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Abstract

Here we give the necessary background on delta time scales approach. Then
we present general related time scales delta Iyengar type inequalities for all basic

norms. We finish with applications to specific time scales like R, Z and qZ, q>1.
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1 Introduction

We are motivated by the following famous Iyengar inequality (1938), [11].

Theorem 1.1. Let f be a differentiable function on [a,b] and |f' (x)| < M. Then

[1@ae-30-a 0@+ sop| < TE= - LOZLOE gy

We present generalized analogs of (1.1) to time scales. Motivation comes also from
[2-4,6,7].

2 Background

Here basics on time scales come from [3, 4, 6—8]. We need the following definition.

Definition 2.1. A time scale is an arbitrary nonempty closed subset of the real numbers,
e.g. R, Z, ¢" = {¢"|lk € Ny = NU {0}, ¢ > 1}.
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Definition 2.2. If T is a time scale, then we define the forward jump operator o : T ——
T by o (t) = inf{s € T|s > t}, V¢ € T, the backward jump operator p : T —— T by
p(t) =sup{s € T|s < t}, Vt € T; and the graininess function i : T — Ry = [0, 00),
by u(t) = o(t) —t,Vt € T. Furthermore for a function f : T — R, we define
fo@t)=f(oc(t),VteT,and f7(t) = f(p(t)),VteT.

In this definition we use inf ) = sup T (i.e., o (t) = t if ¢ is the maximum of T)) and
sup@ = inf T (i.e., p (t) = t if ¢ is the minimum of T).

We call ¢ € T right-scattered if ¢t < o (t), t € T right-dense if ¢t = o (¢), t € T left-
scattered if p (r) < ¢, t € T left-dense if p (t) = ¢, t € T isolated if p (t) < t < o (¢),
t € Tdenseif p(t) =t =0 (t).

We notice that p is an increasing function, so is p*>(t) = p(p(t)),..., so that
p" (t) = p(p"~"' (t)) is increasing in ¢ for n € N. Since T is closed subset of R we
have that o (t), p(t) € T, fort € T.

Definition 2.3 (See [8]). A function f : T — R is called rd-continuous (denoted by
C,q) if it is continuous at right-dense points of T and its left-sided limits are finite at
left-dense points of T.

If T =R, then f : R — R is rd-continuous iff f is continuous. Also, if T = 7Z, then
any function defined on Z is rd-continuous ( [9]).

Definition 2.4 (See [8]). If supT < oo and sup T is left-scattered, we let TF .= T —
{sup T}, otherwise we let T* := T the time scale.
T —(p(supT),supT], if supT < oo,

k _
In summary, T% = { T, if supT = cc.

Definition 2.5 (See [8]). Assume f : T — R is a function and let ¢t € T*. Then
we define f> (t) to be the number (provided it exists) with the property that given any
€ > (0, there is a neighborhood U of ¢ such that

Fe@®) =)= 2W)[o@) —sl| <elo(t)—s], Vsel.
We call f* (t) the delta (or Hilger [10]) derivative of f at t. If T = R, then f2 =
f', whereas if T = Z, then f2(t) = Af(t) = f(t+1) — f(t), the usual forward

difference operator.

Theorem 2.6 (Existence of Antiderivatives, see [8]). Let f be rd-continuous. Then f
has an antiderivative F satisfying F~ = f.

Definition 2.7 (See [8]). If f is rd-continuous and ¢, € T, then we define the integral

F(t):/ttf(T)AT fort € T.
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Therefore for f € C,4 (T) we have by definition

[ rnar=F@)-F),

where F2 = f.
If T = R, then

/abf(t)At:/abf(t)dt

where the integral on the right hand side is the Riemann integral ( [9]).
If every point in T is isolated and a < b are in T, then ( [9])

b p(b)
[ rwae=3 10w
a t=a
Theorem 2.8 (See [8]). Let f, g be rd-continuous on T, a,b,c € T and o, f € R. Then
b b b
1) [t sg@)si=a [ faces [oa
ab o a a
(2)/ftAt:—/ftAt
(3)/f At/f At+/f t) At

@ [ 16> @) At = (f9) (1) /f AL

Theorem 2.9 (Holder’s Inequality, see [2]). Let a,b € T, a < b, and f,g : T — R be
rd-continuous. Then

/!f g rAt<(/ 7 ) ,pAt)l(/:,g(t),w){ @)

1
where p,q > 1: —+—:1
P q

Theorem 2.10 (See [8]). Let f,g € Crq(T), a,b € T, a < b. Then
b b
Dif|f ()] <g(t)on[a,b)NT, then / ft)At < / g (t) At,
a b a

2)if f(t) >0, foralla <t <bandt €T, then/ f(t) At > 0.
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Corollary 2.11 (See [3]). Let f € Cpq(T); a,b,c € T, with ¢ € [a,b]; f(t) >0,V
t € [a,b]. Then

/:f@)ms/abf(tmt.

Definition 2.12 (See [3]). For a function f : T — R we consider the second derivative
£ provided f2 is differentiable on T = (T*)" with derivative 22 = (f2)* :
T — R. Similarly we define higher order derivatives f~" : TF" — R.

Similarly we define 6* (t) = o (0 (t)),...,0"(t) = o (c"'(t)), n € N. For
convenience we put p° (¢) = o (¢) = ¢t, f&" = f, T =T.

Notice T*" ¢ T, 1 € {0,1,...,n}.

Denote by C7', (T) the space of all functions f € C,4(T) such that A € Gy (T)
fori =1,...,n € N. In this last case T* = T is needed.
We need the following Taylor formula.

Theorem 2.13 (Taylor’s Formula, see [5,9]). Assume T* = T and f € C";(T), n € N
and s,t € T. Here hy (t,s) =1,V s,t € T, k € Ny, and

¢
hiy1 (t,s) = / hi (1,8) AT, Vs,teT.

(then h (t,8) = hy_y (t,8), for k € N,V t € T, for each s € T fixed). Then

n—1

£ =3 2 () b (8, 5) + / s (t,o (7)) fA" () AT 2.2)

k=0

Remark 2.14 (to Theorem 2.13). By [9], we have hy (t,s) =t — s,V s,t € T.

Soif t > sthen hy (t,s) > 0, hy (t,8) > 0, ..., h,—1 (t,s) > 0. However for n odd
number h,,_; (t,0 (7)) > 0 forall s < 7 <t (see [4], p. 635).

Also it holds ( [1])

(t—s)"

hk (t,S) S k! ’

thS,kEN().

Corollary 2.15 (to Theorem 2.13, see [3]). Assume f € C,(T) and s,t € T. Let
m € Nwithm < n Then

n 1

A= S

k=0

fAHm (s) hi (t,s) + / Pt (t,0 (7)) 2" (1) AT. (2.3)

Proof. Use Theorem 2.13 with n and f substituted by n—m and f~", respectively. [
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Corollary 2.16 (See [3]). Let f € C,q (T); a,b € T, such that f (t) > 0,V t € [a,b]NT,
b
then/ f(t) At > 0.

We mention also the following.

Lemma 2.17 (See [4, p. 631]). Let the time scale T be such that TF = T. Let hy :
t
T? = R, k € Ny, such that ho (t,5) =1,V s,t € T, and hy11 (t,5) = / hi (7, 8) AT,

Vs,t €T, forall k € N,.

Then hy (t, s) is continuous in s € T, for each fixed t € T; and continuous int € T,
for each fixed s € T. Also it holds that hy, (t,0 (s)) is rd-continuous in s € T, for each
fixedt € T; for all k € N,.

3 Main Results

In this article, we assume that T = T. Next, we present Iyengar type inequality on
time scales for all norms ||- p 1< p< oo

Theorem 3.1. Let f € C}(T), n is an odd number, a,b € T; a < b. Here o is
continuous and h,,_1 (t, s) jointly continuous. Then

1)
/ Far- 5 (72 (@) b (2,0) = £2° 0) b (2,0)) | < 52| posger
¢ k=0
[(/j (/at Bt (t,U(T))AT) At) + (/: (/tbhn_l (t70(7))AT> At)} G0
Va€labNT,

2) assuming f>" (a) = A (b)=0,k=0,1,...,n — 1, we get from (3.1) that

b
/ 0 At‘ < [l72"

00,[a,b)NT

K/ (/t B (t,J(T))AT) At) + (/b (/tb hn1 (t,U(T))AT) At)} . (3.2)

VaelabNT,
21) when x = a we get from (3.2) that

. ( / b ( /t b Bt (t,0 (7)) AT) At) : (3.3)

b
/ 0 At’ < ||
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29) when x = b we get from (3.2) that

b t
‘SHfA"Hoo,[a,bm ( / ( / hm(t,a(r))m) At>, (3.4)

23) by (3.3) and (3.4) we get

EY I

min { (/b (/tb b (£, 0 (7)) AT) At) , (/b (/t b (£ 0 (7)) Ar) At)(}z’.,s)

and
3) assuming fAk (a) = fAk (b) =0, k=1,...,n—1, by (3.1) we have

b
/f(t)At—[f(a)(x—a>+f<b><b—x>}

< HfAn Hoo7[a,b]ﬂT

K/az(/athn—l(taU(T))AT>At>+</:(/tbhn_( ())m) )} (3.6)

Va€la,bNT.

Proof. By [8, p. 23], we have that HfMHOO (ab] T < 00. By Theorem 2.13, see (2.2),
we have

n—1

t
f)— Z A (a) hi (t,a) = / By (t,0 (1)) f2" (1) AT, 3.7)
k=0 @
and
t
Z FA5(b) by, (8,) / hoo1 (t,0 (7)) F2" (1) AT, (3.8)
b
Vtea,bNT.
Then we get
Ak G ‘7) A '
Zf a) by, (t,a)| < || f Hoo,[a,b]mr/ hp-1 (t,o (7)) AT, 3.9
and

n—1

‘f (1) = > 12 () b (1.0)] 2

k=0

b
/t hns (t,0 (7)) f57 () Ar
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b
< ([ s o) AT ) 155 e @10
t
Therefore it holds by (3.9), (3.10)
t n—1
o P ab]mw/hn L(to (M) AT < () =D f* (a) i (1, 0)
a k=0

t
< g [ s (80 (7)) A7

and
b n—1 X
N s ([ s oD AT) < £ 0= X £ 0 (1)
¢ k=0
b
< g (s o A7)
Vtea,bNT.

Consequently, we have

n—1

> A (@) b (ta) — [ fA

k=0

t
oo, ab]ml‘/a b1 (t,0 (7)) AT < f (1) (3.11)

t
<sz Vi (1) + [ F2]| abm/hn_lu,a(f)m

and
n—1 X . b
DO b (80) = (|2 o (/ hi1 <t,a(T>>AT> <f@) (312
k=0 t
< k n b
< ZfA (b) hy (t,0) + HfA ”oo,[a,b]rﬂr (/ hp_1 (t,0 (7)) AT) ,
k=0 t
Vtea,bNT.

Let any = € [a, b] N T, then integrating (3.11), (3.12) we obtain:

S 1 (a) b (w20) = 7 o (/ (/h (t,a(r))AT> At)

k=0
< /xf(t) At < (3.13)
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n—1

S @ s () + [ (/ (/h (t,a(T))AT> At),

k=0
and

_ZX::JCM ) i (@,0) = (£ oo (/: </tbh"1 (t’J(T»AT) At)

b
< / Flt) AL < (3.14)

n—1 . . b b
=D SO b (@ 0) + 2] e </ (/ hn_l(t,a(T))AT) At).
k=0 x t

Adding (3.13) and (3.14) we derive

Z (72 (@) P (@) = 12 0) b (2,0)) = (12| o gor
K/ (/:hn_l (t,a(f))m) At) + (/b (/tbhn_l (t,a(T))AT> At)]
< /abf<t> At < (3.15)

(5 @ s (0) = 7 )b (0)) 417 o

0

K/ /:hn_l (t,a(T))m) At) + (/b (/tbhn_l (t,a(f))m) At)} ,

Va€la,b]NT.
The proof is now complete. 0

i

We continue with the next result.

Theorem 3.2. Let f € C,(T), n € Nisodd, a,b € T; a <b. Then
1)

/abf (t) At — nii (fM (@) hiss (2, @) — F2 (8) oo (2, b)> -

x b
152" 1. oo {/ (t—o(a)" " At +/ (o0 (b) — )" At} , (3.16)
VaelabNT,



Time Scales Delta Iyengar-Type Inequalities 9
2) assuming 2" (a) = f2° (6) =0, k = 0,1, ...,n — 1, from (3.16) we obtain

b
/a f () At’ < HfAnHLl([a,b}mT)'

{/x (t—a(a))n_lAtJr/: (a(b)—t)”_lAt}, (3.17)

Vaé€la,bNT,
2,) when x = a by (3.17) we get

b . b
‘/ f(t) At‘ = ||fA HLl([a,b]ﬂ’Jl‘) (/ (o (b) —t)nil At) ) (3.18)

2y) when x = b by (3.17) we get

/abf(t) At' < |

L1([a,b]NT) (/a (t—o (a))n_l At) , (3.19)

23) by (3.18), (3.19) we have

b
[ O8] <1

min { ( / (o (b) — £ At) | ( / (= o (a)"! At) } 320

3) assuming 2" (a) = A (b) =0, k=1,...n—1, by (3.16) we derive

- b
HfAn i) {/a (t—o (a))nfl At +/z (o (b) — t)”*l At} , (3.21)
Vaé€labNT.
) AR
Proof. Clearly, here it holds H f H L1([ab]nT) < 0.

t
Set ho (t,s) = 1,V s,t € T; k € Ny, and hyyq (¢, 5) :/ hi (1,8) AT,V s,t € T.

Easily, it holds |h, (¢,s)| < |t — s|",Vn e N,V s,t € T.
By Theorem 2.13 (3) we have

n—1

£ =S @it = [ o (6o (1) 2 (7) A,

k=0
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/ by (10 (7)) £ (7) Ar| <

| ZfAk hk t CL

/ s (£ 0 ()] [ £2" ()| Ar < / t—o (D)5 ()] Ar <

n—1 || A"
(t—o(a)" || HLl([a,b]mr) :
Furthermore we have

n—1

F@) =" F2 (b) b (t,0)

k=0

b
_ / hos (b0 (7)) FA" (1) Ar| <

/t s (£, 0 ()] [£2" ()| Ar < / t— o (D) 2" (7)] Ar <

(o (b)) HfAnHLl([a,b]ﬂ'JI‘) :
Therefore it holds

(= e @V e < S0 = 37 (@ he )

k=0

< (t—o(a)" | HLl([a,b]mn

and

n—1

=@ ®) =" I gy usemy < £ (O = D22 (B (8,0)

k=0

< (o(b)—t)"" HfAnHLl([a,b}ﬂT) ’

Vtéela,bNT.
Consequently it holds

n—1

S @ he(ta) = (t—a @) 2 g < ®)

k=0

3
—

< fAk (a) hi (t,a) + (t —o (a))nil HfAn”Ll([a,b]rﬂT)
0

e
Il
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and

3
-

P25 0) it 5) = (0 (0) = " A" ey < F (0

0

B
Il

Ak n—1 AT
< Zf b) hi (t,b) + (o (b) — 1) ”f HLl([a,b]rﬂl‘)’
Vtéela,bNT.
Let any = € [a, b] N T, then integrating by integration we have

n—1

Yo <a>hk+l<x,a>—( / <t—a<a>>"‘1At) 1 Lo, 322
k=0 a
< [ rwars

Z fAk (a) byt (7, a) + (/ (t—o (a))nil At) HfAnHLl([a,b]rﬂl‘) '

k=0
and

n—1

k b 1 n
2 (b) by (2,0) — (/ (o (b) =) At) HfA HLl([a,b]ﬂT)

s/bﬂtmté

b
- Z £ (b) hiyr (2,b) + (/x (o () =" At) 12 oy - 3:23)

VaelabNT.
Adding (3.22) and (3.23), we obtain

k=0

,_.

n—

(£ (@) b (@) = 7 (0) b (2,)) =

0

il

b
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175 2 i { ( / (- (a)" At) + ( / o (1) -ty At) } . (324

Va€la,bNT.
The proof is now complete. 0

We continue with the next result.

1 1
Theorem 3.3. Let f € C, (T), n is an odd number, a,b € T; a < b;p,q>1:—+—- =
P 4q

1; o is continuous and h,,_; (t, s) is jointly continuous. Then

1)

[y

n—

b
[ 1O80= 3 (5 @i (@00 = 12 @) s 2.)

0

< HfAn“Lq([a,b]ﬂ’JI‘) '

e
Il

(/ (/athn—l (t,a(r))pm)’l’m> + (/b (/tbhn_1 (t,a(f)y)m);m)] ,

(3.25)

Va€labNT,
2) assuming f2" (a) = f2° () =0, k = 0,1, ...,n — 1, by (3.25) we have that

b
/a f () At’ < HfMHLq([a,b]mr)'

[(/: (/:hn_1 (t,O'(T))pAT);At> + (/: (/tbhn_l (t,d(T))pAT);At>] :

(3.26)

Va€labNT,
2y) when x = a by (3.26) we get

/abf (t) At‘ <1, ey (/b (/tb B (£, 0 (7)) m) ’ At) . (327)

29) when x = b by (3.26) we get

b . b t .
/ / <t>At‘SHfA Iz, gaiem) ( / ( / fins <t,o<7>>”m> At>, (3.28)

23) by (3.27), (3.28) we derive that

=

b
/ f(t) At’ < HfMHLq([a,b]mr)' (3.29)
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min{(/ab (/tbhn_l(t,a(T))pAT>;At> , (/ab (/:hn_l (t,O'(T))pAT);At)},

3) assuming fAk (a) = fAk (b) =0,k =1,....,n — 1, by (3.25) we obtain

fla) (z —a)+ f(0) (b— )]

< 12 N 2oy

K/ (/athnl (t,a<7))f’m)’l’m> + (/b (/tbhnl (t,U(T))pAT);At>] ,

(3.30)
V€ la,b]NT.

Proof. As before, we have
t
K (t,a) := ZfAk ) h (t,a) / b1 (t,0 (7)) f2" (1) AT,
and
X t
ZfA i (60) = [ s (b0 (1) 757 (7) A
b

Vitéea,bNT.
We have that (by use of (2.1))

|K(t,a)|§(/athn pm) (/ £ (r ‘QA7->

< (/a h1 (t,0 (7)) AT ) ||fAnHLq([a,b]ﬁ’]I‘)’

and

T <

_ / hoi (0 (7)) fA" (1) A

([ reseatorse) ([ orar)

b
< (/t B (t,0(1))" AT) HfAn”Lq([a,b]mT)’

3=

Vte|a,bNT
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Hence it holds

([ o o @7 A7) 1 ey < K 0

: T
< ( / ho oy (t,0 (1)) AT) [l | P

and
b »
([ o e 0 A7) Uy < K (0
b . §
< ([ s o @7 a7 ) 15 i
Vte|a,bNT.
That is,
n—1 . n >
> 12 @ ()= ([ s (0 (07 A7) 15 oy < £ 0
k=0 a
n—1 X t >
<32 @ e )+ (o o @ 87) 15
and
n—1 X b %
> 1 @m0 = ([ o (0 (0 A7) ey < £ 0
k=0
n—1 i b %
< 2 f2 () hy (8,b) + (/t b1 (t70(7))pA7) ||fAnHLq([a,b]ﬂ’E)’

0
Vtea,bNT.
Let any = € [a, b] N T, then by integration we get

2% @) P (@) = [ £ e < / ) ( / s (o (7)) AT) : At)

—_

n—

k=
< [ roms
n—1 z 3 %
Z F2 (@) hysn (2,a) + HfAn”Lq([a’bmr) (/ (/ By (t, 0 (7))° AT) At) ,
k=0 a a

(3.31)
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y

and

b b
_ZfM ) hieyr (z,0) — HfAnHLq([a,b]rﬂI‘) </ </t by (t, 0 (T))" AT)

SIS

< [rwars
_nzij’“ (0) Pt (2,0) + 12| oy (/: (/tb By (t, 0 (7))P AT) : At)

(3.32)
Adding (3.31) and (3.32) we obtain

,_.

n—

(£ (@) b (@) = 1 () b (2,)) =

0

i

1

1 e { ([ ([ restmorar) ae)

1

( [ ([ rstowrar) At> }

b

HfAn”Lq([a,b]rﬂl‘) { (/a (/a Ao (t, 0 (7))° AT) ’ At) +

1

( / b ( /t b (0 (1) m)p At) } (3.33)
VaelabNT.

The proof is now complete. [
We continue with the next result.

Theorem 3.4. Let f € C,(T), m,n € Nym <n,n—misodd, a,b € T; a <b. Here
o is continuous and h,_,,_1 (t, s) is jointly continuous. Then
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1)
/a " pam (t) At — <n§1 (f““” () hisr (2,0) = F2°77 (b) b (:c,b))) <
15 gasn | ([ ([ s (o o) ac) +
(/: </tb hn—m—1 (t,0 (7)) AT) At)] , (3.34)
Vaé€labNT,

2) assuming fAHm (a) = fAHm (b)=0,k=0,1,....,n—m—1, we get from (3.34)
that

b
/ fAm (t) At‘ < HfAn Hoo,[a,b]ﬂT '

([ ([ emtimionsn) ) o ([ ([ emsiocrsr o).

VaelabNT,
21) when x = a we get from (3.35) that

b b/ b
/ AT (1) At’ < ”fAnHoo,[a,b]mT (/ (/ hyp—m—1 (t,0 (7)) AT) At) ,  (3.36)

2,) when x = b we get from (3.35) that

/ab 1% At‘ < 1% oo o (/b (/t hp—m—1 (t,0 (7)) AT) At) . (337

23) by (3.36), (3.37) we get

b
[ @ <15

min { (/b (/tb hor s (£,0 (7)) m) At) , (/b (/t By et (£, (7)) AT> At))} |

(3.38

and
3) assuming fAHm (a) = fAHm b)) =0k=1,....n—m — 1, from (3.34) we
obtain

/ £ () A= [f2" (a) (z — a) + F27 (B) (b — 2)]

< HfAnHoo,[a,b}ﬂT '
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K/ (/t S (t,a(T))m) At) + (/b (/tb S (t,a(T))m) At)] ,

(3.39)
VaelabNT.

Proof. As in the proof of Theorem 3.1, now using Corollary 2.15 (4). [
We give the following theorem.

Theorem 3.5. Let f € C,(T), m,n € N, m <n,n—misodd, a,b € T; a <b. Then
1)

1

S (5 @) b (20) — P (0 e (2,1)

k=0

n

<

[ wa-

T b
HfMHLl([a,b]nT){/a (t—U(a))"mlAtJr/m (a(b)—t)”’“At}, (3.40)

VaelabNT,
2) assuming fAk+m (a) = fAHm (b)=0,k=0,1,....,n—m—1, we get from (3.40)
that

b
[ At\ <17 s oy

{/ (t—a(a))"’“Au/xb (o (b) — t)"™ At}’ (3.41)

VaelabNT,
21) when x = a by (3.41) we get

b b
[ 08 <1y ([ 0O -0 ), ca

29) when x = b by (3.41) we get

b x
/ = <t>At‘SHfA”HLlaa,b]mm ( / <t—a<a))"‘m‘1At), (3.43)

23) by (3.42), (3.43) we have

b
/a 270 At‘ g (Vi P

min { (/ab (o (b) —t)" ™! At) : (/b (t—o(a))"™ " At> } , (3.44)

and
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3) assuming 2" (a) = A7 (D) = 0, k = 1,..,n —m — 1, from (3.40) we
obtain

b
/ A7) At = [ (a) (z —a) + f27 (b)(b—x)]‘ <

175 2 e { / (- a(a) A / (o ) — At} . (349)
Vaéela,bNT.
Proof. As in Theorem 3.2, now using Corollary 2.15 (4). [
We also give the next result.

Theorem 3.6. Let f € C, (T), m,n € N, m <n,n—misodd, a,b € T; a <b. Here

1
o is continuous and h,,_,, 1 (t, s) is jointly continuous. Let also p,q > 1 : 1_7 +-=1
Then
1)
b n—m—1
m k+m k4+m
/ P @At = 30 (P (@) b (.0) = £ (0) B (,8)) | <
a k=0
x t %
HfAnHLq([a,b]ﬂT) [(/ (/ b1 (t, o (7)) AT) At) +
b b -
(/ (/ R (t,0 (7))? AT) At) : (3.46)
T t

Vaela,bNT,
2) assuming f2" (a) = AT (b)=0,k=0,1,....,n—m—1, we get from (3.46)
that

/ab FE() At' < [1£2 N2, ey [( / ) ( / s (b0 (7)) AT) : At) .
(/: (/tb finm1 (t,0 (7))" AT) : At>
VaelabNT,

2,) when x = a we get from (3.47) that

, (3.47)

1

X b b »
/ A7 () At‘ < HfAnHLq([a,b}ﬂT) (/ (/t in-m-1 (£ (7)) AT) At) ,

(3.48)
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25) when x = b we get from (3.47) that

/ab 0 At' = HfAnHLq([a,b]ﬂ’]I‘) (/ab (/at P (t, 0 (7))" AT) ’ At) ,

(3.49)

23) by (3.48), (3.49) we get

b
/a /2 (t)At' <72 HLq([a,b]rﬂr)'

o (L (e mntrtors )
( / b ( / t hn-m-1(t,0 (7))" AT) : At) } : (3.50)

and
3) assuming 2" (a) = AT (b)=0,k=1,...,n—m— 1, we get from (3.46)
that ,
[ a2 @ - a4 5 000 <
An x t %
1" o K [ ([ tanes oy ar) At) ,
b b .
(/ (/ P (t,0 (7))P AT) At) : (3.51)
T t
VaelabNT.
Proof. As in Theorem 3.3, by using Corollary 2.15 (4). [

4 Applications

We need the following.

PR
Remark 4.1 (See [8]). i) When T = R, then hy, (¢, s) = %, VkeNg,Vt s eR,

b b :
o(t) =t / ft)At = / F@yd, f2@) = f @), f2° = f%; rd-continuous

a
corresponds to f continuous.
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(k)
t_
ii) When T = Z, hy, (t,s) = (TS) Vk€Ny,Vts € Z where tV = 1,
k—1 '
tH) =TJ(t—i)fork eN,o(t) =t+1,
=0

b b—1
/ FOAL=>"f(t), a<b,

R =ft+1)—f)=AF(1),

Po=ar0 =3 () )0 re.

1=0
rd-continuous f corresponds to any f.

We also need the following.

Remark 4.2 (See [1,8]). Consider ¢ > 1, ¢ = {q’C : k € Z}, and the time scale

T = ¢* = ¢* U {0}, which is very important in ¢-difference equations.
It holds that

k-1
t—q"s
hk(t,S):gm, VS,tET,
o () = qt, p(t)zé, VieT,

Ay Jlat) = f() B
f (t)—WthGT {0},

o f(s)=(0)

SE0) = ===,

Next we give applications of our initial main results.

Theorem 4.3. Let f € C" ([a,b]), n € Nis odd and [a,b] C R. Then

/a f(t)dt — k_o G j_ o (f(k) (a) (z — a)k+1 + (—1)k £ () (b— x)’“+1>
P oo pos ; !
< —H HOO’[“’ ] [(m —a)"" (b= )" ] ,

(n+1)!
V€ |a,b)

Proof. By Theorem 3.1, (3.1).

We continue with the following.

4.1)
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Theorem 4.4. Let f € C" ([a,b]), n € Nis odd, [a,b] C R. Then

b n—1
[ r0a=F o (19 @ =0+ (1) 1 ) 0= )
a k=0 ’
1 o . .
< Bl )y (o)), @)
Ve lab.
Proof. By Theorem 3.2, (3.16). [

We also give the following.

Theorem 4.5. Let f € C" ([a,b]), n € Nis odd and [a,b] C R. Let also p,q > 1 :

1 + 1 = 1. Then
p q
b n—1 1
_ (k) KL vk p(R) Nk
| o > g (M@ -0+ 0 0 60
(n)
< I/ ”Lq([“’b”l (=)™ + -2, @3
(=D (p(n—1)+1)7 (n+1)
Ve lab.
Proof. By Theorem 3.3, (3.25). OJ

We continue with the following.

Theorem 4.6. Let f : Z — R, n is an odd number, a,b € Z; a < b. Then

_ 1 k Nk AK o\ (k+1)
10 =3 gy (A @) (e =) = 2 ) o =) <
HAanoo,[a,b}ﬂZ gy 1 (n—1) [ 1 (n—1)
(n—1)! tz_: Z(t—r— ) + tz_: Z;(t_T_ ) ;
=a T=a =T T= (4'4)
VaelabNZ.
Proof. By Theorem 3.1, (3.1), see also Remark 4.1 (ii). ]

We give the next result.
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Theorem 4.7. Let f : Z — R, n € Nisodd, a,b € Z; a < b. Then

b—1

[y

3

B 1 ! BN NN (D)
D103 gy (A @ =0 - ) -y <
b—1 a—1 b—1
(Z|A”f(t)|> {Z(t—a—1)”‘1+Z(b+1—t)”‘1}, (4.5)
t=a t=a t=x
Ve labNZ.
Proof. By Theorem 3.2, (3.16) and Remark 4.1 (ii). ]

We give the following result.

Theorem 4.8. Let f : 7 — R, n is an odd number, a,b € Z; a < b, let also p,q > 1 :

1 + 1 = 1. Then
p g
b—1 n—1 1
210~ (k+ 1)! (Akf (a) (x — a) ™™ — AR F (b) (2 b)<k+1>> <
t=a k=0
b—1 :
<Z |A" f (t)|q) -1 [t-1 . 1
t=a o] Z (Z ((t —r -1 )) ) n
t=a T=a
b—1 /b-—1 , 1
> (Z (¢=7-1"™) ) , (4.6)
t=x T=t
V€ la,bNZ.
Proof. By Theorem 3.3, (3.25) and Remark 4.1 (ii). -

We continue with the following theorem.

Theorem 4.9. Let f € C, (qZ>, n € Nisodd, a,b € qz; a < b. Then

n—1 k v k v
[roa-3 |2 @[5 - 2 ol | <
a k=0 v=0 Y gt v=0 > gt

MZO ,LLZU

x b
}|fAnHL1([a7b]qu) {/a (t - C]a)nfl At —f—/x (qb _ t)nfl At} 7 4.7)

Ve la,b]Ng’.



Time Scales Delta Iyengar-Type Inequalities 23

Proof. By Theorem 3.2, (3.16), and Remark 4.2. O]
We finish with the next result.

Theorem 4.10. Let f € C}, (qz>, m,n € N;m <n,n—misodd a,b e qz; a <b.

Then

n—m—1

k k
m k+m xr — q,/a/ k+m xr — qyb
/fA At — E0) | E O |
k=0 v=0 Z qt v=0 Z q+

pu=0 n=0

T b
S R Y] S

V€ a,b]Nd~

IN

Proof. By Theorem 3.5, (3.40), and Remark 4.2. O]

One can give many similar applications for other time scales.
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