction.
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Let k be odd. If 1 > λ0 > p1/s, then it is easy to obtain a contradiction from (3.1).
Consider that λ0 < p1/s. Hence, σ1 < σ2 < . . . < σm implies that

m∑
i=1

qi <
m∑
i=1

qiλ
σ1−σi
0 = −λσ1−s0 (p− λs0)(λ0 − 1)k < p,

a contradiction.
Next, we assume that λ0 > 1. We restrict our attention for the cases λ0 ≥ 1 + p and

λ0 < 1 + p. If λ0 ≥ 1 + p, then (3.1) yields
m∑
i=1

qi >

m∑
i=1

qiλ
−σi
0 = (1− pλ−s0 )(λ0 − 1)k

> (1− p)pk,

which is a contradiction. Thus, λ0 < 1 + p. Consequently, (3.1) becomes
m∑
i=1

qi(1 + p)−σi <
m∑
i=1

qiλ
−σi
0 = λ−s0 (λs0 − p)(λ0 − 1)k

< [(1 + p)s − p]pk,

which is a contradiction. From Proposition A, it concludes that (E1) is oscillatory. This
completes the proof.

Theorem 3.2. Let p = 1 and s ≤ σ1 < σ2 < . . . < σm. Assume that any one of the
following conditions

i)
m∑
i=1

qi ≥ 1,

ii)
m∑
i=1

qi < 2s − 1,

iii)
m∑
i=1

qi ≥ 2s − 1

holds. Then every solution of (E1) oscillates.

Proof. Proceeding as in the proof of Theorem 3.1, we consider the cases of λ0 < 1 and
λ0 > 1. Let λ0 < 1 and the contradiction is obvious from (3.1) when k is even. If k is
odd, then (3.1) yields

m∑
i=1

qi ≤
m∑
i=1

qiλ
s−σi
0 = (1− λ−s0 )(1− λ0)k < 1

which is a contradiction. Let λ0 > 1. We restrict our attention for the cases λ0 ≥ 2 and
1 < λ0 < 2. If λ0 ≥ 2, then s ≤ σ1 < σ2 < . . . < σm implies that

m∑
i=1

qi ≥
m∑
i=1

qiλ
s−σi
0 ≥ 2s − 1,



Higher-Order Neutral Difference Equations 137

a contradiction. Hence, 1 < λ0 < 2. From (3.1), we obtain that
m∑
i=1

qi2
−σi <

m∑
i=1

qiλ
−σi
0 = λ−s0 (λs0 − 1)(λ0 − 1)k

< 2s − 1,

a contradiction. The conclusion of the theorem follows from Proposition A. Hence, the
theorem is proved.

Theorem 3.3. Let p > 1 and s ≤ σ1 < σ2 < . . . < σm. Suppose that any one of the
following conditions

i)
m∑
i=1

qi ≥ p,

ii)
m∑
i=1

qi < (ps − p)(p− 1)k,

iii)
m∑
i=1

qip
−σi ≥ (ps − p)(p− 1)k

holds. Then (E1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.2, we consider the case λ0 < 1 when k
is odd. Therefore,

m∑
i=1

qi ≤
m∑
i=1

qiλ
s−σi
0 = (p− λ−s0 )(1− λ0)k < p

gives a contradiction. Let λ0 > 1. Then, we suppose two cases viz., 1 < λ0 < p and
λ0 ≥ p. If the latter holds, then s ≤ σ1 < σ2 < . . . < σm implies that

m∑
i=1

qi ≥
m∑
i=1

qiλ
s−σi
0 = (ps − p)(p− 1)k,

a contradiction to our assumption. Assume that the former holds. Then

m∑
i=1

qip
−σi <

m∑
i=1

qiλ
−σi
0 = λ−s0 (λs0 − p)(λ0 − 1)k

< (λs0 − p)(λ0 − 1)k < (ps − p)(p− 1)k,

gives a contradiction to our assumption. This completes the proof of the theorem.

Theorem 3.4. Let p < 0 and s ≤ σ1 < σ2 < . . . < σm. If any one of the following
conditions

i)
m∑
i=1

qi ≥ 1− p,
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ii)
m∑
i=1

qi < (−p)k(1− p),

iii)
m∑
i=1

qi(1− p)s−σi ≥ (−p)k[(1− p)s − p]

holds, then (E1) is oscillatory.

Proof. For our assertion, it is enough to show that there is no positive root of the type
λ0 < 1 or λ0 > 1 for (3.1). The contradiction is obvious when λ0 < 1 and k is odd. Let
k be even. Using the fact that s ≤ σ1 < σ2 < . . . < σm, we obtain from (3.1) that

m∑
i=1

qi ≤
m∑
i=1

qiλ
s−σi
0 = (λ−s0 − p)(λ0 − 1)k < 1− p

which is a contradiction. Suppose that λ0 > 1. Here, we predict two cases viz., λ0 ≥
1− p and 1 < λ0 < 1− p. Let the former hold. Then s ≤ σ1 < σ2 < . . . < σm implies
that

m∑
i=1

qi(1− p)s−σi >
m∑
i=1

qiλ
s−σi
0 = (λs0 − p)(λ0 − 1)k

> [(1− p)s − p](−p)k ≥ (1− p)(−p)k

which is a contradiction to our assumption. Hence the latter holds. Consequently,

m∑
i=1

qi(1− p)s−σi ≤
m∑
i=1

qiλ
s−σi
0 = (λs0 − p)(λ0 − 1)k

< (λs0 − p)(−p)k

< [(1− p)s − p](−p)k

gives a contradiction. By Proposition A, the proof is complete.

Theorem 3.5. (E1) admits a positive solution which tends to +∞ as n→∞.

Proof. Setting

G(λ) = (1− pλ−s)(λ− 1)k −
m∑
i=1

qiλ
−σi (3.2)

we may note that G(1) < 0. Further,

G(λ) = λk(1− pλ−s)(1− λ−1)k −
m∑
i=1

qiλ
−σi (3.3)

implies thatG(λ)→∞ as λ→∞. Hence, there exists λ0 > 1 such thatG(λ0) = 0 and
hence (E1) has a solution of the type y(n) = {λn0} which tends to +∞ as n→∞.
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Remark 3.6. If we restrict our attention to p ≤ 0, s ≤ σ1 < σ2 < . . . < σm and
m∑
i=1

qi ≥ 1− p, then (E1) doesn’t admit a positive solution of type {an}, 0 < a < 1.

Indeed, if 0 < λ < 1, then (3.2) takes the form

G(λ) = λ−s

[
(λs − p)(λ− 1)k −

m∑
i=1

qiλ
s−σi

]
< 0, if k is odd.

On the other hand, when k is even

G(λ) < λ−s

[
(1− p)−

m∑
i=1

qi

]
≤ 0,

where we have used the fact that λs − p < 1− p and (λs − p)(λ− 1)k < 1− p. Hence
G(λ) 6= 0, for 0 < λ < 1. Thus our assertion follows.

Theorem 3.7. Let p < −1. Then (E1) admits an oscillatory solution in the following
cases:
(i) s and σi, i = 1, 2, . . . ,m are odd integers when k is odd
(ii) s is odd and σi, i = 1, 2, . . . ,m are even integers when k is even.

Proof. Indeed, for Case(i)

G(−1) = (−1)s[(−1)s − p](−1− 1)k −
m∑
i=1

qi(−1)−σi

= −(−1− p)(−2)k +
m∑
i=1

qi = (p+ 1)2k +
m∑
i=1

qi > 0

and from (3.3), it follows that G(λ)→ −∞ as λ→ −∞. Hence, there exists λ0 < −1
such that G(λ0) = 0 and y(n) = {λn0} is an oscillatory solution of (E1).

For Case(ii), it is easy to verify that G(−1) < 0. From (3.3), it follows that G(λ)→
∞ as λ → −∞. Consequently, there exists λ0 < −1 such that G(λ0) = 0 and y(n) =
{λn0} is an oscillatory solution of (E1). This completes the proof.

Theorem 3.8. Let p ≥ 0 and k be even. If

m∑
i=1

(σi)
−σi(k + σi)

k+σiqi < kk, (3.4)

then (E1) is oscillatory.
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Proof. Suppose on the contrary that λ > 0, λ 6= 1 is a root of (C1). In what follows,
G(λ) has a positive root in (0, 1) ∪ (1,∞), so (3.2) can be written as

G(λ) = (λ− 1)k

[
(1− pλ−s)−

m∑
i=1

qiλ
−σi

(λ− 1)k

]
.

Setting f(λ) =
λ−σi

(λ− 1)k
, we may note that min f(λ) attains at λ =

σi
(k + σi)

. Hence

min f(λ) < f(λ) implies that

G(λ) < (λ− 1)k

[
1−

m∑
i=1

qiminf(λ)

]

= (λ− 1)k

[
1−

m∑
i=1

(σi)
−σi(k + σi)

k+σiqik
−k

]
< 0

due to (3.4). Because k is odd, (C1) has no positive roots in (0, 1) ∪ (1,∞). By Propo-
sition A, (E1) is oscillatory.

Theorem 3.9. Let p < 0 and k be odd. If
m∑
i=1

(σi)
−σi(k + σi)

k+σiqi < (1− p)kk, (3.5)

then (E1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.8, we have a positive root in (0, 1) ∪
(1,∞). Assume that 0 < λ < 1. From (3.2), it follows that

G(λ) = −(1− λ)k

[
(1− pλ−s) +

m∑
i=1

qiλ
−σi

(λ− 1)k

]
.

Using the same type of reasoning as in Theorem 2.8, the above relation becomes

G(λ) < −(1− λ)k

[
1 +

m∑
i=1

(σi)
−σi(k + σi)

k+σiqik
−k

]
< 0.

Hence, 0 < λ < 1 is not a root of (C1).
Next, we suppose that λ > 1. Then 1− pλ−s < 1− p implies that 0 < λ < 1. From

(3.2), it follows that

G(λ) < (λ− 1)k

[
(1− p)−

m∑
i=1

qiλ
−σi

(λ− 1)k

]
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and hence proceeding as in the proof of Theorem 3.8, we obtain

G(λ) < (λ− 1)k

[
1− p−

m∑
i=1

(σi)
−σi(k + σi)

k+σiqik
−k

]
< 0

if and only if (3.5) holds. Hence by Proposition A, (E1) is oscillatory. This completes
the proof.

4 Application (Linearized Oscillation)
We need the following lemma to prove our main result.

Lemma 4.1. Assume that (1.7) is oscillatory. Then there exists an ε0 > 0 such that for
each ε ∈ [0, ε0], every solution of

4k[u(n)− (p0 + 2ε)u(n− s)] +
m∑
i=1

(q0i − ε)u(n− σi) = 0 (4.1)

oscillates, if k is odd or even and σi > s, i = 1, 2, . . . ,m.

Proof. Since (1.7) is oscillatory, then its characteristic equation

F (λ) = (1− p0λ−s)(λ− 1)k +
m∑
i=1

qiλ
−σi = 0

has no positive real roots.

Let λ > 0, but 6= 1 be a root of F (λ). Let 0 < ε∗ <
q0i
3

, for i = 1, 2, . . . ,m. Set

G∗(λ) = 2ε∗λ−s(λ− 1)k + ε∗
m∑
i=1

λ−σi .

Thus

F (λ)−G∗(λ) = [1− (p0 + 2ε)λ−s](λ− 1)k +
m∑
i=1

(q0i − ε)λ−σi

and hence F (λ)−G∗(λ)→∞ as λ→∞. It is possible to find λ0 > 0 such that λ ≥ λ0

implies that F (λ)−G∗(λ) >
m

2
, where m = inf

λ>0
F (λ) > 0. Suppose that

ε0 = min{ε∗, mλs0
2m+ 4(λ0 − 1)k

,
m

2
∑m

i=1 λ
−σi
0

}.
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Let 0 < ε ≤ ε0. The characteristic equation of (4.1) is given by

Gε(λ) = [1− (p0 + 2ε)λ−s](λ− 1)k +
m∑
i=1

(q0i − ε)λ−σi = 0. (4.2)

In view of Proposition A and to complete the proof of the lemma, it is sufficient to show
that (4.2) doesn’t admit a positive root. Let k be even. Then for λ ≥ λ0

Gε(λ) = F (λ)− ε

[
2λ−s(λ− 1)k +

m∑
i=1

λ−σi

]

≥ F (λ)− ε∗
[

2λ−s(λ− 1)k +
m∑
i=1

λ−σi

]
≥ F (λ)−G∗(λ) >

m

2
.

On the other hand, if λ ∈ (0, λ0), then σi > s implies

Gε(λ) ≥ F (λ)− ε
[
2λ−s(λ− 1)k +mλ−s

]
≥ F (λ)− ε

[
2λ−s(λ0 − 1)k +mλ−s0

]
>
m

2
.

Hence, 0 < λ0 6= 1 is not a root of (4.2).
Next, we assume that k is odd. For λ ≥ λ0 > 1,

Gε(λ) ≥ F (λ)− ε∗
[

2λ−s(λ− 1)k +
m∑
i=1

λ−σi

]
≥ F (λ)−G∗(λ) >

m

2
.

If λ ∈ (0, λ0) and λ0 < 1, then

Gε(λ) > F (λ)− ε
m∑
i=1

λ−σi

= F (λ)− ε0
m∑
i=1

λ−σi0 > m− m

2
=
m

2
.

Thus, Gε(λ) > 0 for all λ > 0. This completes the proof of the lemma.

Theorem 4.2. Suppose that (1.7) is oscillatory. Then every unbounded solution of (1.2)
oscillates, if k is odd or even and σi > s, for i = 1, 2, . . . ,m.

Proof. Let y(n) be an unbounded nonoscillatory solution of (1.2) on [n1,∞), for n1 ≥
n0 + ρ such that y(n) > 0, for n ≥ n1. The case y(n) < 0, for n ≥ n1 may similarly be
dealt with. For n ≥ n2 > n1 + ρ, set

z(n) = y(n)− p(n)g(y(n− s)).
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Then we obtain

4kz(n) = −
m∑
i=1

qi(n)hi(y(n− σi)) < 0. (4.3)

Therefore,4jz(n) is monotonic on [n3,∞), for j = n−1, n−2, . . . , 1, 0. If4k−1z(n) >
0, for n ≥ n3, then it follows from (4.3) that

n−1∑
t=n3

m∑
i=1

qi(t)hi(y(t− σi)) = −4k−1z(n) +4k−1z(n3)

< 4k−1z(n3).

Since4y(n) > 0, then the above inequality yields that

n−1∑
t=n3

m∑
i=1

h0i qi(t) < 4k−1z(n3)

due to (1.6). Hence
∞∑
t=n3

m∑
i=1

h0i qi(t) <∞,

a contradiction to the fact that
∞∑
t=n3

m∑
i=1

h0i qi(t) =∞

due to (1.4), because q0i > 0. Ultimately,4k−1z(n) < 0, for n ≥ n3. Thus4jz(n) < 0,
for j = 0, 1, 2, . . . , (k − 2), k ≥ 2. If k = 1, then 4z(n) < 0, for n ≥ n4 > n3 and
proceeding as above we may show that z(n) < 0, for n ≥ n4. Let lim

n→∞
z(n) = µ,

µ ∈ (−∞, 0). Then summing (4.3) for k = 1, we arrive at a contradiction. Thus
lim
n→∞

z(n) = −∞, for k ≥ 1. For n ≥ n4, Eq.(1.2) may be written as

∆k(y(n)− P (n)y(n− s)) +
∞∑
i=1

Qi(n)y(n− σi) = 0,

that is,

∆kZ(n) +
∞∑
i=1

Qi(n)y(n− σi) = 0, (4.4)

where Z(n) = y(n)− P (n)y(n− s), P (n) = p(n)
g(y(n− s))
y(n− s)

and

Qi(n) = qi(n)
hi(y(n− σi))
y(n− σi)

. Using (1.3) and (1.5), we may note that lim sup
n→∞

P (n) ≤
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lim sup
n→∞

p(n). lim
n→∞

g(y(n− s))
y(n− s)

= p0 and lim sup
n→∞

P (n) ≥ lim sup
n→∞

p(n) = p0. Hence

lim sup
n→∞

P (n) = p0. Summing (4.4) k-times from n4 to n− 1(n > n4 + 1), we obtain

Z(n) +
1

(k − 1)!

n−1∑
j=n4

(n− j − 1)(k−1)

[
∞∑
i=1

Qi(j)y(j − σi)

]
< 0,

where β(ν) = 0 if ν > β, and = 1 if ν = 0; otherwise (see, e.g., [5]),

β(ν) = β(β − 1)...(β − ν + 1).

From the last inequality, it follows that

y(n)

>
1

P (n+ s)

[
y(n+ s) +

1

(k − 1)!

n+s−1∑
j=n4

(n+ s− j − 1)(k−1)
∞∑
i=1

Qi(j)y(j − σi)

]
.

(4.5)

From Lemma 4.1, it follows that there exists an ε0 > 0 such that for each ε with 0 ≤
ε ≤ ε0, every solution of (4.1) oscillates if k is odd or even and σi > s, i = 1, 2, . . . ,m.
In what follows, we show that 4.1 admits a positive solution leading to a contradiction
which completes the proof of the theorem. Let N1, N2 > 0 be such that P (n) < p0 + ε,
for n ≥ N1 and Qi(n) > (q0i − ε), for n ≥ N2. Let N0 = max{n4, N1, N2}. Choose
1 < β < 1 +

ε

p0 + ε
. Thus for n ≥ N0, P (n) < (p0 + 2ε)/β and hence (4.5) yields

y(n)

>
β

p0 + 2ε

[
y(n+ s) +

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)
∞∑
i=1

Qi(j)y(j − σi)

]
.

(4.6)

LetX = `∞N0
be the Banach space of all real valued functions defined on [N0−σm−s,R)

with the usual sup norm. Let us define

B = {x ∈ X : 0 < x(n) ≤ 1, n ≥ N0 − σm − s}.

Clearly, B is a closed, bounded and convex subset ofX . For x ∈ B, we define T : B →
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X as follows:

(Tx)(n) =



(Tx)(N0), N0 − σm − s ≤ n ≤ N0

(p0 + 2ε)−1

y(n)

[
y(n+ s)x(n+ s) +

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)

×
m∑
i=1

(q0i − ε)x(j − σi)y(j − σi)
]
, n ≥ N0.

Thus for n ≥ N0 − σm − s, Tx(n) > 0 and

(Tx)(n)

≤ (p0 + 2ε)−1

y(n)

[
y(n+ s) +

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)
m∑
i=1

(q0i − ε)y(j − σi)
]

<
1

β
< 1.

Thus T : B → B. Further, for x1, x2 ∈ B,

|Tx1(n)−Tx2(n)| =



|(Tx1)(N0)− (Tx2)(N0)|, N0 − σm − s ≤ n ≤ N0

(p0 + 2ε)−1

y(n)

∣∣∣∣y(n+ s){x1(n+ s)− x2(n+ s)}+

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)×

m∑
i=1

(q0i − ε)y(j − σi){x1(j − σi)− x2(j − σi)}
∣∣∣∣, n ≥ N0.

Thus, for n ≥ N0 − σm − s

|Tx1(n)− Tx2(n)| ≤ ‖x1 − x2‖
(p0 + 2ε)y(n)

[
y(n+ s) +

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)×

m∑
i=1

(q0i − ε)y(j − σi)
]
<

1

β
‖x1 − x2‖.

Hence

‖Tx1(n)− Tx2(n)‖ ≤ 1

β
‖x1 − x2‖
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implies that T is a contraction mapping. Therefore, T has a unique fixed point in B,
that is, there exists x0 ∈ B such that Tx0(n) = x0(n), that is,

x0(n) =



x0(N0), N0 − σm − s ≤ n ≤ N0

(p0 + 2ε)−1

y(n)

[
y(n+ s)x0(n+ s) +

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)

×
m∑
i=1

(q0i − ε)x0(j − σi)y(j − σi)
]
, n ≥ N0.

Set w(n) = y(n)x0(n), for n ≥ N0 − σm − s. We note that w(n) > 0, where

w(n)

= (p0 + 2ε)−1

[
w(n+ s) +

1

(k − 1)!

n+s−1∑
j=N0

(n+ s− j − 1)(k−1)
m∑
i=1

(q0i − ε)w(j − σi)

]
,

for n ≥ N0. Thus

w(n− s) = (p0 + 2ε)−1×[
w(n) +

1

(k − 1)!

n−1∑
j=N0

(n− j − 1)(k−1)
m∑
i=1

(q0i − ε)w(j − σi)

]

and hence

4k[w(n)− (p0 + 2ε)w(n− s)] +
m∑
i=1

(q0i − ε)w(j − σi) = 0.

Therefore, w(n) is a positive solution of (4.1), a contradiction. This completes the
proof.

5 Example and Discussion
Example 5.1. Consider

42

[
y(n)−

(
1 +

1

n

)
g(y(n− 1))

]
+

(
1− 1

n

)
h1(y(n− 2))+

+

(
2− 1

n

)
h2(y(n− 3)) = 0, n ≥ 4, (5.1)
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where k = 2, g(u) = h1(u) = h2(u) = u(1 + e−|u|), for u ∈ R, s = 1, σ1 = 1, σ2 = 3.
Clearly, g, h1 and h2 satisfy the conditions (1.5) and (1.6). Further, lim

n→∞
p(n) = 1,

lim
n→∞

q1(n) = q01 = 1 and lim
n→∞

q2(n) = q02 = 2 imply that the limiting equation (1.7)
takes the form

42[x(n)− x(n− 1)] + x(n− 2) + 2x(n− 3) = 0 (5.2)

and the characteristic equation associated with it is given by

F (λ) ≡ (1− λ−1)(λ− 1)2 + λ−2 + 2λ−1 = 0. (5.3)

Since q01 + q02 > 1, then (5.3) has no positive roots by Theorem 2.3. Hence (5.2) is
oscillatory. Consequently, every solution of (5.1) oscillates by Theorem 4.2.

Explicitly, we connect (2m+ 3) parameters in our discussion except Theorems 2.7,
3.7 and 3.8, where the delay terms are free from any restrictions. It is left to the inter-
ested readers to formulate more general results in other ranges of p for any k.
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