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Abstract

In this paper, we present several sufficient conditions for the existence of nonoscil-
latory solutions to the following second order neutral type difference equation

A(rnA(xn + anTy + bnxn+m)) + PnTp—k — GnTptd = 0, n > ng

via Banach contraction principle. Examples are provided to illustrate the main
results. The results obtained in this paper extend and complement to some of the
existing results.
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1 Introduction

This paper deals with the existence of nonoscillatory solutions of second order neutral
type difference equation of the form

A(TnA(xn + anTp— + bnxn—l—m)) +pnxn—k — QnTntd = 07 n Z no (11)
where ng is a nonnegative integer, subject to the following conditions:

(Hy) {a,} and {b,} are real sequences, and {p,} and {q,} are non-negative real se-
quences for all n > ng;

(Hy) {r,} is a positive real sequence for all n > ny;
(Hj3) [ and m are positive integers and k and r are non-negative integers.

Let & = max{l, k}. By a solution of equation (1.1), we mean a real sequence {z,, }
defined for all n > ny — 6, and satisfying the equation (1.1) for all » > ny. A nontrivial
solution of equation (1.1) is said to be nonoscillatory if it is either eventually positive or
eventually negative, and oscillatory otherwise.

In recent years, many authors interested in studying the oscillatory and nonoscilla-
tory behavior of various classes of difference equations, see for examples [1,2] and the
references cited therein.

In [3], the authors discussed the existence of nonoscillatory solutions of the follow-
ing second order difference equation of the form

A(|Azy 1| Az 1) + Golwa|* 2, =0, (1.2)

where 8 > a > 0.
In [4], the author investigated the existence of nonoscillatory solutions for the equa-
tion
A (2 + PTpm) + PaTnk — Qnn =0, 1> ng (1.3)

where p is a real number with p # +1.
In [5], the authors discussed the existence of nonoscillatory solutions to the second
order neutral delay dynamic equation of the form

(2(t) + p()2(10(t)) 22 + aa(B)2(11(1)) — qa(t)2(72(t)) = e(t) (1.4)

on a time scale T.
Recently in [6], the authors established sufficient conditions for the existence of
nonoscillatory solutions for the equation

A(TnA<mn + Cl’n—m)) + pnf(xn—k) - Qng(xn—l) = 07 n 2 no (15)

where c is a real number with ¢ # —1.
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In [7], the authors studied the existence of nonoscillatory solutions for the equation
A(anA(In + an—k)) +pnxn—l — nTp—m = 07 n Z o (16)

where c is a real number with ¢ # +1.

On the other hand, there has been great interest in studying the oscillatory behavior
of second order neutral type difference equations with mixed arguments, see for example
[8—13], and the references cited therein.

In view of the above observations, in this paper we obtain sufficient conditions for
the existence of nonoscillatory solutions for the difference equation (1.1). The equations
(1.3), (1.5), and (1.6) are special cases of equation (1.1) and therefore the results pre-
sented in this paper generalize and complement to some of the results obtained in [4,6,7]

2 Existence of Nonoscillatory Solutions

In this section, we obtain sufficient conditions for the existence of nonoscillatory solu-
tions of equations (1.1) using Banach contraction principle. We begin with the following
theorem.

Theorem 2.1 (Banach’s contraction mapping principle). A contraction mapping on a
complete metric space has a unique fixed point.

Theorem 2.2. Assume that ) < a, < a<1l,and0<b, <b<1—aforalln > ngy. If

> Rupn < oo, and Y Rugy < oo, (2.1)
n=ngo n=no
n—1
where R,, = Z —, then equation (1.1) has a bounded nonoscillatory solution.
Ts
s=ng

Proof. From condition (2.1), one can choose an integer N > ng sufficiently large such
that

oo M o
3 R, < 2% foralln > N, 2.2)
S=n M2
and
- — b)My — M
Y Rag, < ° (a +M) 27 forall n> N, (2.3)
— 2

where M, and M, are positive constants such that

(Cl + b)Mg + M1 < MQ, and o € ((a+ b)MQ + Ml,MQ).
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Let B be the set of all bounded real sequences {x,} defined for all n > ng with supre-

mum norm ||z|| = sup |z,|. Then clearly B is a Banach space. Set
n>ng

S={x={x,} € B: My <z, < Myn>ngy}.

It is clear that S is a bounded, closed and convex subset of B. Define an operator 7" :
S — Bby

( ]

Q& — ApTp—] — bnxn+m+ Rnfl Z (psl'sfk - Qster)
s=n—1
(Tx), = n—2
+ Z Rs<psxs—k - Qst+d)a n Z N7
s=N

| (T7)n,no <n < N.

Clearly (T'x),, is a real sequence and it is not difficult to show that T" is a continuous
mapping on S. For every x = {z,,} € Sandn > N, we have

(Tx)n S Q+MQZRsps §M27

s=N
and

(Tx)n > a—aMy—bMy—My» Ryqe > M,

sS=n

where we have used (2.2) and (2.3). Thus 7S C S.
Next, we show that 7" is a contraction mapping on S. Let z,y € S and n > N. Then

|(T1’)n - (Ty)n’ < an|xn—l - yn—l| + bn|xn+m - yn+m|

Rnfl Z ps’xsfk - ysfk| + Rnfl Z QS|x3+d - strd’
s=n—1 s=n—1
n—2 n—2
+ Z Rsps‘xsfk - ysfk’ + Z qus’$s+d - strd‘
s=N s=N
< e =ylla+b+ L1 Y Ri(ps +¢5))
s=N
MQ—Oé Ct—(a—Fb)MQ—Ml
< b —
S e 2~y

or

ITe = Tyl < Mllz =y
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M
where A\ = (1 — MI) This implies that 7" is a contraction mapping on S since A; < 1.

2
By Theorem 2.1, 7" has a unique fixed point which is a positive and bounded solution of
equation (1.1). The proof is now completed. [

Theorem 2.3. Assume that 0 < a, <a <l,anda—1<b<0b, <0foralln > ny.If
condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory solution.

Proof. In view of condition (2.1), we can choose an integer N > n sufficiently large
satisfying N > nq + 6 such that

> 1 M, —
S Ry, < (L+a)My —a foralln > N, (2.4)
S=n M4

and
> —aM, — M
Y Rag, < ° “M4 3 foralln > N, 2.5)
—n 4

where M3 and M, are positive constants such that
M;s + aMy < (1 +b)My, and o € (M3 + aMy, (14 b)M,).
Let B be the Banach space as defined in Theorem 2.2. Set
S={x={2}e B: Ms<uz, <Myn>ng}.

It is clear that S is a bounded, closed and convex subset of S. Define an operator 7" :
S — Bby

( o0

& — Qplp—] — bnanrm + Rnfl Z (psmsfk - Qst+d)

s=n—1

n—2
+ Z Rs (psxs—k - Qst+d)a n Z N7
s=N
| (To)n,mo <n < N.

Clearly 7' is a continuous mapping on S. Forn > N and = € S, we have from (2.4) and
(2.5), respectively that

(Tx), < a—bMy+ M, Z Ryps < My,
s=N

and

(Tx), > a—aMy— M, Z Ryqs > Ms.

s=N
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This proves that 7'S C S. Let z,y € S and n > N. Then

sS=n

[(Tz)n = (Ty)al < |z -y (a —b+ Y Rilps+ qs))

< oflz =yl

M
where \y = (1 — M‘”’). This implies that || Tz — Ty|| < Xaflz — y||. Since Xy < 1, T'is
4

a contraction mapping on .S. Hence by Theorem 2.1, 7" has a unique fixed point which
is a positive and bounded solution of equation (1.1). This completes the proof. [

Theorem 2.4. Assume that 1 < a < a, < c < oo,and0 < b, < b < a—1 for
all n > ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. In view of condition (2.1), one can choose an integer N > ng so that N + [ >
n, + k sufficiently large such that

o0 M .
3 R < 2" forall n > N, (2.6)
S=n M6
and
> — M5 — (1 +b)M,
S Rp, < 2595 M< FOMs ol s N @2.7)
S=n 6

where M5 and Mj are positive constants such that
cMs + (1 +b) Mg < aMg, and « € (c¢M; + (1 + b) Mg, aMs).
Let B be the Banach space as defined in Theorem 2.2. Set
S={x={z} e B: My <z, < Mgn>ng}.

Obviously S is a bounded, closed and convex subset of B. Define an operator 7" : S —
B as follows:

r [es)
1
O — Tpyl — bnmn-‘rl—&—m + Rn+l—1 Z (psws—k - Qst+d)
G-+l s=n—14+1
(Tfﬂ)n — n—2+1
+ Z Rs(psxsfk - Qst+d) , N Z N7
s=N
(| (Tz)n, no <n < N.
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Clearly, T is a continuous mapping on S. For n > N and z € S, we have from (2.6),
and (2.7), respectively that

1 = 1 =
(T:L‘)n S Ui (a‘i‘Mﬁstps) S a <Q+MGZRSPS) S M67
n+

sS=n s=n

and

Qp4]

(Tz), > ! (04 — (14 b)Ms — Ms i qus>

S=n

1 o0
> - (a— (14 b)Ms _MGZquS> > M.

S=n

Thus 7'S C S. Next we show that 7" is a contraction mapping on S. If z,y € S and
n > N, then

[(Tz)n — (Ty)n| < %Hx —y (1 +b+ Y Rulps+ qs)>

s=N
< Asflz =yl

M,
where \3 = (1—6]\4—5). This implies that || Tz — Ty|| < As||lx —yl|. Since A3 < 1, T'isa

6
contraction mapping on S. Therefore by Theorem 2.1, 7" has a unique fixed point which
is a positive and bounded solution of equation (1.1). The completes the proof. [

Theorem 2.5. Assume that 1 < a < a, < c < oo,and1l —a < b < b, <0 for
all n > ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. In view of condition (2.1), one can choose an integer N > n, sufficiently large
satisfying N 4 [ > ng + k such that

- b) Mg —
S Ry, < (a+ DMy —a o atin > N, 2.8)
S=n M8

and
- — M7 — M.
Y Rag, < “° M7 S forall n > N, 2.9)
S=n 8

where M7 and Mj are positive constants such that

cM7; 4+ Mg < (a+ b)Ms, and « € (cM7 + Mg, (a + b) Ms).
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Let B be the Banach space as defined in Theorem 2.2. Define
S={x={2} e B: M; <z, < Mg,n>ng}.

Clearly S is a bounded, closed and convex subset of 5. Define a mapping 7" : S — B
as follows:

( 0
1
& — Tp4| — bn+lxn+l+m + Rn—i—l—l Z (psxs—k - QSws—l—d)
Ot s=n+l—1
(T$)n — n+l—2
+ Z Rs<psxsfk - QS$s+d) , N Z N7
s=N

. (Tz)n, no <n < N.

It is clear that 7" is a continuous mapping on S. For n > N and x € S, we have from
(2.8), and (2.9), respectively that

1 oo
(Tﬁl?)n S - (a - bMS + MS Z RsPs) S M87

a
s=N

and

C

S=n

1 o
(Tz), > - (a — Mg — MSZRqu) > M.

This implies that 'S C S. If x,y € S and n > N, then

|(Tz)n — (Ty)n| < é”iﬂ—yll (1_b+ZRS(ps+QS)>

S=n

= Ml =y

M
where Ay = (1—%). This implies that | Tx —Ty|| < \y||z—yl|. Since Ay, < 1, T'isa
8

contraction mapping on S. Therefore by Theorem 2.1, 7" has a unique fixed point which
is a positive and bounded solution of equation (1.1). This completes the proof. [

Theorem 2.6. Assume that —1 < a < a, <0,and 0 < b, < b <1+ aforalln > ny.
If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory solution.

Proof. From condition (2.1), one can choose an integer N > n sufficiently large satis-
fying N > ng + 6 such that

- 1 My —
S Ry, < ( +a])w 07 % foralln > N, (2.10)
o—n 10
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and

- — My — M,
Y Rag, < © M“’ 9 forall n > N, @.11)
— 10

where My and M are positive constants such that
My + bMyy < (a+ 1)Mjp, and o € (Mg + bM, (1 + a)Myy).
Let B be the Banach space as defined in Theorem 2.2. Let
S={x={z} € B: My <z, <Mpg,n>ng}.

Clearly S is a bounded, closed and convex subset of B. Define an operator 7" : S — B
as follows:

( oo
& — ApTp—] — bn$n+m + Rn—l Z (psxs—k: - QSIS—&—d)
s=n—1
(Tx), = n—2
+ Z Rs<psxsfk - Qst+d)7 n Z N7
s=N
(Tx)n, no <n < N.

\

Clearly, T is a continuous mapping on S. Forn > N and x € S, from (2.10) and (2.11)
it follows that

(Tz), < a—aMyy+ M Z Ryps < My,

s=N

and

(Tx), > o—>bMyy— My Z Rsqs > M.

s=N

Hence, T'S C S. Next, we show that 7" is a contraction mapping on S. For z,y € S,
and n > N, then

(T2)— (Ty)al < llz—yl (—a+b+ S Ry(ps +qs>>

s=N
= Xsllz =yl

M,
where \s = (1 — M—g) This implies that || Tz — Ty|| < Xs||z — y||. Since A5 < 1, T'is

10
a contraction mapping on S. Hence by Theorem 2.1, 7" has a unique fixed point which
is a positive and bounded solution of equation (1.1). The proof is now completed. [
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Theorem 2.7. Assume that —1 < a < a, < 0,and —1—a < b < b, < 0foralln > ny.
If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory solution.

Proof. In view of condition (2.1), one can choose an integer N > ny sufficiently large
satisfying N > ng + 6 such that

> 1 b) My —
S R, < (tatD)Mp—ap nns N, 2.12)
s=n M12
and
- - M
Y Ry, < “—Hforalln > N, (2.13)
s—n Ml2

where M7, and M, are positive constants such that
My < (14 a+b)Mis, and o € (M, (1 4 a + b)Mis).
Let B be the Banach space as defined in Theorem 2.2. Set
S={x={z} € B: My <z, < Mpgs,n>ng}.

It is clear that S is a bounded, closed and convex subset of B. Define an operator 7" :
S — B as follows:
( [e'e}

& — ApTp—] — bnxn—f—m + Rn—l Z (psxs—k - qsxs—‘rd)

s=n—1

n—2
+ Z Rs(psxsfk - qs$s+d)a n 2 N,
s=N
| (Tx)n, ng <n < N.

(T'z), =

Clearly, 1" is continuous on S. Forn > N and = € S, from (2.12) and (2.13), it follows
that

(Tz), < a—aMys—bMs+ Mo Z Ryps < Mo,

s=N

and

(Tx), > a— My Z Reqs > M.

s=N

This implies that 'S C S. If x,y € S and n > N, then we have

((Tx)n = (Ty)al <z =y (—a —b+ ) Rips + qs)>

s=N
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= Asllz -yl

M
where \g = (1 — M—H) Hence [Tz — T'y|| < X¢||x — y||. Since A\¢ < 1, it follows that
12

T is a contraction mapping on S. By Theorem 2.1, 7" has a unique fixed point which is
a positive and bounded solution of equation (1.1). This completes the proof. [

Theorem 2.8. Assume that —o0 < ¢ < a, <a < —1,and0 < b, < b < —a — 1 for
all n > ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. In view of condition (2.1), one can choose an integer N > n sufficiently large
satisfying N 4 [ > ng + k such that

i 1—a—b)My, —
Y Ry, < (lza=bMu—a e ins N, (2.14)
s=n M14
and
S Ry, < s T pralln > N, (2.15)
s—n M14

where M3 and M, are positive constants such that
—cMyz < (=1 —a —b)Myy, and o € (—cMy3, (=1 —a — b) Myy).
Let B be the Banach space as defined in Theorem 2.2. Set
S={x={z} € B: Mz <z, <My,n>ng}

Clearly S is a bounded, closed and convex subset of 5. Define a mapping 7" : S — B

o)
- a+ L4l + bn+l$n+l+m - Rn+l—1 Z (ps$s—k - q‘sxs—&-d)
Unti s=n+Il—1
(T$)n — n+l—2
+ Z Rs(psfﬂsfk - Qster) , N 2 N,
s=N
[ (Tx)y, nog <n < N.

Clearly, T is continuous on S. Forn > N, and x € S, from (2.14) and (2.15), we have

1 o
(Tz), < —- (OZ+M14+5M14+M14ZR3295> < My,

a
s=N
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and

1 oo
(Tz)n > —- (a — My qus> > M.

c
s=N
Thus 7S C S. If z,y € S, and n > N, then we have

(@)= Tyl < —2le =yl (1+b+ZRs<ps+qs>)

s=N

Az =yl

M
where A7 = (1 — M—l?’) This implies that | Tz — Ty|| < A7|jJx — y||. Since A7 < 1, T
14
is a contraction mapping on S. By Theorem 2.1, 7" has a unique fixed point which is a

positive and bounded solution of equation (1.1). This completes the proof. O

Theorem 2.9. Assume that —oo < ¢ < a, < a < —l,anda+1 < b < b, <0 for
all n > ng. If condition (2.1) holds, then equation (1.1) has a bounded nonoscillatory
solution.

Proof. In view of condition (2.1), one can choose an integer N > n sufficiently large
satisfying N + [ > ng + k such that

> —a— 1)Mig —
Z Ry, < (—a ]\; 16—« foralln > N, (2.16)
P’ 16

and

> M5 + bM
S Ry < s O O gl > N, (2.17)

- Mg
where M5 and Mg are positive constants such that
—cMys — bMyg < (—a — 1) Mg, and « € (—cMys — bMig, (—a — 1) Mig).
Let B be the Banach space as defined in Theorem 2.2. Set
S={x={z} € B: M5 <z, <Myg,n>ng}

It is clear that S is a bounded, closed and convex subset of B. Define an operator 7" :
S — B by

( [ee)
1
- &+ Ty + bpiTngiom — Ragia Z (psxn—k - QSZES—&-d)
Un-tl s=n-+l—1
(T.I')n — n+l—2
- Z Rs(psxsfk - Qster) , N Z N7
s=N
L (Tz)n, ng <n < N.
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Obviously 7T is continuous on S. For n > N and x € S, it follows from (2.16), and
(2.17) that

1 [o@)
(Tz), < —- (Oé + Mis + Mg Z Rsps> < Mg,

a
s=N

and

C
s=N

1 [e.e]
(Tz)n > —- <a+bM16 - Mlﬁzqs) > M.

This implies that 'S C S. If x,y € S and n > N, then we have

s=N
= Asllz —yll
M
where \g = (1 — s
16

is a contraction mapping on S. By Theorem 2.1, 7" has a unique fixed point which is a
positive and bounded solution of equation (1.1). This completes the proof. [

). This implies that |7z — Ty|| < As||z — y||. Since A\s < 1, T’

3 Examples
In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the neutral difference equation of the form

A (n(n +1)A (xn + ixn_l + %an)) + 2n(n(j—l 2_)(173 T
(n+2)

_ s =0.1m >3 3.1
ol —Dnx3) =% n=s3 G-

S R )  (n+2)
A_L’bn_ g = 2n(n+2)(n+3)’qn_ 2n(n —1)(n+3)’

l=1,m =1,k = 1andd = 2. Simple calculation shows that R,, = n-

Herer, = n(n—1),a, =

and then one

n
can easily verify other conditions of Theorem 2.2. Hence equation (3.1) has a bounded

1
nonoscillatory solution. In fact {z,,} = {1 + —} is one such nonoscillatory solution of
n

equation (3.1).
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Example 3.2. Consider a neutral difference equation of the form

1 1 1 2 [ 2"4+4
A (Q”A (:vn + = Tpop — —xn+1>) + Ty — — (—+) Tpt1 =0, n>1

4 4 4n 4\ 2n+l 41
(3.2)
. 1 1 1 2 (244
Here’rn:2,an:Z7bn:Z’pn:4—n7qn:4—n(m),l:2,m:17k:2

n

and d = 1. Simple calculation shows that R,, =

and then one can easily verify

other conditions of Theorem 2.3. Hence equation (3.2) has a bounded nonoscillatory

1
solution. In fact {z,,} = {1+ ﬁ} is one such nonoscillatory solution of equation (3.2).

Example 3.3. Consider the neutral difference equation of the form

1 1 n
A (3”A (wn + 2wy, — —xn+1)) + —Tp o — 3 (ﬂ) Tpy1 =0, n>1

3 gn gn \ 3+l +1
(3.3)
1 1 3 (3"+9
H n:3n7n:27bn:__7n:_7n:_ ant1 1 1 7l:2a :171{::2
e ¢ g P = g = g (3n+1 T 1) "
1
and d = 1. Simple calculation shows that R, = 3 1— 1 and then one can

easily verify the other conditions of Theorem 2.5. Hence equation (3.3) has a bounded

nonoscillatory solution. In fact {z,,} = {1+ 3—n} is one such nonoscillatory solution of
equation (3.3).
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