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Abstract

We investigate the global behavior of the cooperative system
Tep1 = min{ri1@e + rigye, K1}, yepr = min{roize + rooye, Ko}, t = 0,1,

where the initial conditions xg, yo are arbitrary nonnegative numbers. This sys-
tem models a population comprised of two subpopulations on different patches of
land. The model, introduced in [4], considers the minimum between the maximum
carrying capacity of each patch (K or Ky resp.) and the linear combination of
the population from patch ¢ from the last time step with those who migrated to
patch ¢ for i=1,2. We break the behavior of the system into several cases based
on whether the linear combination of the population or maximum carrying capac-
ity is greater. We are able to conclude that either one fixed point will be a global
attractor of the interior region of Ri or there will exist a line of fixed points with
the stable manifolds as the basins of attractions. We then extend some of these
results to the n—dimensional case, first introduced in [2] using similar techniques.
We investigate the global behavior of general cooperative system

i . 1 2 i n
xi g =min{raz; + rex; + ...+ rgx; + .+ riay, K

fori=1, 2, ..., n, and ¢=0,1,... where the initial conditions of wé are arbitrary
nonnegative numbers for ¢=1,2, ..., n. We are able to conclude that in some cases
one fixed point will be a global attractor of the interior region of R} .
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1 Introduction
We investigate the global behavior of the cooperative system

Ty = min{rzy + royy, Ka '}, Yo = min{roiwy + rooyy, Ko}, t=0,1,...,

(1.1)
where the initial conditions x, vy, are arbitrary nonnegative numbers. In the original pa-
per [4], Eager et al. define the variables and constants based on a biological model. The
model studies a metapopulation consisting of two subpopulations who live on separate
patches of land (patch 1 and patch 2), however do not live entirely separate as migra-
tion is allowed. The sizes of the subpopulations fluctuate each breeding season due to
migration, death, birth, as well as other factors. Additionally, each subpopulation has a
maximum known as a carrying capacity as population growth is restricted by the size
of the land, food available, etc. In (1.1) the density of the subpopulations is represented
by x; (the number of females in patch 1) and y; (the number of females in patch 2) at
a time step ¢ € N. The maximum carrying capacity is represented by K;, Ky > 0 for
each patch respectively. The constants of r1; > 0, 799 > 0, 715 > 0, and ry; > 0 are the
probabilities given as

rin=(1—p)1+bf1)(L—mi) and 1y = (1—p)(l+bafo)(l—mo),
ri2 = (1 4+ bafo)mea  and 7o = (1 4+ by fi)mia

where b; and by are the probabilities that a female will give birth, f; and f, are the
probabilities that the baby is female, 1; and py are the probabilities of death, « is the
probability of a successful migration, and m; and my are the probabilities of migration
for each patch respectively. The linear models in the system are

Tl = 1% + 712V, Y1 = T21T¢ + T22Yy,

where z;,; and ¥y, represent the current populations at time step ¢ + 1. Here r112;
is the population of patch 1 that remained from time step ¢, r12¥; is the population that
migrated to patch 1, ooy, is the population of patch 2 that remained from time step t,
and 7314 1s the population that migrated to patch 2. Thus, system (1.1) will compute the
minimum of the maximum carrying capacity and the linear combination of the females
remaining in the population from the last time step with those who migrated to the
patch. It is assumed that each subpopulation will increase until it reaches the maximum
carrying capacity, also known as the ceiling density dependence.

In this paper we will present the global dynamics of the model for all cases of the
parameters. In particular, we obtain the basins of attraction in the two cases of an
infinite number of fixed points, which was not covered in [4]. For the four cases of
a finite number of fixed points, we will use different, simpler technique of monotone
discrete dynamical systems to find the basins of attraction of all fixed points and so to
give an alternative proof of the results in [4].
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The cooperative system (1.1) can be generalized to study a metapopulation con-
sisting of n subpopulations who live on n different patches of land. This system was
originally studied in [2]. Such system is as follows

2 =min{raz; + rpr; + .o+ a4+ i), K (1.2)
for: =1,2,...,nand t = 0, 1, .... The initial conditions xé are arbitrary nonneg-
ative numbers for : = 1, 2, ..., n. For each patch ¢, the density of females in each

subpopulation is represented by z!. Additionally, the maximum carrying capacity of
each patch will be represented by K; > 0. In (1.2) the constant r;; > 0 is the probabil-
ity of females in patch ¢ surviving from the last time step (and remaining in the patch)
as well as the probability of having a female baby born. The constants r;; > 0 for
k=1,2,...;i— 1,0+ 1,...,n are the probabilities of a female migrating to patch ¢
from patch £ including the possibility of a newborn baby female migrating during the
time step. As with the 2—patch model, we assume that each population will grow lin-
early until reaching the carrying capacity. We will present the global dynamics of some
of the cases using similar techniques to the 2—dimensional system (1.1). We are able to
give global results for three cases, in which one fixed point will be a global attractor of
the interior region of R’} using simpler, different techniques than originally used in [2].
The remaining case will be left as conjecture.

Section 2 of this paper contains some basic results on the basins of attraction of
the equilibrium solutions of monotone systems and order preserving maps. Section 3
contains the main results giving global dynamics of system (1.1) in all 6 cases, and
section 4 contains the main results of the generalized n—dimensional system (1.2). It
is important to mention that no local or global dynamics of system (1.1) was obtained
in [4] in cases 5 and 6. In fact the global dynamics in these two cases is very interesting
and has been observed in number of monotone systems, see [1,9, 10].

2 Some Basic Results for Order Preserving Maps

In this section we give some basic attractivity results for order preserving maps and
systems from [9, 10], which will be used in the rest of the paper. See also [5, 6, 12].

We will begin with some definitions and terminology. A first order system of differ-
ence equations

Tpt1 = f(mmyn)
, n=20,1,... 2.1
{ Ynt1 = g(mmyn) 2.1

where S C R? has nonempty interior, (f,g) : S — S, f, g are continuous functions is
called competitive if f(x,y) is nondecreasing in = and nonincreasing in y, and g(z, y) is
nonincreasing in x and nondecreasing in y. If both f and g are nondecreasing in = and
Yy, the system (2.1) is called cooperative. Competitive and cooperative maps are defined
similarly. Strongly cooperative systems of difference equations or strongly competitive
maps are those for which the functions f and g are coordinate—wise strictly monotone.
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Let < be a partial order on R" with a nonnegative cone P. For x, y € R", the
ordered interval [z, y] is the set of all z such that x < z < y. We say that x < y if
x <=yandz # y,and v < yif y — x € int P, where int P denotes the interior of a
set P. A map T on a subset of R" is order preserving if T'(x) < T'(y) whenever z < y,
strictly order preserving if T'(x) < T'(y) whenever « < y, and strongly order preserving
if I'(z) < T(y) whenever = < y. We say that B(z) is the basin of attraction of a fixed
point z if T"(y) — «.

Furthermore, we define the south—east partial order as <. on R? where (,y) Zse
(s,t) if and only if z < s and y > ¢. Similarly, we define the north—east partial order as
=ne on R? where (z,y) =<p. (5,1) ifand only if # < s and y < t.

Let T : R — R be a map with a fixed point T and let R’ be an invariant subset of
R that contains Z. We say that 7 is stable (asymptotically stable) relative to R’ if T is a
stable (asymptotically stable) fixed point of the restriction of 7" to R'.

The next result is stated for order—preserving maps on R" and is given here for
completeness. See [5] for a more general version valid in ordered Banach spaces.

Theorem 2.1. For a nonempty set R C R" and < a partial order on R", letT : R — R
be an order preserving map, and let a, b € R be such that a < b and [a,b] C R. If
a X T(a) and T(b) < b, then [a,b] is invariant interval and

i. There exists a fixed point of T in [a, b].

ii. If T is strongly order preserving, then there exists a fixed point in [a, b] which is
stable relative to [a, b].

iii. If there is only one fixed point in [a,b], then it is a global attractor in [a, b] and
therefore asymptotically stable relative to [[a, b].

We say that {x, },cz is an entire orbitof amap 7' : A - A, A C R"if z,,.; =
T(x,) for all n € Z. This orbit is said to join u; to uy if z,, — u; as n — —oo and
Tn — U as n — oo. The following result is for strictly order preserving maps [3, 5].
The result is stated for a partial order < in R", but it also holds in Banach spaces.

Theorem 2.2 (Order Interval Trichotomy of Dancer and Hess, [3]). Let uy = uy be
distinct fixed points of a strictly order preserving map T : A — A, where A C R", and
let I = [uy, us]] C A. Then at least one of the following holds.

(a) T has a fixed point in [ distinct from u; and us.

(b) There exists an entire orbit {x,}nez of T in I joining u, to uy and satisfying
Tp j xn—l—l-

(c) There exists an entire orbit {x,},cz of T in I joining usy to uy and satisfying
Tn+1 j L.
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Corollary 2.3 (See [3]). If a and b are stable fixed points, then there exists a third fixed
point in |a, b].

The following result is a direct consequence of Theorem 2.2, see [9, 10].

Corollary 2.4. If the nonnegative cone of < is a generalized quadrant in R", and if T
has no fixed points in [u,, us] other than uy and us, then the interior of [uy, us] is either
a subset of the basin of attraction of u, or a subset of the basin of attraction of us.

The following theorem was proved by Kulenovi¢ and Merino [10] for competitive or
cooperative systems in the plane, when one of the eigenvalues of the linearized system at
an equilibrium (hyperbolic or nonhyperbolic) is by absolute value smaller than 1 while
the other has an arbitrary value. This result is useful for determining basins of attraction
of fixed points of competitive or cooperative maps.

Theorem 2.5. Let T' be a competitive (resp. cooperative) map on a rectangular region
R C R% LetX € R be a fixed point of T such that A := R N int(Q(z) U Q3())
is nonempty (i.e. "X is not the NW or SE vertex of R”), and T' is strongly competitive
(resp. cooperative) on A. Suppose that the following statements are true.

a. The map T has a C" extension to a neighborhood of X.

b. The Jacobian Jp(X) of T at X has real eigenvalues ), j such that 0 < |\| < p,
where |\| < 1, and the eigenspace E* associated with \ is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of
attraction of X, such that C is tangential to the eigenspace E* at X, and C is the graph
of a strictly increasing (resp. decreasing) continuous function of the first coordinate on
an interval. Any endpoints of C in the interior of R are either fixed points or minimal
period two points. In the latter case, the set of endpoints of C is a minimal period two

orbit of T

3 The 2-Patch System

We will prove the global dynamics of system (1.1) for two patches of land. Let

r1or
J— |Tn T2
21 T22
be the matrix consisting of the constants of system (1.1), and let 7 be the cooperative
map associated with system (1.1),

x Hlil’l{?"llx + 112V, Kl} 9 9
= . 'R R%.
T ( Lj > Lﬂln{rmx + 792y, Kz}} + Ry

Let p(.J) denote the spectral radius of J and o(.J) denote the set of eigenvalues of .J.
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Theorem 3.1. The following results hold for system (1.1):
1. Suppose that p(J) < 1 and
Ky > ruKy+ripKs, Ky > ra Ky + ek, (3.1

where at least one of the inequalities is strict. The fixed point (0,0) is a global
attractor.

2. Suppose that p(J) > 1,1 ¢ o(J), and
Ky <rinKy + 1ok, Ky <rgKq +rpkKos, (3.2)

where at least one of the inequalities is strict. The fixed point (0,0) is unstable
while the fixed point (K1, Ks) is a global attractor of the interior region of ]Ri.

3. Suppose that p(J) > 1,1 ¢ o(J), reg < 1, and
Ky <rinKy+ 1Ky, Ky > ro Ky + roa K. (3.3)

Then the fixed point (0, 0) is unstable while the fixed point (K1, K171 /(1 — r92))
is a global attractor of the interior region of Ri where the basin of attraction is
B(Kl, K17"21/(1 — 7"22)).

4. Suppose that p(J) > 1,1 ¢ o(J), ri1 < 1, and
Ky >rnKy + 1Ky, Ky < 1o Ky + o0 K. (3.4)

Then the fixed point of (0,0) is unstable while the fixed point of (Koria/(1 —
r11), K3) is a global attractor of the interior region of Ri where the basin of
attraction is B(Karia/(1 —r11), Ks).

5. Suppose that p(J) > 1,1 € o(J), 192 < 1, and
Ky <rinKy + 1Ky, Ky > ro Ky + 1o K. (3.5)

System (1.1) has an infinite number of fixed points, E, = {(x, zr21/(1—79))[|0 <
x < Ky}, each with the stable manifold W*(E,,) as its basin of attraction.

6. Suppose that p(J) > 1,1 € o(J), ri1 < 1 and
Ky > K+ 1Ky, Ky <ro Ky + 1o K. (3.6)

System (1.1) has an infinite number of fixed points, E, = {(yr12/(1—711),y)]|0 <
y < Ky}, each with the stable manifold W*(E,) as its basin of attraction.
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Proof. 1. Clearly (0,0) is always a fixed point. Using (3.1), the cooperative map 7

can be rewritten as
T T\ _ | + Ty _
Y T91X + T22Y

Note that no other fixed points will exist as

1) = 1

would have to hold true for some fixed point (z,y). This cannot be the case as
p(J) < 1. The map 7 has an invariant interval [(0,0), (K7, K5)]. This can be
seen as the map is defined on Ri and the system (1.1) has a maximum carrying
capacity (K, K3). As (0,0) is the unique fixed point of the invariant interval and

p(J) < 1, then
lim Tl 0
t—oo [ Yy 0]

This indeed holds by Theorem 2.1 so (0, 0) is a global attractor.

2. The inequalities in (3.1) can be rewritten as
Ky Ky
>

1s the minimum, we can conclude that

Kyl _ [ K
(] - [
This results in the fact that (K, K5) is a fixed point in addition to (0,0). Using
the same reasoning as in the proof of part 1, another fixed point will only exist if

either v = Ky and y # Ky or z # K; and y = K,. Without loss of generality
suppose that = K7 and y # K,. The map 7 gives us that

K,
Therefore as { KJ

ro1 K
Y=TaT+rey < y=rali+rpy < y=1_,
— T2

However, this creates a contradiction as the inequality of (3.1) can be rewritten as
o1y

K, < .
1—7"22

Therefore, there are no other fixed points. As T ( [ﬂ ) < {g 1} for all (z,y) €
2

R2, 7 has an invariant interval [(0,0), (K;, K3)]. The fixed point, (0,0) is un-
stable as p(J) > 1 (see [7]). By Corollary 2.4, (K, K5) is a global attractor for
the interior of [(0,0), (K, K3)], that is

int [[(0,0), (Kl, KQ)]] - B((Kl, KQ))
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3. Through rearranging one of the inequalities of (3.1) we have

K
Kl < ?”11K1 + T12K2 and K2 > "1 (37)
]_ — T'922
We will have the fixed point of (K7, K17r91/(1 — 192)) when
K K,
T ro1 K4 = | ralG
]_ — T99 ]_ — T929
holds true. That is if
ro1 K ro1 X
K1 S THKl + 12 i and Kg Z 7’21K1 + T929 270 . (38)
]_ — T'22 1 — T'922

By the inequalities of (3.7) and the fact that

ro1 Ky o ro1 K4

ro1 K1 4 122 =
]_—7”22 ]_—7"22

the second inequality of (3.8) indeed holds. The first inequality of (3.8) can be
reduced to

r12721

1 <7+

— T2
1 —ro <ryp —riiree +ri2ro1 &
1< tr(J) — det(J) &

1 <A+ A2 — A

Therefore this inequality holds as p(.JJ) > 1 and furthermore, (K7, Ki79;/(1 —
T92)) is a fixed point. By using the same argument as in cases 1 and 2 we conclude
that there are no other fixed points. By using the fact [a,b] = {x : a <z < b}is
an invariant set for 7 when a and b are fixed points of a monotone map 7, then
[Eo, E+] is an invariant interval where £, = (0,0) and F, = (K3, Ki7r9/(1 —
r92)). As p(J) > 1, then Ej is unstable. By Corollary 2.4, E, is an attractor for
the interior of [Fy, ], that is

int [Eo, E,] C B(E,). (3.9)

Since (K7, K») is the maximum carrying capacity for the population and F, is a
fixed point, by using the fact again that [a, b] is an invariant set for monotone map
T when a is fixed point and b is an end point, then [E,, (K, K)] is an invariant
set. By Theorem 2.1, as E is the only fixed point in the region, then F, is an
attractor for the interior of [F, (K1, K3)],

int [E,, (K1, K2)] € B(E,). (3.10)
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For all (x,y) ¢ [Eo, E+] U [EL, (K1, Ks)] there exists (zr,yr) € [Fo, E] and
(zv,yv) € [E+, (K, K3)] such that
(z2,y0) < (2,9) < (2, yv)-

Using the fact that 7 is monotone,
Tn<5'3'L73/L) < Tn(x7y) §Tn(5’7U73/U) forn € N. (311)

In view of (3.9) and (3.10), lim 7" (zy,y.) = Ey and lim 7" (zy,yv) = E..
n—oo n—o0
Using (3.11) we can conclude that lim 7"(x,y) = FE,. Thus, E, is a global

n—o0

attractor of the interior of [Ey, (K7, K3)].

4. The proof in this case is analogous to the proof of case 3. Through rearranging
the inequalities of (3.1) we have

r12Ko

1—7"11

Kl > and K2 < 7’21K1 + 7“22[(2. (312)

We will have the fixed point of (Ksr12/(1 — 711), K2) when

r12Ks r12Ks
T 1-— 711 - 1-— T11
K5 Ky

holds true. This will happen if

K
—|—7"12K2 and K2 S 21 1T12 2 +7”22K2. (313)

— T — T

19K
K127"11112 2

The first inequality of (3.13) is valid using (3.12) and the fact that

712K 712K
12422 +T12KQ _ 12422 '
(1 —7‘11)

The second inequality of (3.13) can be reduced to

11
1-— 1

1< 21712

—1l—-r
L =711 Srorrig +ro2 — roernn &
1< tw(J)— det(J) <
1 <A+ Ay — A

+ T2 &

Therefore this inequality holds as p(J) > 1, and furthermore, (K5r2/(1 —
r11), K3) is a fixed point. By the same arguments as in cases 1 and 2 there
are no other fixed points. Furthermore [Fy, F. ] is an invariant interval where
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Ey = (0,0)" and B, = (Kyria/(1—7111), K3). As p(J) > 1, then Ej is unstable.
By Corollary 2.4, F, is an attractor for the interior of [Fy, ], that is

int [Eo, B, ] € B(EL). (3.14)

As (K7, K3) is the maximum carrying capacity for the populations and by using
the fact that [a,b] = {x : @ < x < b} is an invariant set for 7 where a is a
fixed point and b is the end point of a monotone map 7, then [E,, (K7, K5)] is
an invariant set. By Theorem 2.1, as F, is the only fixed pointin [E, (K7, K5)],
then E, is an attractor of the interior of [E, (K7, K>)],

int [E,, (K1, K2)] € B(E,). (3.15)

For all (z,y) ¢ [Fo, E+] U[E,, (K1, Ks)] there exists (zr,,yr) € [Eo, E.] and
(zv,yv) € [E+, (K, K3)] such that
(zr,y1) < (z,y) < (zv,yv)-
By (3.14) and (3.15), we can conclude that lim 7"(zz,y;) = E* as well as
n—oo
lim 7™ (xy,yy) = E*. As T is monotone, the inequalities of (3.11) from case
n—oo

3 hold, which implies that lim 7"(x,y) = E,. Thus, E, is a global attractor of
n—oo
the interior of [Fy, (K1, K3)].

. If we have that

T([£]>:[£] for0 <z < Kj,
(1 —r99) (1 —799)

then {(z, zre1 /(1 —r22))|0 < o < K, } are fixed points. As a reminder, in case 3
we proved that (K, K791 /(1 — ro2)) is a fixed point. There will exist an infinite
number of fixed points whenever x # K; and

127212 and Irar oy % T LT21
PN 5 N 21 2277 ¢
(1 — TQQ) (1 — TQQ) (]_ — 7“22)

The second equality of (3.16) clearly holds true. The first equality of (3.16) can
be rewritten as

(3.16)

ZE:T11$+

12721
=71+ ——o
11 (1 — T22)

1 — 1o = 191712 + 111 — 122711 &

1 < tr(J) — det(J)
By rearranging the inequalities from (3.1) we have that

r
Kl S 12
1-— 11

K.
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Since K; and K, are nonnegative and r15 > 0, then r;; < 1. The fact that
11,722 < 1impliesthat 0 < tr(J) < 2. As tr(J) = A;+ A2, then 0 < A\j+Xy < 2
as well. We can conclude that as \; = 1 (by 1 € o(J)), then Ay < 1, and
moreover, p(J) = 1. Therefore we can conclude that 1 < tr(J) — det(J) as
p(J)=1and 1 € o(J), and furthermore, {(z, x721 /(1 —192))|0 < & < K, } are
fixed points.

Next as 7 is defined on R? and has a maximum of (K7, K>), then 7 is defined
on the rectangular region R = [(0,0), (K, K>)] C R?. Let T be a fixed point
such that

T € {(ZB,l’ '7"21/(]_ —7"22))|0 S X S Kl}

Then T will be in A := R Nint(Q;(T) N Q3(T)) as all of the fixed points are
in R and in the first quadrant of R?. As (1.1) is linear in R, then the map 1is
strictly monotone on R, and moreover strongly cooperative. The map 7 has a C*
extension to a neighborhood of 7 as the map is linear. Since \; = 1 and A\, < 1, by
Theorem 2.5, there exists a curve C C R through 7 that is invariant and a subset
of the basin of attraction of Z such that C is the graph of a strictly decreasing
continuous function of the first coordinate on an interval, and any endpoints of
C in the interior of R are either fixed points or minimal period two points. This
holds for every fixed point in {(xz, x72; /(1 —792))|0 < x < K } as T was arbitrary.
Thus, {(z, 2121 /(1 —72))|0 < 2 < K} will have a stable manifold. By using [1,
Theorem 3.4], we can prove that the fixed point depends continuously on the
initial point.

6. We want to prove that the fixed points {(yri2/(1 — 711),9)|0 < y < Ky} will
have the stable manifold. This proof will be analogous to the proof of case 5. If

we have that
Yria Yrio
T ( [(1 — 7“11)]) = [(1 — 7’11)] for 0 <y < K,
Y Yy

then {(yr12/(1 —r11),y)]|0 < y < Ky} are fixed points. In case 4 we proved that
(Kar2/(1 — 111), K3) is a fixed point. When y # K, there will be an infinite
number of fixed points if
Yriz YriiTiz YriaTaa
— +r and = "+ ryy. (3.17)
- (=) 12Y Y 1— ) 22Y

Note that the first equality of (3.17) clearly holds true. The second equality of
(3.17) can be rewritten as

12721
l= "ty &
(]_—7“11) 22

1 =71y =rarip+ren —rerm &
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1 < tr(J) — det(J).

By rearranging one of the inequalities from (3.1) we get

Ky < —2 K.
1— 292

Since K; and K are nonnegative and 75; > 0, then 795 < 1. The fact that
11,722 < 1limplies that 0 < tr(J) < 2. As tr(J) = A;+ A2, then 0 < A+ < 2
as well. We can conclude that as A\; = 1 (by 1 € o(J)), A2 < 1, and moreover,
p(J) = 1. Therefore 1 < tr(J) — det(J) holds as p(J) = 1 and 1 € o(J), and
furthermore, {(yr12/(1 — 711),y)|0 < y < Ky} are fixed points. The remainder
of the proof is analogous to case 5, and thus completes the proof.

O

4 The n—Patch System

We will prove the global dynamics in some cases of system (1.2) for n patches of land.
Let M be the matrix comprised of constants of (1.2):

M1 T12 ... Tin

To1r To2 ... Topn
M=

1 Th2 .. Tpn.

Define 7 to be the cooperative map associated with system (1.2)

1 . 1 2
T min{ryx° + rpz” + .. 4.+ e K}

T : = : R} — R
x" min{r, x' + rpe® + . ™, Kb

Additionally, let & be an equilibrium point of the system (1.2). By [2, Lemmas 3.2, 3.3,
and 3.4] we have that

Lemma 4.1. 1. IfrilKl + TZ‘QKQ + ...+ T‘“KZ + ...+ TinKn S KZ‘fOI" each 1 =
1,2, ..., n with at least one strict inequality, then p(M) < 1.

2. IfrilKl —|—TZ‘2K2—|— +7’“KZ + ... +7'an“ Z Kiforeachi = 1,2,...,nWith
at least one strict inequality, then p(M) > 1.

We state the results of [2, Theorem 3.5].

Lemmad4.2. 1. Ifp(M) < 1, then (0, ...,0) is the only fixed point.
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2. If p(M) > 1and rqy Ky + rigKs + ... + K + ... + i, K, > K; for each
1 = 1,2,...,n with at least one strict inequality, then the only fixed points are

(0,...,0) and (Ky, ..., K,).

3. If p(M) > 1 and both ry Ky + rioKo + ... + 1 K + ... + 10 K, < K; and
T’lel +Tj2K2 + ... +TJJKJ +... +T]nKj > K]fOVZ,] in 1, 2, oo with some
of the inequalities strict, then the only fixed points are (0, ...,0) and there exist
one nonzero fixed point, I/, with some patches at capacity and some below.

We can now formulate a theorem about the global stability in some cases and provide
new proofs based on the theory of monotone maps.

Theorem 4.3. The following result holds for system (1.2):

1. Suppose that

Tz'lKl+Ti2K2+~'+TiiKi+~'+TinKnSKi (41)
foreach i = 1,2,... n with at least one strict inequality. Then p(M) < 1 and
the fixed point (0, ..., 0) is a global attractor.

2. Suppose that
T21K1+T22K2+“‘TuKz‘l““r@nKn ZKz (42)

foreachi = 1,2,... nwithat least one strict inequality. Then p(M) > 1 and the
fixed point (0, ...,0) is unstable, while the fixed point (K1, ..., K,) is a global
attractor of the interior region of R'.

3. Suppose that p(J) > 1and 1 ¢ o(J) and

7’Z'1K1+7’Z'2K2+...+TiiKi+...+TmKnSKi
leKl+Tj2K2+---+Tijj+-H+7njnKjZKj

foriand jin 1,2, ... n with some of the inequalities strict. Then the fixed point
(0,...,0) is unstable while the nonzero fixed point, E. is a global attractor of the
interior region of R'}.

Proof. 1. The point (0, ...,0) will always be a fixed point of (1.2). We can rewrite
the inequalities of (4.1) as

K K,
=M
K, K,
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We can rewrite the cooperative map as

1 1 2
z ruxT Frest .o+ e

T]:]]- .

" ot 4+ x4+ T
The map 7 will have an invariant interval [(0, ..., 0), (K7, ..., K,)] as the map is
defined on the region of R, and has a maximum carrying capacity (K, ..., K,).
As (0,...,0) is the unique fixed point of the invariant interval and p(M) < 1,
then

1
Ty 0
lim | : | = |:
t—o0 "
Ty 0

Indeed by Theorem 2.1, (0, ..., 0) is a global attractor.

. As aresult of the inequalities of (4.2),

K K
My =]
K, K,
Thus in addition to (0,...,0), (Ki,...,K,) is a fixed point of (1.2) under the
conditions of (4.2) as we can conclude

K, K
T : =1 :
K, K,
The map 7 has an invariant interval [(0,...,0),(K,...,K,)] as the map is
T Ky
defined on R} and for all (z1,...,2,) € R}, T : < : |. The
Ty K,

fixed point (0,...,0) is unstable as p(M) > 1 (see [7]). By Corollary 2.4,
(Ky, ..., K,) is the global attractor for the interior of [(0,...,0), (Kq,..., K,)],
that is

int [(0,...,0),(K1,...,K,)] € B((K,...,K,)).

. In addition to the fixed point Ey = (0, ..., 0) there exists one more fixed point £,

by Lemma 4.2. As 7 is a monotonic map and both Ej and E, are fixed points,
then [Ey, F'y] is an invariant interval. The fixed point Ej is unstable as p(M) > 1.
By Corollary 2.4, F, is an attractor for the interior region of [Ey, £ ], that is

int [Ey, E.] C B(E,). (4.3)
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Again as 7 is a monotonic map and additionally as E, is a fixed point while
(Ki,...,K,) is the maximum carrying capacity, [E., (Ki,...,K,)] is an in-
variant interval. By Theorem 2.1, since £ is the only fixed point in the interval,
then £ is an attractor for the interior of [E,, (K1,. .., K, )], that is

int [E,, (K1,...,K,)] € B(E.). (4.4)

It remains to prove that F, is the attractor for the interior of the invariant interval
[Eo, (Ky, ..., K,)]. From above we know that for all (z1,...,2,) ¢ [Ey, E+] U
[E., (Ki,...,K,)] there exists (zF,...,2%) € [Fo, Ey] and (2V,...,2Y) €
[EL, (Ky,...,K,)] such that

(.. 2l) < (xq,...,2,) < (2V,...,2Y).

rrn

As 7 is monotone,

Tzl 2l) < TF(wy, .y 20) S TH((2Y, ..., 2Y)) fork € N (4.5)

rn

As both (4.3) and (4.4) hold, we can conclude that klim TrE((2k,... 2k) = B,
—00
and lim 7%((z¥,...,2¥)) = E,. Using the inequalities (4.5) we conclude that

»n
k—o0

klim T*(x1,...,2,) = E,. Therefore F, is a global attractor of the interior of
—00

[Eo, (K, ..., K,)] and this concludes the proof.
0

As at this point in time the stable manifold theory does not extend to R’} , n > 2, we
leave cases 5 and 6 from the 2—dimensional case as conjectures.
Conjecture 4.4. If p(M) > 1,1 € o(M), and

Tz'lKl + TZ'QKQ + ...+ T”KZ + ...+ TinKn S Ki,
leKl + 7"]'2K2 4+ ...+ TJJK] 4+ ...+ TjnKj Z K]

fori,j € {1,2,...,n} with no strict inequalities, then there will be infinite fixed points
with the corresponding stable manifold as its basins of attraction.
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